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摘 要

对于两个半相依回归系统的未知回归系数, 本文首先借鉴文献中给出的两步协方差改进估计的

方法给出两种两步协方差改进估计序列, 并给出其与两步估计等价的条件和均方误差意义下的优良性;

其次, 我们对文献中给出的一种两步估计作简单改进, 使得改进后的估计在更大的参数空间内优于最

小二乘估计. 再次, 本文另辟蹊径, 构造了一种新的估计, 同样地，此估计也具有更好的小样本性质. 本

文最后一节讨论了Pitman准则下两步估计的优良性.
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§1. 引 言

考虑含有两个相依线性回归方程的线性回归系统:

yi = Xiβi + εi, i = 1, 2, (1.1)

这里yi为n×1观测向量, Xi为n×pi列满秩设计阵, βi为pi×1未知回归系数, εi是随机误差向

量. 假定(ε1, ε2)的行独立同分布, 每一行服从二维正态分布N2(0,Σ), 其中Σ = (σij)为2阶

未知正定阵, 并且σ12 6= 0.

记y = (y′1, y
′
2)
′, X = diag(X1, X2), β = (β′1, β

′
2)
′, ε = (ε′1, ε

′
2)
′. 易知ε服从2n维正态

分布N(0,Σ ⊗ I), 其中符号“⊗”表示矩阵的Kronecker乘积, I为n阶单位阵. 在Σ已知时,

β的Gauss-Markov估计为

β∗ = (X ′(Σ−1 ⊗ I)X)−1X ′(Σ−1 ⊗ I)y. (1.2)

在实际应用中, Σ往往是未知的, 这时较为简单的一种处理就是忽略回归误差向量间的

相关性的最小二乘估计:

β̂ =

(
β̂1

β̂2

)
=

(
(X ′

1X1)−1X ′
1y1

(X ′
2X2)−1X ′

2y2

)
. (1.3)
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620 应用概率统计 第二十五卷

显然此估计没有充分利用样本信息, 因此需寻求更为有效的估计. 另外一种兼顾误差向量

间的相关性和可行性的βi的估计就是Zellner[1, 2]提出的两步估计

β̃ = (X ′(S−1 ⊗ I)X)−1X ′(S−1 ⊗ I)y, (1.4)

其中S = [1/(n− r)] · Ỹ ′Ñ Ỹ , 其中Ỹ = (y1, y2), Ñ = I − X̃(X̃ ′X̃)−X̃ ′, X̃ = (X1, X2),

r = rk(X̃).

不失一般性, 本文只考虑β1的估计, β2的情况类似. 由于两步估计是非线性的, 因此讨

论其统计性质比较困难, 许多学者寻求一些其他的方法, Revankar[3, 4]给出一种两步协方差

改进估计

β̂1(S) = β̂1 − s12

s22
(X ′

1X1)−1X ′
1N2y2. (1.5)

此估计也是王松桂[5]提出的两步协方差改进估计的m = 2时的特例. Revankar[3]给出了β1

的两步协方差改进估计β̂1(S)的协方差阵

Cov (β̂1(S)) = σ11(X ′
1X1)−1 − σ11

[
ρ2 − 1− ρ2

n− r − 2

]
(X ′

1X1)−1X ′
1N2X1(X ′

1X1)−1, (1.6)

这里ρ = σ12/(σ11σ22)1/2.

显然当

ρ2 >
1

n− r − 1
(1.7)

时, β̂1(S)优于最小二乘估计β̂1.

在下面的行文中记

Pi = Xi(X ′
iXi)−1X ′

i, Ni = I − Pi. (1.8)

Liu[6]在此基础上给出了一种改进形式

β̃1(S) = β̂1 − s12

s22
(X ′

1X1)−1X ′
1N2y2 +

s2
12

s11s22
(X ′

1X1)−1X ′
1N2N1y1. (1.9)

本文第二节在(1.5)和(1.9)的基础上给出一种协方差改进估计序列, 并给出其与两步估

计(1.4)等价的条件. 第三节给出了(1.9)的一种改进形式, 新估计不仅与(1.9)同样在均方误

差意义下同时优于(1.5)和最小二乘估计, 而且其具有这样优良性的条件与(1.9)相比要更

弱. 在第四节, 我们另辟蹊径构造出一种新的估计, 其优于最小二乘估计(1.3)的条件要弱

于(1.5)优于最小二乘估计的条件. 本文最后一节讨论了在Pitman意义下两步协方差改进估

计(1.5)的优良性, 给出了优于最小二乘估计的条件.
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§2. 一种两步协方差改进估计序列

首先给出所需引理.

引理 2.1[7] 设T1, T2分别为k1, k2维统计量, 且E(T1) = η, E(T2) = 0,

Cov

(
T1

T2

)
= V =

(
V11 V12

V21 V22

)
. (2.1)

这里V为已知正定阵, 则在估计类Ω = {T = A1T1 + A2T2, A1和A2分别为k1 × k1, k1 × k2

非随机阵}中, η的BLUE估计为:

η∗ = T1 − V12V
−1
22 T2. (2.2)

为行文方便, 记β1的两步协方差改进估计为

β̃
(2)
1 (S) = β̂1(S) = β̂1 − s12

s22
(X ′

1X1)−1X ′
1N2y2. (2.3)

类似的, 记

β̃
(3)
1 (S) = β̃1(S) = β̂1 − s12

s22
(X ′

1X1)−1X ′
1N2y2 +

s2
12

s11s22
(X ′

1X1)−1X ′
1N2N1y1. (2.4)

根据文献中讨论半相依模型参数估计问题的方法[8–10], 我们首先在Σ已知前提下讨论

改进方法

β̃
(3)
1 (Σ) = β̂1 − σ12

σ22
(X ′

1X1)−1X ′
1N2y2 +

σ2
12

σ11σ22
(X ′

1X1)−1X ′
1N2N1y1 (2.5)

的两步估计.

取T1 = β̃
(3)
1 (Σ), T2 = N2N1N2y2, 显然有E(T2) = 0, 则由T1、T2的相关性应用引理2.1

得到一改进估计

β̃
(4)
1 (Σ) = β̂1 − σ12

σ22
(X ′

1X1)−1X ′
1N2y2 +

σ2
12

σ11σ22
(X ′

1X1)−1X ′
1N2N1y1

− σ3
12

σ11σ2
22

(X ′
1X1)−1X ′

1N2N1N2y2. (2.6)

取T1 = β̃
(4)
1 (Σ), T2 = N2N1N2N1y1, 再次应用引理2.1得到改进估计

β̃
(5)
1 (Σ) = β̂1 − σ12

σ22
(X ′

1X1)−1X ′
1N2y2 +

σ2
12

σ11σ22
(X ′

1X1)−1X ′
1N2N1y1

− σ3
12

σ11σ2
22

(X ′
1X1)−1X ′

1N2N1N2y2 +
σ4

12

σ2
11σ

2
22

(X ′
1X1)−1X ′

1N2N1N2N1y1. (2.7)

以此类推, 我们得到k步改进估计.
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622 应用概率统计 第二十五卷

(a) 当k为奇数时

β̃
(k)
1 (Σ) = β̂1 − σ12

σ22
(X ′

1X1)−1X ′
1N2y2 +

σ2
12

σ11σ22
(X ′

1X1)−1X ′
1N2N1y1

+ · · · − σk−2
12

σ
(k−3)/2
11 σ

(k−1)/2
22

(X ′
1X1)−1X ′

1N2N1 · · ·N2y2

+
σk−1

12

σ
(k−1)/2
11 σ

(k−1)/2
22

(X ′
1X1)−1X ′

1N2N1 · · ·N2N1y1. (2.8)

(b) 当k为偶数时

β̃
(k)
1 (Σ) = β̂1 − σ12

σ22
(X ′

1X1)−1X ′
1N2y2 +

σ2
12

σ11σ22
(X ′

1X1)−1X ′
1N2N1y1

+ · · · − σk−2
12

σ
(k−1)/2
11 σ

(k−1)/2
22

(X ′
1X1)−1X ′

1N2N1 · · ·N2N1y1

+
σk−1

12

σ
k/2−1
11 σ

k/2
22

(X ′
1X1)−1X ′

1N2N1 · · ·N1N2y2. (2.9)

在实际应用中, 由于Σ往往是未知的, 此时我们用Σ的估计S代替上面的Σ得到可行估

计β̃
(k)
1 (S).

定理 2.1 (a) 当k为大于2的偶数时, β̃
(k)
1 (S) = β̃1当且仅当

P1P2P1(N2N1)(k−2)/2 = 0; (2.10)

(b) 当k为大于3的奇数时, β̃
(k)
1 (S) = β̃1当且仅当

P1P2P1(N2N1)(k−3)/2N2 = 0, (2.11)

其中P1 = I −N1, P2 = I −N2.

证明: 仅以k为偶数的情况进行证明, k为奇数的情况类似可得.

两步估计β̃1和β̃2满足下面的等式

X ′(S−1 ⊗ I)X

(
β̃1

β̃2

)
= X ′(S−1 ⊗ I)y, (2.12)

进一步展开得到
(

s22X
′
1X1 −s21X

′
1X2

−s12X
′
2X1 s11X

′
2X2

)(
β̃1

β̃2

)
=

(
s22X

′
1 −s21X

′
1

−s12X
′
2 s11X

′
2

)(
y1

y2

)
. (2.13)

上式等价于
(
s22X

′
1X1 − s2

21

s11
X ′

1P2X1

)
β̃1 = s22X

′
1y1 − s12X

′
1N2y2 +

s2
12

s11
X ′

1N2N1y1

− s2
12

s11
X ′

1y1 +
s2
12

s11
X ′

1N2P1y1, (2.14)
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因此若β̃
(k)
1 (S) = β̃1当且仅当β̃

(k)
1 (S)是(2.14)中β̃1的解.

将β̃
(k)
1 (S)代入上式得到

(
s22X

′
1X1 − s2

21

s11
X ′

1P2X1

)
β̃

(k)
1 (S)

= s22X
′
1y1 − s12X

′
1N2y2 +

s2
12

s11
X ′

1N2N1y1 − s3
12

s11s22
X ′

1N2N1N2y2 + · · ·

+
sk−2
12

s
k/2−1
11 s

k/2−2
22

X ′
1N2N1 · · ·N2N1y1 − sk−1

12

s
k/2−1
11 s

k/2−1
22

X ′
1N2N1 · · ·N1N2y2

− s2
12

s11
X ′

1P2P1y1 + · · · − sk
12

s
k/2
11 s

k/2−1
22

X ′
1P2P1N2N1 · · ·N2N1y1

+
sk+1
12

s
k/2
11 s

k/2
22

X ′
1P2P1N2N1 · · ·N1N2y2

= s22X
′
1y1 − s12X

′
1N2y2 +

s2
12

s11
X ′

1N2N1y1 − s2
12

s11
X ′

1y1 +
s2
12

s11
X ′

1N2P1y1, (2.15)

经整理, (2.15)等价于

− s3
12

s11s22
X ′

1(N2N1 − P2P1)N2y2 +
s4
12

s2
11s22

X ′
1(N2N1 − P2P1)N2N1y1 + · · ·

− sk
12

s
k/2
11 s

k/2−1
22

X ′
1P2P1N2N1 · · ·N2N1y1 +

sk+1
12

s
k/2
11 s

k/2
22

X ′
1P2P1N2N1 · · ·N1N2y2 = 0. (2.16)

因为N2N1 − P2P1 = N1 − P2N1 − P2P1 = N1 − P2, 所以有X ′
1(N1 − P2)N2 = 0, 因此

上式化简为

X ′
1P2P1N2N1 · · ·N2N1y1 +

s12

s22
X ′

1P2P1N2N1 · · ·N1N2y2 = 0. (2.17)

为表述方便将上式化简为

X ′
1P2P1(N2N1)(k−2)/2

(
y1 +

s12

s22
N2y2

)
= 0. (2.18)

因为y1 + (s12/s22) ·N2y2为随机向量, 其均值为0, 协方差阵可逆, 于是结合(2.18)式有

X ′
1P2P1(N2N1)(k−2)/2 = 0, (2.19)

也就是

P1P2P1(N2N1)(k−2)/2 = 0. (2.20)

定理得证. ¤
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§3. 一种改进估计

文献[6]给出了估计(1.9)的协方差阵:

Cov (β̃1(S))

= Cov (β̂1)− σ11(X ′
1X1)−1X ′

1N2

((
ρ2 − 1− ρ2

n− r − 2

)
I + θN1

)
N2X1(X ′

1X1)−1, (3.1)

这里

θ = 2
σ12

σ11
E
[ s3

12

s11s2
22

]
− E

[ s4
12

s2
11s

2
22

]
,

进而给出了其优于最小二乘估计的条件:

n ≥ r +
3

ρ8/3
+ 4, (3.2)

也就是

ρ4 ≥ 3
√

3
(n− r − 4)3/2

. (3.3)

显然, 对于n− r > 4, 这个条件比(1.7)要强, 因此这个改进虽然在均方误差意义下可以

优于(1.5), 但其所需的条件要相对苛刻一些, 所以有必要进行一些改进, 使其在均方误差和

适用范围两个方面都得到提高.

本节我们给出一种改进形式:

β̃e
1(S) = β̂1 − k1

s12

s22
(X ′

1X1)−1X ′
1N2y2 + k2

s2
12

s11s22
(X ′

1X1)−1X ′
1N2N1y1, (3.4)

其中k1 > 0, k2 > 0.

首先给出后文所需的引理.

引理 3.1 (n− r)S服从自由度为n− r协方差阵为Σ的Wishart分布, 即

(n− r)S ∼ W2(n− r,Σ), (3.5)

并且sij与X ′
1y1、X ′

1N2y2和X ′
1N2N1y1相互独立.

证明参见Muirhead[8].

引理 3.2 对于2× 2矩阵S有

s12

s11
=

(σ22

σ11

)1/2(
ρ +

√
1− ρ2

√
n− r

t1

)
, (3.6)

s12

s22
=

(σ11

σ22

)1/2(
ρ +

√
1− ρ2

√
n− r

t2

)
, (3.7)

这里ti (i = 1, 2)为自由度为n− r的t分布随机变量.
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证明参见Liu[6].

定理 3.1 当ρ4 > max{16k2/[(2k1 − k2)(n− r − 4)], k1/[k1 + (2− k1)(n− r − 2)]}
时, β̃e

1(S)优于β̂1.

证明: 根据引理3.1给出的统计量的独立性容易得到β̃e
1(S)的协方差阵

Cov (β̃e
1(S)) = Cov (β̂1) + k2

1σ22E
(s2

12

s2
22

)
(X ′

1X1)−1X ′
1N2X1(X ′

1X1)−1

· k2
2σ11E

( s4
12

s2
11s

2
22

)
(X ′

1X1)−1X ′
1N2N1N2X1(X ′

1X1)−1

− 2k1σ12E
(s12

s22

)
(X ′

1X1)−1X ′
1N2X1(X ′

1X1)−1

− 2k1k2σ12E
( s3

12

s11s2
22

)
(X ′

1X1)−1X ′
1N2N1N2X1(X ′

1X1)−1. (3.8)

应用引理3.2有

E
[s12

s22

]
=

σ12

σ22
, (3.9)

E
[(s12

s22

)2]
=

σ12

σ22
ρ2 +

σ12

σ22
(1− ρ2)

1
n− r − 2

, (3.10)

代入(3.8)有

Cov (β̃e
1(S))

= Cov (β̂1) + σ11

(
(2k1 − k2

1)ρ
2 − k2

1

1− ρ2

n− r − 2

)
(X ′

1X1)−1X ′
1N2X1(X ′

1X1)−1

−σ11

(
2k1k2

σ12

σ11
E
( s3

12

s11s2
22

)
− k2

2E
( s4

12

s2
11s

2
22

))
(X ′

1X1)−1X ′
1N2N1N2X1(X ′

1X1)−1.(3.11)

因此, β̃e
1(S)优于β̂1的一个充分条件为





(2− k1)ρ2 − k1
1− ρ2

n− r − 2
> 0;

2k1
σ12

σ11
E

s3
12

s11s2
22

− k2E
s4
12

s2
11s

2
22

> 0.

(3.12)

显然, (3.12)中第一式等价于

ρ2 >
k1

k1 + (2− k1)(n− r − 2)
. (3.13)

下面我们讨论(3.12)的第二式, 首先应用引理3.2有

s3
12

s11s2
22

=
(σ11

σ22

)1/2[
ρ3 + ρ2

√
1− ρ2

√
n− r

t1 + 2ρ2

√
1− ρ2

√
n− r

t2

+2ρ
1− ρ2

n− r
t1t2 + ρ

1− ρ2

n− r
t22 +

(1− ρ2

n− r

)3/2
t1t

2
2

]
, (3.14)
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626 应用概率统计 第二十五卷

s4
12

s2
11s

2
22

= ρ4 + 2ρ3

√
1− ρ2

√
n− r

t1 + 2ρ3

√
1− ρ2

√
n− r

t2 + ρ2 1− ρ2

n− r
t21

+ ρ2 1− ρ2

n− r
t22 + 4ρ2 1− ρ2

n− r
t1t2 + 2ρ

(1− ρ2

n− r

)3/2
t1t

2
2

+2ρ
(1− ρ2

n− r

)3/2
t2t

2
1 +

(1− ρ2

n− r

)2
t21t

2
2, (3.15)

同时有

Et21 = Et22 =
n− r

n− r − 2
. (3.16)

再应用Cauchy-Schwarz不等式有

Et1t2 ≤ (Et21Et22)
1/2 =

n− r

n− r − 2
, (3.17)

Et1t
2
2 ≤ (Et21Et42)

1/2 =
√

3(n− r)3/2

(n− r − 2)
√

n− r − 4
, (3.18)

Et2t
2
1 ≤ (Et22Et41)

1/2 =
√

3(n− r)3/2

(n− r − 2)
√

n− r − 4
, (3.19)

Et21t
2
2 ≤

3(n− r)2

(n− r − 2)(n− r − 4)
. (3.20)

综合考虑(3.14)∼(3.20), (3.12)的第二式成立的充分条件为

2k1

(
ρ4 + ρ2 1− ρ2

n− r − 2

)

> k2

[
ρ4 + 6

ρ2(1− ρ2)
n− r − 2

+ 4
√

3
ρ(1− ρ2)3/2

(n− r − 2)
√

n− r − 4
+ 3

(1− ρ2)2

(n− r − 2)(n− r − 4)

]
.(3.21)

进一步化简, 上式成立的一个充分条件为

ρ4 >
16k2

(2k1 − k2)(n− r − 4)
, (3.22)

综合考虑(3.13)和(3.22)有, 当ρ4 > max{16k2/[(2k1− k2)(n− r− 4)], k1/[k1 + (2− k1)(n−
r − 2)]}时, β̃e

1(S)优于β̂1.

定理证毕. ¤

定理3.1并没有考虑k1, k2的取值问题, 下面我们进一步讨论k1, k2的取值问题.

首先, 取k1 = 1, 显然(3.13)变为

ρ2 >
1

n− r − 1
, (3.23)

再令16k2/[(2k1 − k2)(n− r − 4)] = 1/(n− r − 1)2, 则k2 = 2(n− r − 4)/[16(n− r − 1)2 +

n− r − 4], 此时结合定理(3.1)有β̃e
1(S)优于β̂1的充分条件为

ρ2 >
1

n− r − 1
. (3.24)
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显然, 此式与(1.7)相同, 也就是说, 此时我们给出的β̃e
1(S)优于β̂1的条件与β̂1(S)优于β̂1的条

件相同, 因此也就弱于条件(3.3). 当然, 这只是k1, k2的一种取值, 我们还可以通过调整k1,

k2的取值, 给出更弱的可行(3.4)优于β̂1的条件.

至此, 我们得出结论: 我们给出的改进可行估计β̃e
1(S)与β̃1(S)相比, 不仅同样地在均方

误差意义下优于β̂1(S), 而且此优良性的存在条件可以更弱.

§4. 一种新估计

本节我们给出一种新估计:

β̃b
1 = (X ′

1(I + tN2)X1)−1
(
X ′

1(I + tN2)y1 − k
s12

s22
X ′

1N2y2

)
, (4.1)

其中t > 0, k > 0.

定理 4.1 当2(1 + t) > [1− 1/(n− r− 2)]k, ρ2 > [t2 + t + k2/(n− r− 2)]/[2k(1 + t)

−k2 + k2/(n− r − 2)]时, β̃b
1为比β̂1更有效的估计.

证明: 显然有E(β̃b
1) = 0, 因此要想比较β̃b

1和β̂1只须比较两者的协方差阵.

首先给出β̂1的协方差阵

Cov (β̂1) = (X ′
1X1)−1. (4.2)

我们又注意到

E
[s12

s22

]
=

σ12

σ22
, (4.3)

E
[(s12

s22

)2]
=

σ12

σ22
ρ2 +

σ12

σ22
(1− ρ2)

1
n− r − 2

. (4.4)

结合引理3.1立得

Cov (β̃b
1) = (X ′

1(I + tN2)X1)−1
[
σ11X

′
1(I + 2tN2 + t2N2)X1

+ k2σ22

(σ11

σ22
ρ2 +

σ11

σ22
(1− ρ2)

1
n− r − 2

)
X ′

1N2X1 − 2k
σ2

12

σ22
(1 + t)X ′

1N2X1

]

· (X ′
1(I + tN2)X1)−1

= (X ′
1(I + tN2)X1)−1

[
σ11X

′
1(I + tN2)X1

+σ11

(
t2 + t + k2

(
ρ2 +

1− ρ2

n− r − 2

)
− 2kρ2(1 + t)

)
X ′

1N2X1

]

· (X ′
1(I + tN2)X1)−1

= σ11(X ′
1(I + tN2)X1)−1 + σ11

[
t2 + t + k2

(
ρ2 +

1− ρ2

n− r − 2

)
− 2kρ2(1 + t)

]

· (X ′
1(I + tN2)X1)−1X ′

1N2X1(X ′
1(I + tN2)X1)−1, (4.5)
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又因为(X ′
1(I + tN2)X1)−1 < (X ′

1X1)−1, 所以显然β̃b
1优于β̂1, 当

t2 + t + k2
(
ρ2 +

1− ρ2

n− r − 2

)
− 2kρ2(1 + t) < 0, (4.6)

显然上式成立的充分条件为





2(1 + t) > k2 − k2

n− r − 2
;

ρ2 >
t2 + t + k2/(n− r − 2)

2k(1 + t)− k2 + k2/(n− r − 2)
.

(4.7)

定理证毕. ¤

注 我们可以通过选取适当的t与k使得β̃b
1优于β̂1的条件要弱于β̂1(S)优于β̂1的条件.

比较(1.7)与(4.7), 显然若




1
n− r − 1

>
t2 + t + k2/(n− r − 2)

2k(1 + t)− k2 + k2/(n− r − 2)
;

2k(1 + t)− k2 +
k2

n− r − 2
> 0,

(4.8)

则β̃b
1优于β̂1的条件(1.7)要弱于β̂

(2)
1 (S)优于β̂1的条件(1.7).

显然(4.8)是容易实现的, 也就是满足这样条件的t、s是存在的.

记s = n− r − 2, 则(4.8)的第一式等价于

1
s + 1

>
t2 + t + k2/s

2k(1 + t)− k2 + k2/s

⇔ k2 − (1 + t)k +
(t2 + t)(s + 1)

2
< 0

⇔ 1 + t−
√

(1 + t)2 − 2(t2 + t)(s + 1)
2

< k <
1 + t +

√
(1 + t)2 − 2(t2 + t)(s + 1)

2
,(4.9)

这里要求(1 + t)2 − 2(t2 + t)(s + 1) > 0, 即t > 1/(2s + 1).

另外, (4.8)的第二式等价于k < 2s(1 + t)/(s− 1). 因为对于t > 1/(2s + 1), s > 1, 显

然有
2s(1 + t)

s− 1
>

1 + t +
√

(1 + t)2 − 2(t2 + t)(s + 1)
2

,

因此若(4.9)成立, 则(4.8)成立.

因此显然有, 当t > 1/(2s + 1),

1 + t−
√

(1 + t)2 − 2(t2 + t)(s + 1)
2

< k <
1 + t +

√
(1 + t)2 − 2(t2 + t)(s + 1)

2

时, (4.7)要弱于(1.7).
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§5. Pitman准则下的两步估计

本节我们从Pitman准则的角度讨论两步协方差改进估计的优良性.
设θ为p × 1参数向量, θ̂为其一估计. 取损失函数L(θ̂, θ) = (θ̂ − θ)′D(θ̂ − θ), 其中D为

p× p正定阵, 若θ̂i, i = 1, 2为θ的两个估计. 定义Pitman度量

P (θ) = P{L(θ̂1, θ) ≤ L(θ̂2, θ)}. (5.1)

当P (θ) ≥ 1/2, 且至少对一个θ使得不等式成立, 则称θ̂1在Pitman意义下优于θ̂2.
文献[12]讨论了Σ已知时协方差改进估计的Pitman优良性, 本节讨论两步协方差改进

估计的Pitman优良性.
β1的两步协方差改进估计为

β̂1(S) = (X ′
1X1)−1X ′

1y1 − s12

s22
(X ′

1X1)−1X ′
1N2y2 = β̂1 − s12

s22
(X ′

1X1)−1X ′
1N2y2, (5.2)

其中s12、s22的定义同第二节.
下面我们讨论β̂1(S)在Pitman准则下的优良性.
记Fm,n(α)为自由度为m, n的F分布的α分位点.

定理 5.1 若N2P1对称,则当ρ2 > F1,n−r(1/2)/[n− r + F1,n−r(1/2)]时,在Pitman准
则下β̂1(S)优于β̂1.

证明: 要想得到在Pitman准则下β̂1(S)优于β̂1, 只需P{L(β̂1(S), β1) < L(β̂1, β1)} >

1/2.
首先将误差作分解:

ε2 =
σ12

σ11
ε1 + η1, (5.3)

其中η1 ∼ N(0, σ22(1− ρ2)I)且与ε1相互独立.
取D = X ′

1X1, 则有

P{L(β̂1(S), β1) < L(β̂1, β1)}
= P((β̂1(S)− β1)′X ′

1X1(β̂1(S)− β1) < (β̂1 − β1)′X ′
1X1(β̂1 − β1))

= P
([

ε′1X1(X ′
1X1)−1 − s12

s22

(σ12

σ11
ε′1 + η′1

)
N2X1(X ′

1X1)−1
]
X ′

1X1

·
[
(X ′

1X1)−1X ′
1ε1 − s12

s22
(X ′

1X1)−1X ′
1N2

(σ12

σ11
ε1 + η1

)]
< ε′1X1(X ′

1X1)−1X ′
1ε1

)

= P
((s12

s22

)2(σ12

σ11

)2
ε′1N2P1N2ε1 +

(s12

s22

)2
η′1N2P1N2η1 − 2

s12

s22

σ12

σ11
ε′1P1N2ε1

+2
(s12

s22

)2 σ12

σ11
ε′1N2P1N2η1 − 2

s12

s22
ε′1P1N2η1 < 0

)

= P
(((s12

s22

σ12

σ11

)2
− 2

s12

s22

σ12

σ11

)
ε′1N2P1N2ε1 +

(s12

s22

)2
η′1N2P1N2η1

+2
((s12

s22

)2 σ12

σ11
− s12

s22

)
ε′1N2P1N2η1 < 0

)
, (5.4)
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这里因为N2P1对称, 所以有N2P1 = N2P1N2.
记

η2 =
( σ11

σ22(1− ρ2)

)1/2
η1,

显然有η2 ∼ N(0, σ11I)且与ε1相互独立, 则(5.4)式等价于

P{L(β̂1(S), β1) < L(β̂1, β1)}

= P
(((s12

s22

σ12

σ11

)2
− 2

s12

s22

σ12

σ11

)
ε′1N2P1N2ε1 +

(s12

s22

)2 σ22(1− ρ2)
σ11

η′2N2P1N2η2

+2
σ22(1− ρ2)

σ11

((s12

s22

)2 σ12

σ11
− s12

s22

)
ε′1N2P1N2η2 < 0

)
. (5.5)

因为η2与ε1独立同分布, 结合(5.5)式, 要想得到P{L(β̂1(S), β1) < L(β̂1, β1)} > 1/2只
需

P
(
2
s12

s22

σ12

σ11
−

(s12

s22

σ12

σ11

)2
>

(s12

s22

)2 σ22(1− ρ2)
σ11

)
>

1
2
. (5.6)

结合引理3.2, 上式等价于

P
(
2
σ12

σ11

(σ11

σ22

)1/2(
ρ+

√
1− ρ2

√
n− r

t2

)
>

(σ11

σ22

(σ12

σ11

)2
+1−ρ2

)(
ρ+

√
1− ρ2

√
n− r

t2

)2)
>

1
2
. (5.7)

经整理得到(5.7)的等价式

P
(
ρ2 >

1− ρ2

n− r
t22

)
>

1
2
. (5.8)

因为t2服从自由度为n−r的t分布,因此t2∼F1,n−r,显然当(n− r)ρ2/(1− ρ2) > F1,n−r(1/2)
时, (5.8)式成立.

定理证毕. ¤
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in Seemingly Unrelated Regression Model with

Two Equations
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For regression coefficients in seemingly unrelated regression model with two equations, this paper

obtains a two-stage covariance improved estimator sequence by using the covariance improved idea for ref-

erence. The condition under which this improved estimator is equivalent to the classic two-stage estimator

and the optimal property on the term of mean square error are also obtained. And then, by improving

the two-stage estimator in the literature, this paper derives a new improved estimator which shows small

sample property relative to least square estimator in more wide parameters space. Through a ultimate

way, this paper provides a new estimator which have better small sample property. Finally, this paper

discusses the optimal property of two-stage estimator under the Pitman criterion.

Keywords: Seemingly unrelated regression model, covariance improved estimation, two-stage es-

timator, Pitman criterion.
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