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FE(MSEM)#EN] F 58 T Bayes LUEAHXS 1) g /d —Fefli tH(GLSE) AL R 1. X T AR RRIG T, 3k
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jillls

Hp A K b

(1.1)

Y = X1BXs +¢,
e AT T B BANAER, JIMECR0, BT 224 X,

Y hn x EEBEHUIIE, X1 M X7 5 An x pHlg x kI CAIBTERE, BAp x g AR HIH
ZHFERE, e In x kEIRENLRZEFE; SO0 1EEFE, W2 A% > 0.
AR ) AL s ST AT Kronecker S A AR TY (1.1) R R N

{Vec(Y) = (X5 ® X1)Vec(B) + Vec(e), (1.2)

E(Vec(e)) =0, Cov (Vec(e)) =2 ® 1.

A R(A)FRHEFEARRE, WR(X)) = p, R(Xy) = q. HERESNA 41Vec(B) ) Lt/
IRAhTH(GLSE) o AR et ol v, e ik oy

Vee(Bs) = [(X30 X)) (S (X30 X)) (X0 X1)/(S @ I) ™ Vec(Y)
= (XX ' X)Xt @ (X[ X1) 71 X)) Vec(Y)
= Vec((X1 X)) ' X1 Y21 X (X271 X)), (1.3)
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B FT LA A AE O AR R T X
Brs = (X! X)) ' XY S X5 (Xon 1 X5) 7 (1.4)
213K Vee(B)fBayesflith, 15 E Vec(B) 1565 73 A & LA R 4 AF
m(Vee(B)) : E(Vec(B)) = Vec(By), Cov (Vec(B)) =T @V, (1.5)

b Vee(Bo) i B4 BUE R, TAV A C A1 IEERE, BIT >0, V > 0.

LB b S5 Bayes{ith 7k bR T 2 )2 56 TR E R WA T — MR IE
BEMEIT, B 80 & 55 A0 o IEA G N T E B e s, IAE —IR#R T,
Bayesfili vt 5 5 3416 45 H (W.Box and Tiaol?l, Bergerl, Wang and Chow4]£) W —FhJr
ot A Gauss-Markov B8 R BE S5 56 40 A 1) B FAE AR, IR B Bayesfili i AT B
X, R BT Al Bayes WS IE 2 5/, 12 Bayesfilivh. R IX P 7 L3843 A4S TH8E
Fr g 2 M Bayesfiti i (WL Raol?!, Gruber(®), Trenkler and Weil™ | Zhang!®14%). B A7 SCiik oot
SRR 2, RS R AR R D . e VEBayes it T FEANBI RSG5 3 AT P
&R S, GRS . ASCR I 3 R 7 3 o A K i 2B A v 2 5 ) Bayes i it
AR RR B AP A RS, AT 2 BN T 5, Ak 22 T0 2R 1 A5 A (B R e 2 R A
) ) —Fofr. ﬁiﬂ‘]%@ﬁ%ﬁl@ﬁﬂi%ﬁ/ﬂi%ﬂKronecker%% F VG I AR A S e )
TEA ML MR A ) @15 DL 4L, FRihig S B Bayesfiti vh A FLAL R A% ) L.

AL AR R AN S AU Bayes R METC Al v 55 = THE HAEMSEM#E R (1)
DU R S8 DU 18 B RN AR PRI TR, o] 4l B 20 Bayes i Th & L AEMSEMAE N
A R

§2. BayesZ[4 iR {hit
W Vec(B) 2t T fltivt 4
F = {Vec(B) = AVec(Y) + b : A K pq x nk 5FE, bh pg x 1 4EFF}. (2.1)
T 5 HiVee(B) IBayes LUE, BUUI R i k453 2Kk B 5L
L(B, B) = [Vec(B) — Vec(B)]'D[Vec(B) — Vec(B)], (2.2)

Sekk Do IESE B, BED > 0.
Vec(B)iBayes X\ N R(B, B) = E[L(B, B)], ltAIMHER T Vec(Y), Vee(B) IS
IS T Vee(B) ifBayes 2 M T Al 1 (LUE), Vee(Bpg) = AVec(Y) + b, 2

R(Bgg, B) = min R(B,B) = min E[Vee(B) — Vee(B))'D[Vee(B) — Vee(B)]  (2.3)



FN JAREE kA R A T S B Bayes 2 M0 g it v 641

&%fﬁﬁ%ﬁ%[\fec(ﬁ) — Vec(B)] = 0. IS
b= [y — A(X5 ® X1)]Vec(By). (2.4)
S ARARHE M A IRAE TR RR, 4545 (2.4), W5 Vee(B) I Bayes XU 1 T :

R(B,B) = E{[Vec(B) — Vee(B)) D[Vec(B) — Vec(B)]}
= E{[AVec(Y) + b — Vec(B))'D[AVec(Y) + b — Vec(B)|}
= tr{DE[A(Vec(Y) — Vec(X1ByX2)) — (Vec(B) — Vec(By))]
-[A(Vec(Y') — Vec(X1BoX2)) — (Vec(B) — Vec(By))]'}
= tr{DAE[(Vec(Y) — Vec(X1ByX2))(Vec(Y) — Vec(X1 By X2))'|A'}
+ tr{ DE[(Vec(B) — Vec(By))(Vec(B) — Vec(By))']}
—tr{ DAE[(Vec(Y') — Vec(X1ByX32))(Vec(B) — Vec(By))']}
— tr{ DE[(Vec(B) — Vec(By))(Vec(Y) — Vec(X1 By X2))'|A"}
= tw{l + L — I3 — I} = te{l1 + I — 213} (2.5)
HAERIH T tracelz EIMEST: tr(DAG) = tr(G’A'D’) = tr(G'A'D) = tr(DG'A'), tr(I3) =
tr(73). 2L
E[(Vec(Y') — Vec(X1BoX2))(Vec(Y) — Vec(X1BoX2))']
= Cov (Vec(Y)) = E[Cov (Vec(Y))|B] + Cov [E(Vec(Y)|B)]

= SRI+ (X5 X)(ToV)(X;® X;)
= LI+ (X4TX, ® X1VX7),
[Es]
I, = DA[S @ I + (X5TXo @ X, VXA (2.6)
S W,
I = DCov (Vec(B)) = D(T @ V). (2.7)
M

Iy = DAE{E[(Vec(Y) — Vec(X1BoX2))(Vec(B) — Vec(Bo))'| B]}
= DAE[(Vec(X1BX3) — Vec(X1BoX>))(Vee(B) — Vec(By))']
= DA(X) ® X1)Cov (Vec(B)) = DA(X, @ X1)(T ® V). (2.8)
¥ (2.6)-(2.8) 1R\ (2.5) 1%
R(B,B) = tr{DAX® I+ (X)TX,® X;1VX])]A
+D(T®V)—2DAX,® X)(T®V)}
P(A).

lI>
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20p(A)/0A = 0, R FIHE FERRTVE WA
2DAX @I + (X5TX, @ X1VX])] - 2D(T @ V)(Xo @ X1) =0,
figt WL AR 7 R4S
A= (TXe@VX)[(Z® 1)+ (X4TXe @ X1V X)L (2.9)
HEAS, T, vl AR (A4+ B CB) ' =A"1 - A"'B(C~' + BA™'B)"'BA~ %

Eel+ (XiTX,® X,VX))™!
= Eol+ X, X)) (TeoV) (X2 X)) !
= Y lel-E ' )X, X)) [(ToV)™!
+(XeXDE e DX e X)) X0 X)) (2 e )
= Y I-CI X X)(TeV) ! + X8 1 X @ XX H (X2 e XY). (2.10)

MR
XY e X = (XXX @ X1 X)) (XS X)Xy e (X X)) X)), (2.11)
#(2.10), (2.11)40N(2.9)74

A = TXoVXD(EeI)+ (X4TX, @ X1V X))

= ToV)(X X){(EZ el - (271X, X))
(T e V)™ + X271 X @ X1 X1 H X2 ® XT)}

= TRVl — (XXX X)[(Te V) + XXX @ X{ X'}
(X2 ® X)

= [(ToV) '+ XX 'X) @ X1 X1 H( XXt @ X])

= [(TeoV) '+ XX X, 0 X1 X1 (X271 X @ X1 X4)
JRDTIXY) TXLE T @ (X X)X (2.12)

H1(1.4), (2.4)M1(2.12) 7] 1 Vec(B) i) Bayes LUEN

Vec(Bpg) = AVec(Y)+b
= [(TeV) '+ X2 ' Xy @ X, X1 (X221 X4 @ X! X)) Vee(BLs)
Ly~ [(ToV) '+ XX X 0 X1 X |7 H (XX X, @ X X1 ) } Vec(By)
= Vec(Brs) — [(T@V) '+ XX ' X0 X/ X1 (ToV)™!
- (Vee(Brg) — Vec(By)). (2.13)
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§3. FZEMSEMEN TBayesZ 4 iR itaIL R 14

T 3453 Vee(Bgg ) A% T-Vec(BLg ) (EMSEMUE N F M B 2E, #3551 N F 415 X

EX 3.1 WSH OG0, M(0) = E[(6 — 0)(6 — 0) 1R ¥y ik 2
Hi[E(MSEM), TIMSE(8) = E[(6 — 0)(0 — )|} A0 7% 25(MSE). %60, F0y 4 54 1]
EOMPAN ARG, 25 M (63) — M(61) > 0 (8MSE(6,) — MSE(6y) > 0), JW#6, /EMSEM
(SMSE)HEN T 1k T-62.

2 WWMSEMAE I 2 EEMSE S i (1 8 ), — ANl oF 5 AEMSEMAE I S A - 55 — A i ot
&, WAEMSEAEN a7, ez WK .

T RASC UL FUE I A EEER & K T Vee(Y) Rl Vee(B) MG 0 AT VT 5.

FEE 3.0 75 R LR AL(1L2)R 58 5 A A (1.5) F, 2 501 i Veo( B) LS
FiBayes LUEZ 5 1 (1.3) F1(2.13) 45 H, AT

M (Vec(Brg)) — M(Vece(Bgg)) > 0.
WERA: WG =[(Te V) '+ XX X, e XX N (T e V)™, H(2.13)%!

M(Vec(Bpg) = E{[(Vec(BLs) — Vec(B)) — G(Vec(Brs) — Vec(By))]
-[(Vec(Brg) — Vec(B)) — G(Vec(Brg) — Vec(By))]'}
= M(Vec(Brg)) + GE{[Vec(Brg) — Vec(By)][Vee(BLs) — Vec(By))' } G’
— GE{[Vec(BLs) — Vec(By)][Vec(Brs) — Vee(B)]'}
— E{[Vec(Brs) — Vec(B)][Vee(Brs) — Vec(Bo)]'}&’
= M(Vec(Brg)) + GLG — GJy — J5G', (3.1)

Ji = Cov(Vec(BLs))

= E[Cov (Vec(Byg)|Vec(B))] + Cov [E(Vec(BLs)|Vec(B))]

= (XL X)) e (X1 X))+ (TeV), (3.2)
Jy = E{[Vec(Brg) — Vec(By)][Vec(BLs) — Vee(B)]'}

= E{(Vec(BLs) — Vec(By))[(Vee(Brs) — Vec(By)) — (Vec(B) — Vec(Bo))]'}

= Cov (Vec(Brg)) — E{E[(Vec(Brg) — Vec(By))(Vec(B) — Vec(By))'|Vec(B)]}

= Cov (Vec(Byg)) — Cov (Vec(B))

= (XX X))o (X X))+ (Te V) - (TeV)

= (XX Ix) e (xx)Th (3.3)
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#(3.2)F1(3.3) RN (3.1) 15

M (Vec(Big)) — M(Vec(Bgg))

= GJy+ J5G' — GG

= G{(X2'X) e (X X))@ T+ G XS X)) T @ (X X))
(X X)) e (X1 X)) T+ (Te V)G

= G{XX X)) e (X1 X)L+ (Te V)G >0, (3.4)

E BRAFIE. O
F R SEMSE(6) = trM(6), 5 i Vec(B)[fJBayes LUEZEMSEEN T BA R HI4L R
WIS 3.1 EEMSALHUT, A

MSE(Vec(Brs)) — MSE(Vec(Bgg)) > 0.

§4. TAI{HEREHIBayesZ&k Mt LmbiTREMRE

FEI(1.2) T R(X1) < pAR(X2) < RS —AWOLIN, Ve B)BAAI: T, JLi %
JE R A b A
o = tr(P'B) = (Vec(P))' Vec(B).
WEALPHyp x gt B . e SCHRIV AT & ml Ak 10 78 BE 4 P s A7 T BUME BEU a1
/P =XUX5 W
Vec(P) = (X2 ® X1)Vec(U),

[&s]
o = [Vec(U)]' (X} ® X1)Vec(B). (4.1)

R FRATT 55 L8]l B E Vee () = (X @ X1)Vee(B) = Vec(X1BXo)RIn], KIAE—n]
18786 i T 2 Ve ) I A HEARLEy, B = [Vec(U))'Veo(n). T s V() it 2 3
Ji. B W Vec(n)FIGLSEJy

Vec(fis) = Vec(X1BrsXa) = (X5 ® X1)Vec(Bis)
= [XH(XX T X)) T Xon ! @ X (X1 X1)” X Vec(Y). (4.2)

M Bk S T SAE R R TE R, Hoal HiMoore-Penrose] 3G E, 133

Vece(7Ls) = [Xo(XoX LX) T X2 @ X1 (X] X1) T X Vee(Y). (4.3)
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FABNTH AT I 7T 45 Vee(n) fBayes LUE )

Vec(ijgs) = (X} ® X1)Vec(Bgg)
= (X X)[(TeV) ' +X.371X) @ X1 X!
(X227 @ X)) (X, ® X)Vec(BLg)
+ (X5 @ X)Ly — (T V) + XX 1 X, @ X X
(XoX 7 XY ® X X1)}Vec(By)
= CO(X5® X1)Vee(Brg) + (I — C)(X} @ X1)Vec(By)
= CVec(nrg) + (I — C)Vec(np), (4.4)

HrVec(no) = (X4 ® X1)Vec(By) = Vec(X1BoX2), Vec(fLs) HH(4.2)45 H, 1
C=XoX)(ToV) ™+ X2 1X5 @ X1 X, H (X2 @ X)),

KTFVec(n) FIBayes LUE/EMSEMYEN T B0 B %A 40T 45 R

EIE 4.1 AR (L2 REK(1.5) R, BUER(XL) < pFIR(Xy) < ¢th & /b
A —AHGE, Z 8 & Vec(n) (IILSfhith HBayes LUESF il tH (4.3) Ml(4.4) 25 th, W4

M (Vec(nLs)) — M (Vec(ijg) > 0.
1ERR:

M(Vec(npr)) = E{[Vec(iisr) — Vec(n)][Vec(7sr) — Vec(n)]'}
= E{[(Vec(iLs) — Vec(n)) — (I — C)(Vec(jLs) — Vec(mo))]
-[(Vec(fiLs) — Vec(n)) — (I — C)(Vec(ijLs) — Vec(no))]'}
= M (Vec(nLs)) + (I — C)E{[Vec(ijLs) — Vec(no)]
-[Vec(iiLs) — Vec(nmo)'}(I — C)'
— (I = O)E{[Vec(iiLs) — Vec(no)][Vec(ils) — Vec(n)]'}
— E{[Vec(iLs) — Vec(n)][Vec(7iLs) — Vec(no)] HI — C)'
M(Vec(iis)) + (I = C) (I = C) = (I = C)Ja = Jo(I = O)', (4.5)

(1>

Ji = E{[Vec(iiLs) — Vec(no)][Vec(iiLs) — Vec(no)]'}
= Cov{Vec(ns)}
= Cov {[E(Vec(nLs)|Vec(B))]} + E[Cov (Vec(ns) | Vec(B))]
= X)TXo® X1VX]| + Xy(XoX 1 X)) T Xy @ Py, (4.6)
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WA Py, = X1 (X1 X1)" X, M

Jo = E{[Vec(ijLs) — Vec(mo)][Vec(fiLs) — Vee(n)]'}
= E{[Vec(fiLs) — Vec(m)][(Vec(fiLs) — Vec(1o)) + (Vec(no) — Vec(n))]'}
= Cov (Vec(fiLs)) — E{E[(Vec(7Ls) — Vec(no))(Vec(n) — Vec(no))'[Vec(B)]}
= Cov (Vec(nLs)) — Cov (Vec(n))
= [X3TX2® X1VX] + XL(XoD 1 X)* Xo @ Py, | — (X4T X2 @ X1V X))

= XM XX 'X) T Xy ® Py, (4.7)
FH (2.10) 2\ A] %0
ElenNI-0)=[(2l)+ (X{TX @ X1 VX)),
&S
I-0)=ED[(EI)+ (X)TX,® X1 VX))
PRI AT

I-C)'=[(EZe)+XTX o X1 VX)|(Ze )™ (4.8)
W (4.6)F1(4.7)FCN(4.5), HFIH (4.8) v %1

M (Vec(is)) — M (Vec(7sE))
= (I-C) o+ J5(I-C) —(I-C)Jy(I-C)
= (1= O{(X5(Xo2 7 X) T X ® Py, )(I - C)'

+ (I = O) T (X5(X22 71 X35) T Xo ® Px,)

—[X3T Xy @ X1 VX + X5(XoX2 ' X)) TX, ® Py, ]} — C)
= ([-0O)[(XTX @ X1VX]) 4+ (X5(Xo2 X)) T Xy ® Px))|(I - C) >0, (4.9)

AL, 0
e FA L 45 3, B R — R al A B 8 = [Vec(U)]'Vece(n), LS MBayes LUE
sk
Prs = [Vec(U)]' Vec(irs), (4.10)
¢BE = [Vec(U)]'Vec(ijsr)- (4.11)
KT o = [Vec(U)]' Vec(n) IBayes LUEZEMSEHEN] AL [LPEA T 2145 5
#i 4.1 AAEKMEHREMA)RLK (L) T, MEEf KLy = tr(P'B) =
[Vec(U)]' Vece(n), BEeFILSMTHAMBLUA T 1 (4.10) F1(4.11) 45 H, W4

MSE(@Ls) — MSE(@BE) > 0.
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The Superiority of Bayes Linear Unbiased Estimation
in the Growth Curve Model

ZHOU JINGWEN WEI LAISHENG
(Department of Statistics and Finance, University of Science & Technology of China, Hefei, 230026)

Under quadratic loss function, the Bayes linear unbiased estimator (LUE) is derived for the growth
curve model. The superiority of Bayes LUE over the generalized least square estimator (GLSE) is studied
in terms of the mean square error matrix (MSEM) criterion. Finally, the superiority of the Bayes LUE of
estimable functions for non-full rank case is considered further.

Keywords: The growth curve model, Bayes linear unbiased estimator, generalized least square
estimator, mean square error matrix criterion.
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