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Á �

4�nØ3��+���
�5�õ�'5ÚA^, cÙ´õ�4�©Ù. Ý�O´�«²;

�ëê�O�{, O�{ü�äk,
`û5, �©�Ñ>��IO�ê©Ù���4�·Ü�.�

'ëê�Ý�O9ÙìC��. ¿òÙ�4�q,�O�ìC��'�, (JL²Ý�O´���Ð

��O.

'�c: Copula, ��4�©Ù, ·Ü�., Ý�O, ìC��.

Æ�©aÒ: O213.

§1. S ó

C
c, õ�4��.3�«�¸4�!ºxÝþ�¯K¥��
2�A^. ëê�

O´�.A^¥Ä�)û�¯K. [1]-[3]�Ñ
õ�logistic�.Úi@logistic�.�Ý�

OÚìC��
. �3¢SA^¥, [4]uy^��4�©Ù·Ü�.�±���Ð�(J.

�©�Ä�´��4�·Ü�.�'ëê�Ý�O9ìC��. § 20�
copula�é

Ü©Ù�'X, § 3�Ñ
��4�©Ù·Ü�.���Ý, § 4��
�.¥�'ëêÝ�

O�ìC��, § 5'��'ëêÝ�O�ìC���4�q,�O�ìC��.

§2. Copula

éÜ©Ù¼ê�¹ü�¡�&E, �´Cþ�>�©Ù&E, ,�´Cþm�

'(��&E. ��Å�þ(X, Y )�éÜ©Ù¼ê�F (x, y), @oF1(x) = F (x,+∞),

F2(y) = F (+∞, y)©O´X, Y�>�©Ù, =déÜ©Ù¼êN´��Cþ�>�©Ù¼

ê, Ïd3éÜ©Ù¥Ø�>�©Ù�&E�, Ò�e�'(��&E
. XJ�3¼êC,

¦

F (x, y) = C(F1(x), F2(y)),

K¡C´©Ù¼êF�copula, k��¡C��Å�þ(X, Y )�copula, �P�CX,Y .

�©2005c1�10FÂ�, 2005c6�14FÂ�?Uv.
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�L5, XJF1(x), F2(y)�ëY©Ù¼ê, -U = F1(X), V = F2(Y ), §�Ñl[0, 1]

þþ!©Ù, K(U, V )�éÜ©Ù¼ê�

P(U ≤ u, V ≤ v) = F (F−1
1 (u), F−1

2 (v)) = C(u, v),

Ù¥F−1
j ´Fj��¼ê, k��¡§�©Ù�© ê¼ê, ÏdC�±w�´>�©Ù�«

m[0, 1]þþ!©ÙU, V�éÜ©Ù¼ê. 3ù�¿Âþ, C�N
X, Y�m�'é, �ù«

'é�>�©ÙÃ'. Copula£ã
éÜ©Ù¼ê�>�©Ù¼ê�m�'X, [5]�k�

Ñù�Vg.

��/, é?¿t > 0, XJcopula C÷v

C(ut, vt) = Ct(u, v),

K¡C���4�copula. �±òCL«��6u��¼ê�/ª

C(u, v) = exp
{

log(uv)A
( log v

log(uv)

)}
. (2.1)

¡C´dA)¤�4�copula, ½

C(u, v) = exp{−V (−1/ log u,−1/ log v)}, (2.2)

Ù¥, ¼êA´½Â3[0, 1]þ�Pickands�'¼ê, ÷v

max(t, 1− t) ≤ A(t) ≤ 1, 0 ≤ t ≤ 1.

V¡��êÿÝ(Exponent measure), ´−1�àg¼ê[6], ÷v

V (ax, ay) = a−1V (x, y).

(2.1)�·^u��4�, (2.2)é���õ�4��¤á.

§3. ��4�·Ü�.���Ý

��4�·Ü�.��'¼ê�:

A(t) = θt2 − θt + 1, 0 ≤ t ≤ 1,

Ù¥0 ≤ θ ≤ 1��.��'ëê. u´d(2.1)�±éN´����4�©Ù·Ü�.�©

Ù¼ê. éu���>�©Ù¼êØ´���.�'Xê�wªL�ª, �ÏL,
C�,

�ò���>�©Ù¼êC��IO�ê©Ù, Ïd�{üå��Ø���5, ùp�Ä
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>��IO�ê©Ù���4�·Ü�.. d·Ü�.��'¼êÚcopula, ´��.�

©Ù¼ê�:

G(x, y) = exp
{
− (x + y) + θ

xy

x + y

}
, x > 0, y > 0, (3.1)

Ù¥�'ëê0 ≤ θ ≤ 1.

ÏLC�[8] s = x + y − θ · [xy/(x + y)];

t = x/(x + y),
(3.2)

½�¤: x = st/A(t);

y = s(1− t)/A(t).
(3.3)

�±��(3.1)�éÜ�Ý¼ê�{ü/ª�:

g(x, y) =
∂2G(x, y)

∂x∂y
=

A2(t)
s

e−sW (s, t), (3.4)

Ù¥

W (s, t) = p1(t)s + p2(t),

p1(t) =
4− θ

A2(t)
− 4

A(t)
+ 1,

p2(t) =
2

A(t)
− 2,

C�(3.2)�Jacobian:
∂(s, t)
∂(x, y)

=
A2(t)

s
,

u´, ��S, T�éÜ©Ù�Ý�

f(s, t) = e−s[p1(t)s + p2(t)], s > 0, 0 < t < 1.

ddN´��S�>�©Ù�Ý�

q(s) = [(1− β)s + β]e−s, s > 0,

Ù¥

β =
∫ 1

0
p2(t)dt =

8√
θ(4− θ)

arctg

√
θ

4− θ
− 2, (3.5)

=S�©Ù´Γ(s, 1)�Γ(s, 2)�·Ü©Ù, ùpΓ(s, k)L«ëê�k�Gamma©Ù�Ý:

Γ(s, k) = sk−1e−s/Γ(k), s > 0.
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T�>�©Ù�Ý�

p(t) = p1(t) + p2(t) =
4− θ

A2(t)
− 2

A(t)
− 1, 0 < t < 1.

du�.(3.1)¥Cþ´é¡����, �
{B, Pµab�(a + b)�Ý, =

µab = E(X − EX)a(Y − EY )b.

dIO�ê©Ù�5���E(X) = E(Y ) = 1, 5¿�C�(3.3), ·�k

µab = E
[ st

A(t)
− 1

]a[s(1− t)
A(t)

− 1
]b

,

Ïd, e�O�µab, K�IO�/Xsitk/Aj(t), (i, j, k��ê)�êÆÏ"=�. ²E,�

È©O��±��:

E
[ st

A(t)

]k
= k!,

E
[ sit

Aj(t)

]
=

1
2
E
[ si

Aj(t)

]
,

E
[ sit2

Aj(t)

]
=

1
θ
E
[ si

Aj−1(t)

]
+

(1
2
− 1

θ

)
E
[ si

Aj(t)

]
,

E
[ sit3

Aj(t)

]
=

3
2θ

E
[ si

Aj−1(t)

]
+

(1
2
− 3

2θ

)
E
[ si

Aj(t)

]
,

¤±��Ý�O�ÒÑ=z�E[si/Aj(t)]�O�, �â(S, T )�éÜ�Ý��

E
[ si

Aj(t)

]
=

∫ 1

0

1
Aj(t)

[(i + 1)!p1(t) + i!p2(t)]dt,

ù�È©´éN´O��. ²Lz{�n��:

µ20 = 1, µ30 = 2, µ40 = 9, µ11 =
β + θ

4− θ
, (3.6)

µ12 = −1− 14 + 4β

4− θ
+

6(4 + β)
(4− θ)2

,

µ13 = 3
[ 3β

16θ
− 1 +

19β + 64
16(4− θ)

− 21β + 64
4(4− θ)2

+ 15
4 + β

(4− θ)3
]
,

µ22 = 1− 3β

4θ
+

13β + 32
4(4− θ)

− 27β + 88
(4− θ)2

+ 60
4 + β

(4− θ)3
. (3.7)

§4. �'ëêÝ�O�ìC��

d(3.6)�±�Ñ>���ê©Ù���4�·Ü�.��'Xê

ρ(θ) =
β + θ

4− θ
, (4.1)
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Ù¥βX(3.5)¤«. ÏL(4.1)ØU���'ëêθ�Ý�O�wªL�ª, ·�^PÒθ̂ =

φ(r)5L«d(4.1)�)���ëêθ�Ý�O, Ù¥r����'Xê, ù��¿ØK�

éÙìC���O�. Stuart, A. & Ord, J.K.�Ñ
�«¦���Cq�{[9]: �Äk�

�Å�þξ = (ξ1, · · · , ξk)�¼êf(ξ) = f(ξ1, · · · , ξk). b�ξ1, · · · , ξk���Ú���Ñ

´n−1��, XJE(ξi) = ai, i = 1, · · · , k, f ′
i(a)L«∂f(ξ)/∂ξi3a = (a1, · · · , ak)?��, K

d¼êf(ξ)�TaylorÐmª

f(ξ) = f(a) +
k∑

i=1
f ′

i(a)(ξi − ai) + O(n−1)

��

E[f(ξ)] = f(a) + O(n−1),

Var [f(ξ)] = E
{ k∑

i=1
f ′

i(a)(ξi − ai)
}2

+ O(n−1)

=
k∑

i=1
[f ′

i(a)]2Var (ξi) +
∑
i6=j

f ′
i(a)f ′

j(a)Cov (ξi, ξj) + O(n−3/2), (4.2)

±9ü�¼êg(ξ), h(ξ)m����

Cov [g(ξ), h(ξ)] =
k∑

i=1
g′i(a)h′i(a)Var (ξi) +

∑
i6=j

g′i(a)h′j(a)Cov (ξi, ξj) + O(n−3/2). (4.3)

Ïde��� θ̂�ìC��, ��¦Ñ���'Xê���=�. P���'Xê

r =
m11√

m20m02
,

Ù¥

m11 =
n∑

i=1
(Xi −X)2(Yi − Y )2, m20 =

n∑
i=1

(Xi −X)2, m02 =
n∑

i=1
(Yi − Y )2

���2�Ý,

X =
1
n

n∑
i=1

Xi, Y =
1
n

n∑
i=1

Yi

´��þ�. d

Var
(x1

x2

)
=

{E(x1)
E(x2)

}2{ Varx1

E2(x1)
+

Varx2

E2(x2)
− 2Cov (x1, x2)

E(x1)E(x2)

}
Ú(4.2), (4.3)��

Var r = ρ2
{Varm11

µ2
11

+
1
4

(Varm20

µ2
20

+
Varm02

µ2
02

+
2Cov (m20,m02)

µ20µ02

)
−Cov (m11,m02)

µ11µ02
− Cov (m11,m20)

µ11µ20

}
,
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2d����Ý���Ú���O�úª:

Varmr,s =
1
n

(µ2r,2s − µ2
r,s + r2µ20µ

2
r−1,s + s2µ02µ

2
r,s−1

+2rsµ11µr−1,sµr,s−1 − 2rµr+1,sµr−1,s − 2sµr,s+1µr,s−1),

Cov (mr,s,mu,v) =
1
n

(µr+u,s+v − µr,sµu,v + rµµ20µr−1,sµu−1,v + svµ02µr,s−1µu,v−1

+ rvµ11µr−1,sµu,v−1 + suµ11µr,s−1µu−1,v − uµr+1,sµu−1,v

− vµr,s+1µu,v−1 − rµr−1,sµu+1,v − sµr,s−1µu,v+1)

±9��·Ü�.Cþ����5, ��

Var r =
ρ2

n

{µ22

µ2
11

+
µ4 + µ22

2µ2
2

− 2µ31

µ11µ2

}
=

1
n

{9
2
ρ2 +

(
1 +

ρ2

2

)
µ22 − 2ρµ31

}
, (4.4)

�\(3.7)¥�(J, Kk

nVar r = − 3β

128θ
(4 + β)(8 + β)− 1

128(4− θ)
(3β3 + 36β2 − 928β + 2560)

− 1
32(4− θ)2

(3β3 + 196β2 + 3424β + 8832)

+
4 + β

8(4− θ)3
(13β2 + 552β + 3040)

− 1
2(4− θ)4

(27β3 + 604β2 + 3536β + 3104)

+
30

(4− θ)5
(β3 + 12β2 + 460β + 640),

nVar θ̂ =
θ2(4− θ)4

4(βθ + 3θ − β)2
Var r. (4.5)

�½ØÓ�θ, d(4.5)éN´��Ý�O�ìC��nVar θ̂. L1�Ñ
n = 100�ìC

���ê�O�(J.

§5. �4�q,�OìC���'�

�!·�'���4�©Ù·Ü�.(3.1)��'ëêÝ�O�4�q,�O�ìC

��. ·���, 4�q,�O�ìC��
Ò´Fisher&E
�_Ý
. d(3.4)�±��

ü�*ÿ��éêq,¼ê:

l = log g(x, y) = 2 log A(t)− log s− s + log[p1(t)s + p2(t)].
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�©ÚOþ¼ê�:

∂l

∂θ
=

1
θ

[( 1
A(t)

− 1
W (s, t)

− 1
)
s + 1− p2(t)s

W (s, t)

]
.

©z[10]�Ñ
��4�©Ù·Ü�.�Fisher&E
, Ù¥

θ2E
( ∂l

∂θ

)2
= 4− 2

β − 2
4− θ

− 4(1 +
√

θ)3

θ(2 +
√

θ)2
log(1 +

√
θ)

− 4(1−
√

θ)3

θ(2−
√

θ)2
log(1−

√
θ) + E

[p2
2(t)(p2(t) + 1)2

p2
1(t)W 2(s, t)

]
, (5.1)

Ù¥E(·)L«3�Ý(3.4)e�Ï", E{[p2
2(t)(p2(t) + 1)2]/[p2

1(t)W
2(s, t)]}�±dê�O

��{éN´��(J. KE(∂l/∂θ)2��êÒ´ëêθ�4�q,�O�ìC��.

�½ØÓ�θ, d(4.5)éN´��Ý�O�ìC��nVar θ̂. L1�Ñ
n = 100�Ý�

O�ìC��ê�O�(J, )Ò¥�ê�´n = 100�, d(5.1)O����4�q,�O

�ìC��.

L1 ØÓθ�éAθ̂�ìC���

θ 0.05 0.1 0.2 0.3 0.4

Var θ̂ 0.0870 0.0839 0.0777 0.0714 0.0649

(0.0731) (0.0391) (0.0222) (0.0167) (0.0142)

θ 0.5 0.6 0.7 0.8 0.9

Var θ̂ 0.0582 0.0514 0.0444 0.0374 0.0302

(0.0130) (0.0125) (0.0126) (0.0135) (0.0160)

�,·�vk���'ëêÝ�O�wªL«, �ÏLê�O��±éN´l(4.1)�

��O�. d���eÝ�O�ìC��5��, T�Oþ´ìCÃ �, �lL1�±w

Ñéu¤k�0 < θ < 1, Ý�O�ìC���4�q,�O�ìC����Ø�. ddé

uT�.5`, Ý�O´���Ð��O.
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Moment Estimation for a Bivariate Extreme Value

Distribution in Mixed Model

Yin Jian Shi Daoji

(Department of Mathematics, Tianjin University;)

(Nankai University and Tianjin University LiuHui Applied Mathematics Center, Tianjin, 300072 )

Extreme value theory has been wildly applied in many fields, especially the multivariate extreme

value distributions. Moment estimation is a classical estimation method because of its simple calculations.

The paper considers the bivariate extreme value distribution in mixed model with exponential margins.

The estimator and asymptotic variance of the dependence parameter are given. We also compare moment

estimation with a maximum likelihood estimation in finite sample size. The results indicate that moment

estimation is good for all practical purposes.

Keywords: Copula, bivariate extreme value distribution, mixed model, moment estimation,

asymptotic variance.
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