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摘 要

本文在条件(Φ)下, 证明了带有不完全信息随机截尾试验下最大似然估计的收敛速度符合重对数

律, 并验证了Weibull分布、对数正态分布满足条件(Φ).
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§1. 引 言

设寿命变量X1, X2, · · ·是概率空间(Ω,F ,Pθ) (θ ∈ Θ, Θ是Rm空间上的开集)上的独立

同分布随机变量序列, 其分布函数为F (x, θ), 密度函数为f(x, θ). 又设截尾变量Y1, Y2, · · ·
是(Ω,F ,Pθ)上相互独立的正值随机变量序列, 分布函数分别为G1(t), G2(t), · · · , 并且假
定{Xi}与{Yi}相互独立.

为估计参数θ, 给出n个样品{Xi, 1 ≤ i ≤ n}及观察数据{Zi, 1 ≤ i ≤ n}的取值情况如
下:

(I) 当Xi < Yi, 表示产品在截尾前失效. 在通常的截尾试验下有Zi = Xi, 但在这里取

值不同因为产品的失效状态还必须通过某种检测手段利用信号给予显示, 所以, 有两种可

能情况发生, 失效状态以概率p (0 < p ≤ 1, p是已知数, 与θ无关)被立即显示, 此时Zi = Xi;

或以1 − p未被立即显示, 直到截尾变量Yi终止时才发现产品已失效, 此时获得了不完全信

息, 即仅知道Xi ≤ Yi而不知道寿命Xi的准确值, 故得Zi = Yi, 称p为失效显示概率.

(II) 当Xi ≥ Yi, 表示产品寿命已不小于截尾变量, 故得Zi = Yi.

若令αi =





1 若Xi < Yi

0 若Xi ≥ Yi

, βi =





0 若Xi < Yi,且失效未被显示

1 其它
, (i = 1, 2, · · · , n),

则{(Zi, αi, βi), 1 ≤ i ≤ n}是带有不完全信息的随机截尾数据, 且对每个i (1 ≤ i ≤ n)有

Zi =





Xi αi = 1, βi = 1,

Yi αi = 1, βi = 0,

Yi αi = 0 (βi = 1),

Pθ(βi = 1|αi = 1) = p.
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由上易知, 随机截尾试验模型是带有不完全信息的随机截尾试验模型的特例. 文献

[6]-[7]中, 分别给出了随机截尾情形下Weibull分布与分布较一般且截尾变量独立不同分

布的分布参数最大似然估计的相合性及渐近正态性. 文献[8]验证了随机截尾情形下分

布参数最大似然估计的收敛速度满足重对数律. 随着可靠性理论的深入发展, Elperin &

Gertsbakh (1988)将随机截尾试验模型推广到带有不完全信息的随机截尾试验模型. 尔后,

文献[2]-[4]中, 分别证明了带有不完全信息随机截尾情形下指数分布、Weibull分布及分布

较一般的分布参数最大似然估计的相合性及渐近正态性. 在文献[5]中, 验证了带有不完全

信息随机截尾试验下Weibull分布的最大似然估计的收敛速度满足重对数律. 据作者所知,

对于分布较一般的带有不完全信息随机截尾试验下参数最大似然估计的收敛速度还没有

一个较好的结果. 鉴于此, 本文在文献[4]的基础上进一步讨论了最大似然估计的收敛速度,

论证了收敛速度满足重对数律. 从而, 就分布类型和试验模型这两个方面推广了[5]和[8]的

结果. 本文的结构如下, 除第一节引言外, 第二节为主要结果, 第三节为若干引理, 第四节为

定理的证明.

§2. 主要结果

众所周知, 基于{(Zi, αi, βi), 1 ≤ i ≤ n}的似然函数为(见[7]):

L(θ) =
n∏

i=1
f(Zi, θ)αiβiF (Zi, θ)αi(1−βi)F (Zi, θ)1−αi , (2.1)

其中: F = 1− F . 似然方程组为
∂ lnL

∂θ
= 0, (2.2)

其中:
∂ lnL

∂θ
=

(∂ lnL

∂θ1
,
∂ lnL

∂θ2
, · · · ,

∂ lnL

∂θm

)T
.

以下∂ ln f(x, θ)/∂θ, ∂ lnF (x, θ)/∂θ, ∂ lnF (x, θ)/∂θ与之定义类同, 均为向量.

定义 称似然函数正规, 若对一切n ≥ 2只要(Zi, αi, βi), i = 1, 2, · · · , n不全相等, 似

然方程组(2.2)有唯一解θ̂n =(θ̂n
1 , θ̂n

2 , · · · , θ̂n
m)T , 其中θ̂n

s = θ̂n
s (Z1, Z2, · · · , Zn, α1, α2, · · · , αn,

β1, β2, · · · , βn), s = 1, 2, · · · ,m.

当(Z1, α1, β1) = (Z2, α2, β2) = · · · = (Zn, αn, βn)时, 令θ̂n
i = θ0

i , i = 1, 2, · · · ,m, 其中

(θ0
1, θ

0
2, · · · , θ0

m)为Θ中一固定点. 因此θ̂n = (θ̂n
1 , θ̂n

2 , · · · , θ̂n
m)T总有定义. 此时称θ̂n是θ的最

大似然估计.

其次, 我们对f(x, θ), F (x, θ), Gi(x), i ≥ 1施加如下条件, 合称为条件(Φ):

(1) f(x, θ)为[0,+∞) × Θ上定义的正值函数, f(x, θ)关于x Borel可测且∂3f(x, θ)/

(∂θs∂θt∂θk), ∂2f(x, θ)/(∂θs∂θt), ∂f(x, θ)/∂θs, f(x, θ) (s, t, k = 1, 2, · · · ,m)为θ的连续函

数.
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(2) 对于∀ θ0 ∈ Θ, 存在µθ0 = {θ : ‖θ − θ0‖ ≤ ηθ0} ⊂ Θ (ηθ0 > 0)使得在µθ0上, 下式成

立,

∣∣∣ ∂3f(x, θ)
∂θs∂θt∂θk

∣∣∣ ≤ H
(3)
θ0 (x),

∫ ∞

0
[H(3)

θ0 (x)]2dx < +∞,

∣∣∣∂
3 ln f(x, θ)
∂θs∂θt∂θk

∣∣∣ ≤ H̃
(3)
θ0 (x),

∫ ∞

0
[H̃(3)

θ0 (x)]2f(x, θ0)dx < +∞,

∫ ∞

0

[∂2f(x, θ)
∂θs∂θt

]2
dx < +∞,

∫ ∞

0

[∂2 ln f(x, θ)
∂θs∂θt

]2
f(x, θ)dx < +∞,

∣∣∣∂
3 lnF (x, θ)
∂θs∂θt∂θk

∣∣∣ ≤ Ĥ
(3)
θ0 (x), sup

x≥0
[Ĥ(3)

θ0 (x)]2F (x, θ0) ≤ M,

∣∣∣∂
2 lnF (x, θ)
∂θs∂θt

∣∣∣ ≤ Ĥ
(2)
θ0 (x), sup

x≥0
[Ĥ(2)

θ0 (x)]2F (x, θ0) ≤ M,

∣∣∣∂
3 lnF (x, θ)
∂θs∂θt∂θk

∣∣∣ ≤ H
(3)
θ0 (x), sup

x≥0
[H(3)

θ0 (x)]2F (x, θ0) ≤ M,

∣∣∣∂
2 lnF (x, θ)
∂θs∂θt

∣∣∣ ≤ H
(2)
θ0 (x), sup

x≥0
[H(2)

θ0 (x)]2F (x, θ0) ≤ M,

其中: M与x无关, 与θ0有关.

(3) ∫ ∞

0

(∂ ln f(x, θ)
∂θs

)4
f(x, θ)dx < +∞,

sup
x≥0

(∂ lnF (x, θ)
∂θs

)4
F (x, θ) ≤ M,

sup
x≥0

(∂ lnF (x, θ)
∂θs

)4
F (x, θ) ≤ M.

(4) 似然函数正规(见定义).

(5) 对∀ θ∈Θ, [∂ ln f(x, θ)/∂θ] · [∂ ln f(x, θ)/∂θ]T或[∂ lnF (x, θ)/∂θ] · [∂ lnF (x, θ)/∂θ]T

或[∂ lnFf(x, θ)/∂θ] · [∂ lnF (x, θ)/∂θ]T关于x正定.

(6) 存在分布函数G0(x), 使得 lim
n→∞(1/n) ·

n∑
i=1

Gi(x) = G0(x), 且至少存在一点x0 > 0,

使得G0(x0) < 1.

同时, 我们由条件(1)–(3)可以证明, 存在函数H
(2)
θ0 (x), H

(1)
θ0 (x), H̃

(2)
θ0 (x)对一切s, t及

(x, θ) ∈ [0,+∞)× µθ0满足

∣∣∣∂
2f(x, θ)
∂θs∂θt

∣∣∣ ≤ H
(2)
θ0 (x),

∫ ∞

0
[H(2)

θ0 (x)]2dx < +∞,

∣∣∣∂f(x, θ)
∂θs

∣∣∣ ≤ H
(1)
θ0 (x),

∫ ∞

0
H

(1)
θ0 (x)dx < +∞,

∣∣∣∂
2 ln f(x, θ)
∂θs∂θt

∣∣∣ ≤ H̃
(2)
θ0 (x),

∫ ∞

0
[H̃(2)

θ0 (x)]2f(x, θ0)dx < +∞.
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易证Weibull分布、对数正态分布满足条件(Φ)中的(1)–(5).

我们的主要结论如下:

定理 设{Zi, αi, βi}, i = 1, 2, · · · , n满足条件(Φ), θ̂n为θ的最大似然估计, 则有

(1) lim
n→∞K(n)(θ̂n

k − θ0
k) = ϕ(k) a.s. Pθ0 , (2.3)

lim
n→∞

K(n)(θ̂n
k − θ0

k) = −ϕ(k) a.s. Pθ0 ; (2.4)

(2) S{K(n)(θ̂n
k − θ0

k)} = [−ϕ(k), ϕ(k)] a.s. Pθ0 , (2.5)

其中, θ0 = (θ0
1, θ

0
2, · · · , θ0

m)T为参数真值, k = 1, 2, · · · ,m,

K(n) = (n/2 log log n)1/2, ϕ(k) > 0,

ϕ2(k) = p

∫ ∞

0

( m∑
l=1

akl(θ0)
∂ ln f(x, θ0)

∂θl

)2
G0(x)f(x, θ0)dx

+(1− p)
∫ ∞

0

( m∑
l=1

akl(θ0)
∂ lnF (x, θ0)

∂θl

)2
F (x, θ0)dG0(x)

+
∫ ∞

0

( m∑
l=1

akl(θ0)
∂ lnF (x, θ0)

∂θl
)2F (x, θ0)dG0(x), (2.6)

(akl(θ0))−1
m×m = (ĝkl(θ0))m×m,

ĝkl(θ) = p

∫ ∞

0

∂ ln f(x, θ)
∂θk

∂ ln f(x, θ)
∂θl

G0(x)f(x, θ0)dx

+(1− p)
∫ ∞

0

∂ lnF (x, θ)
∂θk

∂ lnF (x, θ)
∂θl

F (x, θ0)dG0(x)

+
∫ ∞

0

∂ lnF (x, θ)
∂θk

∂ lnF (x, θ)
∂θl

F (x, θ0)dG0(x), (2.7)

S{an}表示序列{an}的极限点的全体.

§3. 若干引理

为给出定理的证明, 我们需要如下一些引理.

引理 3.1 ([3]) 对任一给定的θ0 ∈ Θ及任一Borel函数T (x), 若T (zi)关于概率测度

Pθ0可积, 则有,

Eθ0 [αiβiT (zi)] = p

∫ ∞

0
T (x)Gi(x)dF (x, θ0),

Eθ0 [αi(1− βi)T (zi)] = (1− p)
∫ ∞

0
T (x)F (x, θ0)dGi(x), (3.1)

Eθ0 [(1− αi)T (zi)] =
∫ ∞

0
T (x)F (x, θ0)dGi(x).
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其中: Gi(x) = 1−Gi(x).

引理 3.2 在条件(Φ)下, 对每个i (i = 1, 2, · · · , n)有

Eθ0

(
αiβi

∂ ln f(Zi, θ
0)

∂θs
+ αi(1− βi)

∂ lnF (Zi, θ
0)

∂θs
+ (1− αi)

∂ lnF (Zi, θ
0)

∂θs

)
= 0

s = 1, 2, · · · ,m. (3.2)

证明过程请见文献[4]中引理2的证明.

引理 3.3 (Petrov[9]) 设{Xi, i ≥ 1}是独立随机变量序列, EXi = 0, i ≥ 1, S2
n =

n∑
i=1

EX2
i , 又设 lim

n→∞
S2

n/n > 0且存在δ > 0, 使得sup
i≥1

E|Xi|2+δ < ∞, 则

lim
n→∞

n∑
i=1

Xi

√
2S2

n log log S2
n

= 1 a.s.. (3.3)

引理 3.4 在条件(Φ)下, 则对任意δ ∈ [0, 2]均有

max
1≤s≤m

sup
i≥1

Eθ0

∣∣∣αiβi
∂ ln f(Zi, θ

0)
∂θs

+ αi(1− βi)
∂ lnF (Zi, θ

0)
∂θs

+ (1− αi)
∂ lnF (Zi, θ

0)
∂θs

∣∣∣
2+δ
≤k,

(3.4)

其中: k < +∞.

证明: 由矩不等式知

Eθ0

∣∣∣αiβi
∂ ln f(Zi, θ

0)
∂θs

+ αi(1− βi)
∂ lnF (Zi, θ

0)
∂θs

+ (1− αi)
∂ lnF (Zi, θ

0)
∂θs

∣∣∣
2+δ

≤
{

Eθ0

∣∣∣αiβi
∂ ln f(Zi, θ

0)
∂θs

+ αi(1− βi)
∂ lnF (Zi, θ

0)
∂θs

+ (1− αi)
∂ lnF (Zi, θ

0)
∂θs

∣∣∣
4}(2+δ)/4

.

为证明引理只需

Eθ0

∣∣∣αiβi
∂ ln f(Zi, θ

0)
∂θs

+ αi(1− βi)
∂ lnF (Zi, θ

0)
∂θs

+ (1− αi)
∂ lnF (Zi, θ

0)
∂θs

∣∣∣
4

对一切i及s有界即可.

同时我们注意到αi = 1或0, βi = 1或0, 故由引理3.1及条件(Φ)中的(3)知, 存在某常数

Ks > 0, 使

Eθ0

∣∣∣αiβi
∂ ln f(Zi, θ

0)
∂θs

+ αi(1− βi)
∂ lnF (Zi, θ

0)
∂θs

+ (1− αi)
∂ lnF (Zi, θ

0)
∂θs

∣∣∣
4

= Eθ0

[
αiβi

(∂ ln f(Zi, θ
0)

∂θs

)4
+ αi(1− βi)

(∂ lnF (Zi, θ
0)

∂θs

)4
+ (1− αi)

(∂ lnF (Zi, θ
0)

∂θs

)4]
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= p

∫ ∞

0

(∂ ln f(x, θ0)
∂θs

)4
Gi(x)dF (x, θ0) + (1− p)

∫ ∞

0

(∂ lnF (x, θ0)
∂θs

)4
F (x, θ0)dGi(x)

+
∫ ∞

0

(∂ lnF (x, θ0)
∂θs

)4
F (x, θ0)dGi(x)

≤ p

∫ ∞

0

(∂ ln f(x, θ0)
∂θs

)4
f(x, θ0)dx + (1− p) sup

x≥0

(∂ lnF (x, θ0)
∂θs

)4
F (x, θ0)

+ sup
x≥0

(∂ lnF (x, θ0)
∂θs

)4
F (x, θ0)

≤ Ks < +∞.

于是令K , max{K1,K2, · · · ,Km}, 对任意i ≥ 1, s = 1, 2, · · · ,m有

Eθ0

∣∣∣αiβi
∂ ln f(Zi, θ

0)
∂θs

+ αi(1− βi)
∂ lnF (Zi, θ

0)
∂θs

+ (1− αi)
∂ lnF (Zi, θ

0)
∂θs

∣∣∣
4

≤ K < +∞. (3.5)

从而引理得证. ¤

引理 3.5 在条件(Φ)下, 对任意t ∈ [0, 1]且θ0 ∈ Θ, 令θ(t) = (1 − t)θ0 + tθ̂n, 其

中θ̂n是θ的最大似然估计, 则对一切k, l (k, l = 1, 2, · · · ,m)有

sup
0≤t≤1

|a(n)
kl (θ(t)) + ĝkl(θ0)| −→ 0 a.s. Pθ0 (n →∞),

其中:

a
(n)
kl (θ) , 1

n

n∑
i=1

[
αiβi

∂2 ln f(Zi, θ)
∂θk∂θl

+ αi(1− βi)
∂2 lnF (Zi, θ)

∂θk∂θl
+ (1− αi)

∂2 lnF (Zi, θ)
∂θk∂θl

]
,

ĝkl(θ)的定义见(2.7).

证明: 显然

sup
0≤t≤1

|a(n)
kl (θ(t)) + ĝkl(θ0)| ≤ sup

0≤t≤1
|a(n)

kl (θ(t))− a
(n)
kl (θ0)|+ |a(n)

kl (θ0) + ĝkl(θ0)|, (3.6)

所以证明引理分两步.

首先, 由引理3.1, 引理3.4[4]及强大数定律易知

a
(n)
kl (θ0) −→ −ĝkl(θ0) a.s. Pθ0 (n →∞). (3.7)

其次, 由于θ̂n是θ0的强相合估计(见文献[4]), 故当n充分大时, θ̂n ∈ µθ0 , θ(t) ∈ µθ0 , 故
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由多元函数的中值定理及条件(Φ)中的(2)可知, 当n充分大时, 有

|a(n)
kl (θ(t))− a

(n)
kl (θ0)|

=
∣∣∣ 1
n

n∑
i=1

[
αiβi

(∂2 ln f(Zi, θ(t))
∂θk∂θl

− ∂2 ln f(Zi, θ
0)

∂θk∂θl

)

+αi(1− βi)
(∂2 lnF (Zi, θ(t))

∂θk∂θl
− ∂2 lnF (Zi, θ

0)
∂θk∂θl

)

+(1− αi)
(∂2 lnF (Zi, θ(t))

∂θk∂θl
− ∂2 lnF (Zi, θ

0)
∂θk∂θl

)]∣∣∣

=
∣∣∣ 1
n

n∑
i=1

(
αiβi

∂3 ln f(Zi, θ)
∂θk∂θl∂θ

∣∣∣
θ=θ1(t)

+ αi(1− βi)
∂3 lnF (Zi, θ)

∂θk∂θl∂θ

∣∣∣
θ=θ2(t)

+(1− αi)
∂3 lnF (Zi, θ)

∂θk∂θl∂θ

∣∣∣
θ=θ3(t)

)
· t(θ̂n − θ0)

∣∣∣

≤ 1
n

n∑
i=1

[αiβiH̃
(3)
θ0 (Zi) + αi(1− βi)H

(3)
θ0 (Zi) + (1− αi)Ĥ

(3)
θ0 (Zi)] ·

√
m‖θ̂n − θ0‖, (3.8)

其中θ1(t), θ2(t), θ3(t)是界于θ(t)与θ0之间的向量. 同时由条件(Φ)中的(2)及引理3.1知, 对任

意i ≥ 1有

Eθ0 [αiβiH̃
(3)
θ0 (Zi) + αi(1− βi)H

(3)
θ0 (Zi) + (1− αi)Ĥ

(3)
θ0 (Zi)]2

= Eθ0

(
αiβi[H̃

(3)
θ0 (Zi)]2 + αi(1− βi)[H

(3)
θ0 (Zi)]2 + (1− αi)[Ĥ

(3)
θ0 (Zi)]2

)

= p

∫ ∞

0
[H̃(3)

θ0 (x)]2Gi(x)f(x, θ0)dx + (1− p)
∫ ∞

0
[H(3)

θ0 (x)]2F (x, θ0)dGi(x)

+
∫ ∞

0
[Ĥ(3)

θ0 (x)]2F (x, θ0)dGi(x)

≤ p

∫ ∞

0
[H̃(3)

θ0 (x)]2f(x, θ0)dx + (1− p) sup
x≥0

[H(3)
θ0 (x)]2F (x, θ0)

+ sup
x≥0

[Ĥ(3)
θ0 (x)]2F (x, θ0) < +∞.

故由控制收敛定理, Helly定理及强大数定律知

1
n

n∑
i=1

[αiβiH̃
(3)
θ0 (Zi) + αi(1− βi)H

(3)
θ0 (Zi) + (1− αi)Ĥ

(3)
θ0 (Zi)]

−→ p

∫ ∞

0
H̃

(3)
θ0 (x)G0(x)f(x, θ0)dx + (1− p)

∫ ∞

0
H

(3)
θ0 (x)F (x, θ0)dG0(x)

+
∫ ∞

0
Ĥ

(3)
θ0 (x)F (x, θ0)dG0(x) a.s. Pθ0 (n →∞). (3.9)

所以由(3.8), (3.9)及θ̂n → θ0 a.s. Pθ0 (n →∞) (见文献[4])可知

sup
0≤t≤1

|a(n)
kl (θ(t))− a

(n)
kl (θ0)| −→ 0 a.s. Pθ0 (n →∞). (3.10)
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最后, 由(3.6), (3.7), (3.10)可知引理成立. ¤

推论 3.1 在条件(Φ)下, 对任意θ0 ∈ Θ, 令θ(t) = (1 − t)θ0 + tθ̂n, 其中θ̂n是θ的最大

似然估计, 则对t ∈ [0, 1]一致地有

An(θ(t)) −→ −Ĝ(θ0) a.s. Pθ0 (n →∞), (3.11)

其中An(θ(t)) ,
(
a

(n)
kl (θ(t))

)
m×m

, Ĝ(θ0) ,
(
ĝkl(θ0)

)
m×m

.

证明: 由引理3.5易知(3.11)成立. ¤
显然由条件(Φ)中的(5)易知Ĝ(θ0)正定(见文献[4]中的(4.6)式). 记

(
akl(θ0)

)
m×m

, Ĝ(θ0)−1. (3.12)

引理 3.6 在条件(Φ)下, 记S2
n(k) =

n∑
i=1

Eθ0ω2
i (k), 其中

ωi(k) =
m∑

l=1

akl(θ0)
[
αiβi

∂ ln f(Zi, θ
0)

∂θl
+ αi(1− βi)

∂ lnF (Zi, θ
0)

∂θl
+ (1− αi)

∂ lnF (Zi, θ
0)

∂θl

]
,

akl(θ0)见(3.12), 则有

lim
n→∞

n∑
i=1

ωi(k)
√

2S2
n(k) log log S2

n(k)
= 1 a.s. Pθ0 . (3.13)

证明: 首先, 由引理3.1及引理3.2知

Eθ0ωi(k) = Eθ0

[ m∑
l=1

akl(θ0)
(
αiβi

∂ ln f(Zi, θ
0)

∂θl
+ αi(1− βi)

∂ lnF (Zi, θ
0)

∂θl

+(1− αi)
∂ lnF (Zi, θ

0)
∂θl

)]

=
m∑

l=1

akl(θ0)Eθ0

(
αiβi

∂ ln f(Zi, θ
0)

∂θl
+ αi(1− βi)

∂ lnF (Zi, θ
0)

∂θl

+(1− αi)
∂ lnF (Zi, θ

0)
∂θl

)

= 0. (3.14)

其次, 对任意i ≥ 1及ε ∈ [0, 1]

Eθ0 |ωi(k)|2+ε = Eθ0

∣∣∣
m∑

l=1

akl(θ0)
[
αiβi

∂ ln f(Zi, θ
0)

∂θl
+ αi(1− βi)

∂ lnF (Zi, θ
0)

∂θl

+(1− αi)
∂ lnF (Zi, θ

0)
∂θl

]∣∣∣
2+ε

≤
{

Eθ0

∣∣∣
m∑

l=1

akl(θ0)
[
αiβi

∂ ln f(Zi, θ
0)

∂θl
+ αi(1− βi)

∂ lnF (Zi, θ
0)

∂θl

+(1− αi)
∂ lnF (Zi, θ

0)
∂θl

]∣∣∣
4}(2+ε)/4
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≤
{

Eθ0

∣∣∣
m∑

l=1

akl(θ0)
[
αiβi

∂ ln f(Zi, θ
0)

∂θl
+ αi(1− βi)

∂ lnF (Zi, θ
0)

∂θl

+(1− αi)
∂ lnF (Zi, θ

0)
∂θl

]∣∣∣
4
+ 1

}(2+ε)/4

≤ m2Eθ0

( m∑
l=1

a2
kl(θ

0)
[
αiβi

∂ ln f(Zi, θ
0)

∂θl
+ αi(1− βi)

∂ lnF (Zi, θ
0)

∂θl

+(1− αi)
∂ lnF (Zi, θ

0)
∂θl

]2)2
+ 1

≤ m3Eθ0

( m∑
l=1

a4
kl(θ

0)
[
αiβi

∂ ln f(Zi, θ
0)

∂θl
+ αi(1− βi)

∂ lnF (Zi, θ
0)

∂θl

+(1− αi)
∂ lnF (Zi, θ

0)
∂θl

]4)
+ 1

= m3
m∑

l=1

a4
kl(θ

0)Eθ0

[
αiβi

∂ ln f(Zi, θ
0)

∂θl
+ αi(1− βi)

∂ lnF (Zi, θ
0)

∂θl

+(1− αi)
∂ lnF (Zi, θ

0)
∂θl

]4
+ 1.

故由(3.5)式, 有

sup
i≥1

Eθ0 |ωi(k)|2+ε < +∞. (3.15)

最后, 再根据引理3.1可知

S2
n(k) =

n∑
i=1

Eθ0ω2
i (k)

=
n∑

i=1
Eθ0

∣∣∣
m∑

l=1

akl(θ0)
[
αiβi

∂ ln f(Zi, θ
0)

∂θl
+ αi(1− βi)

∂ lnF (Zi, θ
0)

∂θl

+(1− αi)
∂ lnF (Zi, θ

0)
∂θl

]∣∣∣
2

=
m∑

s,l=1

aks(θ0)akl(θ0) ·
n∑

i=1
Eθ0

{[
αiβi

∂ ln f(Zi, θ
0)

∂θs
+ αi(1− βi)

∂ lnF (Zi, θ
0)

∂θs

+(1− αi)
∂ lnF (Zi, θ

0)
∂θs

]
·
[
αiβi

∂ ln f(Zi, θ
0)

∂θl
+ αi(1− βi)

∂ lnF (Zi, θ
0)

∂θl

+(1− αi)
∂ lnF (Zi, θ

0)
∂θl

]}

=
m∑

s,l=1

aks(θ0)akl(θ0) ·
{

p

∫ ∞

0

∂ ln f(x, θ)
∂θs

∂ ln f(x, θ)
∂θl

f(x, θ0)
(
n−

n∑
i=1

Gi(x)
)
dx

+(1− p)
∫ ∞

0

∂ lnF (x, θ)
∂θs

∂ lnF (x, θ)
∂θl

F (x, θ0)d
n∑

i=1
Gi(x)

+
∫ ∞

0

∂ lnF (x, θ)
∂θs

∂ lnF (x, θ)
∂θl

F (x, θ0)d
n∑

i=1
Gi(x)

}
.
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故由条件(Φ)中的(2), (6)及控制收敛定理、Helly定理可知

lim
n→∞

S2
n(k)
n

=
m∑

s,l=0

aks(θ0)akl(θ0)ĝsl(θ0) < ∞, (3.16)

其中ĝsl(θ0)定义见(2.7). 显然我们知道Ĝ(θ0)正定(见文献[4]中的(4.6)式), 所以

lim
n→∞

S2
n(k)
n

> 0. (3.17)

综合考虑(3.14), (3.15), (3.17)及引理3.3知, (3.13)成立. 证毕. ¤

§4. 定理的证明

定理的证明: (1) 令

θ(t) = (1− t)θ0 + tθ̂n, t ∈ [0, 1], (4.1)

un(θ) =
∂ lnL(θ)

∂θ
, g(t) = un(θ(t)), (4.2)

则g(1)− g(0) =
∫ 1

0
g′(t)dt, 其中g(1) = un(θ̂n) = 0 (由似然方程组(2.2)式知),

g(0) = un(θ0) =
∂ lnL(θ0)

∂θ

=
(
· · · ,

n∑
i=1

[
αiβi

∂ ln f(Zi, θ
0)

∂θl
+ αi(1− βi)

∂ lnF (Zi, θ
0)

∂θl

+(1− αi)
∂ lnF (Zi, θ

0)
∂θl

]
, · · ·

)T
, (4.3)

g′(t) =
( n∑

i=1

[
αiβi

∂2 ln f(Zi, θ(t))
∂θk∂θl

+ αi(1− βi)
∂2 lnF (Zi, θ(t))

∂θk∂θl

+(1− αi)
∂2 lnF (Zi, θ(t))

∂θk∂θl

])
m×m

· (θ̂n − θ0)

=
( 1

n

n∑
i=1

[
αiβi

∂2 ln f(Zi, θ(t))
∂θk∂θl

+ αi(1− βi)
∂2 lnF (Zi, θ(t))

∂θk∂θl

+(1− αi)
∂2 lnF (Zi, θ(t))

∂θk∂θl

])
m×m

· n(θ̂n − θ0)

= An(θ(t)) · n(θ̂n − θ0).

其中An(θ(t))参见推论3.1, 于是

un(θ0) = −
∫ 1

0
An(θ(t))dt · n(θ̂n − θ0). (4.4)
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为了证明定理的(1)成立, 我们分两步.

首先, 我们确定ϕ(k)的表达式, 记

ϕ2(k) = lim
n→∞

S2
n(k) log log S2

n(k)
n log log n

. (4.5)

由(3.16)式可知,

ϕ2(k) = lim
n→∞

S2
n(k) log log S2

n(k)
n log log n

= lim
n→∞

S2
n(k)
n

lim
n→∞

(
1 +

log(1 + log(S2
n(k)/n)/log n)

log log n

)
= lim

n→∞
S2

n(k)
n

= p

∫ ∞

0

( m∑
l=1

akl(θ0)
∂ ln f(x, θ0)

∂θl

)2
G0(x)f(x, θ0)dx

+(1− p)
∫ ∞

0

( m∑
l=1

akl(θ0)
∂ lnF (x, θ0)

∂θl

)2
F (x, θ0)dG0(x)

+
∫ ∞

0

( m∑
l=1

akl(θ0)
∂ lnF (x, θ0)

∂θl

)2
F (x, θ0)dG0(x). (4.6)

其次, 由推论3.1可知

−
∫ 1

0
An(θ(t))dt −→ Ĝ(θ0) a.s. Pθ0 (n →∞). (4.7)

又由Ĝ(θ0)的正定性及(4.7)式易知, 存在N > 0, 使得−
∫ 1

0
An(θ(t))dt可逆, 且

sup
n>N

∥∥∥
(
−

∫ 1

0
An(θ(t))dt

)−1∥∥∥ < ∞,

记

∇n ,
(
−

∫ 1

0
An(θ(t))dt

)−1
− Ĝ−1(θ0), (4.8)

于是

‖∇n‖ ≤
∥∥∥
(
−

∫ 1

0
An(θ(t))dt

)−1∥∥∥ ·
∥∥∥Ĝ(θ0) +

∫ 1

0
An(θ(t))dt

∥∥∥ · ‖Ĝ−1(θ0)‖ −→ 0,

n →∞.

由上式易知, 当n →∞时, ∇nĜ(θ0) + I → I, 所以由(4.4), (4.8)知,
√

n

2 log log n
(θ̂n − θ0) =

1√
2n log log n

(
−

∫ 1

0
An(θ(t))dt

)−1
un(θ0)

=
1√

2n log log n
(Ĝ−1(θ0) +∇n)un(θ0)

=
1√

2n log log n
(I +∇nĜ(θ0))Ĝ−1(θ0)un(θ0)

= (1 + o(1))
1√

2n log log n
Ĝ−1(θ0)un(θ0). (4.9)
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最后由引理3.6和(4.6), (4.9), (4.3), (3.12)可以得到, 对任意的k (k = 1, 2, · · · ,m)有

lim
n→∞

√
n

2 log log n
(θ̂n

k − θ0
k)

= lim
n→∞

1√
2n log log n

n∑
i=1

{ m∑
l=1

akl(θ0)
[
αiβi

∂ ln f(Zi, θ
0)

∂θl

+αi(1− βi)
∂ lnF (Zi, θ

0)
∂θl

+ (1− αi)
∂ lnF (Zi, θ

0)
∂θl

]}

= lim
n→∞

√
S2

n(k) log log S2
n(k)

n log log n

1√
2S2

n(k) log log S2
n(k)

n∑
i=1

ωi(k)

= ϕ(k).

即(2.3)成立, 同理可证(2.4)成立.

(2) 显然, 对任意的k (k = 1, 2, · · · ,m), 当n ≥ 2时, 都有

n(θ̂n
k − θ̂n−1

k ) + (θ̂n−1
k − θ0

k) = n(θ̂n
k − θ0

k)− (n− 1)(θ̂n−1
k − θ0

k). (4.10)

根据上述所证定理的(1)的结论及(4.10)易知

lim
n→∞

n√
2n log log n

(θ̂n
k − θ̂n−1

k ) + lim
n→∞

1√
2n log log n

(θ̂n−1
k − θ0

k) = 0,

即

lim
n→∞K(n)(θ̂n

k − θ̂n−1
k ) = 0.

又由引理3.7[8]知,

S{K(n)(θ̂n
k − θ0

k)} = [−ϕ(k), ϕ(k)] a.s. Pθ0 .

即(2.5)式成立. 证毕. ¤
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A Law of the Iterated Logarithm for MLE Based on

Random Censoring Model with Incomplete Information
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In this paper, we prove that MLE for life distributed parameter converges to the true parameter

at the rate of the law of iterated logarithm. At the same time, we verify that Weibull distribution and

lognormal distribution are stratified with conditions (Φ) proposed here.

Keywords: Random censoring model with incomplete information, MLE, the law of Iterated Log-

arithm.
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