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Abstract
In this paper, the surplus of an insurance company is governed by a jump-diffusion process, and
it can be invested in a financial market with one risk-free asset and N risky assets. The parameters
of surplus process and the asset price processes depend on the regime of the financial market, which
is modeled by an observable finite-state continuous-time Markov chain. To maximize the terminal
utility, we focus on finding optimal investment strategy and solve it by using the HJB equation.
Explicit expression for optimal strategy and the corresponding objective function are presented
when the company has an exponential utility function, some interesting economic interpretations
are involved. Some known results of Browne (1995) and Yang and Zhang (2005) are extended.
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Introduction

Portfolio optimization problems have been studied extensively since the pioneering
work of Markowitz (1959) on mean-variance portfolio selection. It aims at finding an
optimal allocation of capital among a set of assets by minimizing the risk or maximizing
the return of the investment. This classical problem is investigated with some different
optimization criterions over the last decade. One of most hot topics is to maximize utility
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of terminal wealth at a fixed terminal time, say T , which has captured many attentions of
researchers and market practitioners. As an important earlier work, Browne (1995) uses
a drifted Brownian motion to model the surplus process, and assumes that the insurer
has an option of investing part of his or her reserve in a risky asset (there is no risk-free
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asset). Under the criterion of maximizing the exponential utility, the author shows that
it is optimal to invest a fixed amount of money in the risky asset regardless of the reserve
level and the time. Yang and Zhang (2005) consider this optimal control problem in the
jump-diffusion risk model, the result becomes different when the risk-free asset is involved.
They find that the appropriate amount invested in risky asset is also independent on the
reserve level, however, it varies in time t. Wang (2007) assumes there are a risk-free asset
and multiple risky assets in financial market, with the same target, they obtain some
similar results in a pure jump process. For more recent references, please see, Li and Wu
(2009), Weert et al. (2010).
Furthermore, this classical problem is generalized in two main directions, by introducing reinsurance and Markov chain, the model becomes closer to reality. Reinsurance
is an important approach to reduce risk, which is taken into account by many authors.
For example, Xu et al. (2008) assume that the surplus process of the insurer is a kind of
perturbed classical risk model with stochastic premium income, optimal investment and
reinsurance strategy is studied to maximize the expected utility of wealth of the insurer
at terminal time. In the framework of drifted Brownian motion model with drift, Bai
and Guo (2008) consider optimal proportional reinsurance and investment with multiple
risky assets and no-shorting constraint with the problem of maximizing the expected exponential utility of terminal wealth; Cao and Wan (2009), Zhang et al. (2009) and Liang
et al. (2011) are all interesting papers on the topic of reinsurance and asset allocation. It is
well known that a finance market with constant parameters can only serve for a relatively
short period of time. Thus, it is necessary to use stochastically varying parameters, one
possibility is to introduce a continuous time Markov chain, representing the general market direction. Some literature on asset allocation under Markov-modulated models include
Rieder and Bäuerle (2005), Sotomayor and Cadenillas (2009), Elliott and Siu (2010), and
others. Especially, Zhang and Siu (2012) allow that the surplus of the insurance, which is
modeled by the Markov-modulated arithmetic Brownian motion, is invested in Markovmodulated market, including a risk-free asset and multiple risky assets. The optimal
proportional reinsurance and investment strategies with no short-selling constraints for
maximizing an exponential utility on terminal wealth are obtained. Naturally, we are obligated to investigate a similar asset allocation problem in the classical Markov-modulated
Cramér-Lundberg model, since that the Markov-modulated arithmetic Brownian motion
model of the claim process is the limit of the Markov-modulated Cramér-Lundberg model
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(See Bäuer and Kätter (2007)).
In this paper, we model the surplus of the insurance company by a Markov-modulated
classical risk model perturbed by diffusion, all parameters of the model depend on the
states of a Markov chain, which denotes the external environment process. The economy
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consists of a risk-free asset and N risky assets, the asset prices processes are influenced by
the same Markov chain. In this Markov-modulated setting, we want to solve the classical
portfolio optimization problem where an investor wants to maximize the expected utility
from terminal wealth. Here is a brief outline of this paper. In Section 2 the model
assumptions are formulated. Section 3 first presents the problem of maximizing utility
function on terminal wealth. We then derive the HJB (Hamilton-Jacobi-Bellman) equation
and verification theorem for the value function. For exponential utility function, by solving
the HJB equation through the separable variable approach, the closed-form solution is
obtained in matrix form. Finally, we give some economic interpretation for a two-state
model in Section 4.

§2.

Markov-Modulated Risk Model and the Optimal
Problem

All stochastic processes introduced below are supposed to be adapted processes in a
filtered probability space (Ω, F, {Ft }t≥0 , P). Consider a N -dimensional standard Brownian
motion W = {Ws , s ≥ 0}; Ws = (Ws1 , . . . , WsN ) and an observable continuous-time,
stationary Markov chain ² = {²s , s ≥ 0} with finite-state space S = {1, 2, . . . , m}. Here ²s
represents the regime of the economy at time s, and m the number of regimes. We assume
that the stochastic process W and ² are independent. Furthermore, we assume that the
Markov chain has a strongly irreducible generator Q = [qij ]m×m , where Σj∈S qij = 0 and
qii = −qi < 0 for each regime i ∈ S.
A classical continuous-time surplus process perturbed by diffusion assumes a constant
intensity rate of claim arrivals, a certain amount distribution, and a constant variance parameter of the Wiener process over the time period. Here we consider a Markov-modulated
jump-diffusion surplus process that the frequencies and distributions of the claims, the variance parameters of diffusion term are all influenced by the external environment process
² = {²s , s ≥ 0}. Let N (s) denote the number of claims that have occurred before time
s. When the Markov process ²s remains in state i ∈ S on a small time interval (s, s + h],
the number of claims occurring on this interval, N (s + h) − N (s), is assumed to follow a
Poisson distribution with a parameter λi h ∈ R+ , and the corresponding claim size X i has
a distribution function Fi (x), with density function fi (x) and finite mean νi (i ∈ S). The
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premiums rate αi and the variance parameter of the Wiener process βi both depend on the
current state ²s = i also. The corresponding continuous-time surplus process {Us : s ≥ 0}
perturbed by diffusion is defined as
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dUs = α²s ds + β²s dWs0 − dYs ,
with initial value U0 = x, where αi and βi are positive constants for all i ∈ S, {Ws0 ; s ≥ 0}
is another standard Brownian motion defined on the same complete probability space
(Ω, F, {Ft }t≥0 , P). We assume that Ws0 is independent of Ws . Let τn be the nth claim time.
NP
(s)
²
Ys =
Xnτn is a compound Poisson process, denote cumulated claims on time interval
n=1

(0, s]. It is supposed that {N (s)}, {Xn }, {Ws } and {Ws0 } are mutually independent.
Let F-adapted process P0 = {P0 (s), s ≥ 0} and P = {P (s) = (P1 (s), . . . , PN (s)), s ≥
0} represent the price of the riskless asset and the vector of prices of the N risky assets, respectively. These processes satisfy the Markov-modulated stochastic differential
equations:
dP0 (s) = r²s P0 (s)ds,
dPn (s) = µn²s Pn (s)ds + σ²ns Pn (s)dWsT ,

1 ≤ n ≤ N,

with initial prices P0 (0) = p0 > 0 and Pn (0) = pn > 0, and initial state ²0 = i ∈ S. Here
the superscript “ T ” denotes the transpose operation, so WsT denotes the transpose of Ws .
The rates of return for the riskless asset (ri , i ∈ S) and the expected rate of returns on
the risky assets (µi = (µ1i , µ2i , . . . , µN
i ), i ∈ S) is positive vector. Moreover, σi are N × N
matrices that represent the volatility of the risky assets in the regimes i ∈ S. We assume
that Σi := σi σiT , i ∈ S, are positive definite. Here σin denotes the n-th row of σi . We
assume that the coefficients of the market (i.e., r, µ and σ) depend on the regime of the
economy. We denote by F = {Fs , s ≥ 0} the P-augmentation of the filtration {FsW,U,² }
generated by the stochastic process W, Us and ². Here, {FsW,U,² } = σ{Wt , Ut , ²t : 0 ≤ t ≤ s}
for every s ∈ [0, ∞).
Same to Yang and Zhang (2005), we assume that the standard assumptions of continuous-time financial models hold, those are
1. continuous trading is allowed;
2. no transaction cost or tax is involved in trading; and
3. all assets are infinitely divisible.
In our model the insurer has the opportunity to invest in the risky asset and riskfree asset. The company chooses a portfolio π = {π(s) = (π1 (s), . . . , πN (s)), s ≥ 0},
representing the fraction of wealth invested in each risky asset. We will assume that the
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portfolio vector process is unconstrained. As a consequence, short-selling and long buying
are both allowed in the market.
The set of admissible strategies over the period [t, T ] is given by
n
hZ T
i
o
A (t, F) := π : [t, T ] → R|π is F-adapted and Et,x,i
π(s)Σ²s π(s)T ds < +∞ ,
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t

where Et,x,i represents the expectation conditioned to Rtπ = x and ²t = i (the stochastic
process Rtπ , representing the wealth of the investor, is formally defined below). The fraction
N
P
of wealth invested in the riskless asset at time t ≥ 0 is then 1 −
πn (t).
n=1

Denoted by Rsπ the wealth of the company under policy π at time s, if it follows
investment policy πs , with initial wealth Rtπ = x. This process then is given by
dRsπ = ((µ²s − r²s 1)π T (s) + r²s )Rsπ ds + π(s)σ²s Rsπ dWsT + dUs

(2.1)

or, equivalently,
dRsπ = [((µ²s − r²s 1)π T (s) + r²s )Rsπ + α²s ]ds + π(s)σ²t Rsπ dWsT + β²s dWs0 − dYs ,

(2.2)

where 1 = (1, 1, . . . , 1) is the N -dimensional vector of ones.
To proceed, the investor is interested in maximizing the utility function for his terminal wealth, say at time T . The utility function is u(x), here we assume that u0 (x) > 0
and u00 (x) < 0. For each fixed strategy π ∈ A (t, F), we define the utility obtained by the
insurer from the state x and i at time t as
V i (t, x; π) := Et,x,i (u(RTπ )).

(2.3)

Our objective is to find the value function
V i (t, x) = V i (t, x; π ∗ ) =

sup
π∈A (t,F )

Et,x,i (u(RTπ )),

(2.4)

and the optimal investment policy π ∗ ∈ A (t, F) such that the expected utility reaches to
its maximum.

§3.
3.1

Maximizing the Expected Utility of Terminal Wealth
Hamilton-Jacobi-Bellman Equation and Verification Theorem

For a convenient notation, let ψ(t, x) : [0, T ] × (0, ∞) → R be a function and define
the operations Li (π), for each i ∈ S, by
1
Li (π)ψ = ψt + [(µi − ri 1)π T x + ri x + αi ]ψx + (βi2 + πΣi π T x2 )ψxx
2
+ λi E[ψ(t, xt − X1i ) − ψ(t, xt )].

(3.1)
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Here, we are employing the notations ψx , ψxx and ψt to represent ∂ψ/∂x, ∂ 2 ψ/∂x2 and
∂ψ/∂t, respectively.
To perform the following manipulations, let us assume that V i (t, x) is sufficiently
smooth and regular for each i ∈ S. By employing the dynamic programming approach
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(see, Fleming and Soner (1993)), we get the Hamilton-Jacobi-Bellman (HJB) equation
satisfied by V i (t, x):
sup
π∈A (t,F )

n
o
P
Li (π)v i (t, x) +
qij v j (t, x) = 0,

(3.2)

j∈S

with the terminal value v i (T, x) = u(x) for any i ∈ S. We note that equation (3.2) is
equivalent to
1
i
sup {g i (t, x; π)} + vti + (ri x + αi )vxi + βi2 vxx
2
π∈A (t,F )
P
qij v j = 0,
+ λi E[v i (t, x − X1i ) − v i (t, x)] +

(3.3)

j∈S

where
1
i
.
g i (t, x; π) = (µi − ri 1)π T xvxi + πΣi π T x2 vxx
2
Here let us assume that the HJB equation (3.3) has a classical solution, which satisfies
i < 0 for all i ∈ S. We know the optimizer π ∗ as
vxi > 0 and vxx

π ∗ = π ∗ (t, i, x) := arg

sup {g i (t, x; π)} = −
π∈A (t,F )

vxi
(µi − ri 1)Σ−1
i .
i
xvxx

(3.4)

So,
g i (t, x; π ∗ ) = −

1 (vxi )2
(vxi )2
−1
T
(µ
−
r
1)Σ
(µ
−
r
1)
=
−
ηi > 0,
i
i
i
i
i
i
i
2 vxx
vxx

(3.5)

T
with ηi = (1/2)(µi − ri 1)Σ−1
i (µi − ri 1) ≥ 0, i ∈ S. Then, replacing (3.5) in equation

(3.3) yields
P
(v i )2
1
i
+ λi E[v i (t, x − X1i ) − v i (t, x)] − xi ηi +
qij v j = 0. (3.6)
vti + (ri x + αi )vxi + βi2 vxx
2
vxx
j∈S
Now we are in a position to prove the solution v(x) to (3.3) is the value function. By a
method similar to Björk (1980) and Wei et al. (2011), we give the following lemma first.
Lemma 3.1

Let hj (t, x) be a C 1,1 ([0, ∞), (0, ∞)) real function for each j ∈ S.
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Then h²t (t, Rtπ ) is a finite variation process and the following formula holds:
n
dh²t (t, Rtπ ) =
h²t t (t, Rtπ )dt + [((µ²t − r²t 1)π T (t) + r²t )Rtπ + α²t ]h²xt (t, Rtπ )dt
³1
P
1 ´ t
+ πΣ²t π T (Rtπ )2 + β²2t h²xx
(t, Rtπ )dt +
q²t j hj (t, Rtπ )
2
2
j∈S
Z ∞
o
π
π
+
(h²t (t, Rt−
− x) − h²t (t, Rt−
))N²t (dt × dx)
0
P j
+ h²xt (t, Rtπ )[πσ²t Rtπ dWtT + β²t dWt0 ] +
h (t, Rtπ )dm(t, j), (3.7)
j∈S

where m(t, j) is a square integrable martingale with right-continuous paths, Nj (dt × dx)
is a Poisson random measure with intensity measure λj fj (x)dtdx.
Proof

Obviously,
h²t (t, Rtπ ) =

P
j∈S

hj (t, Rtπ )ζ(t, j),

where ζ(t, j) = χ(²t = j). It is shown in Liptser and Shiryaev (1977) that
P
dζ(t, j) =
qkj ζ(t, k)dt + dm(t, j),
j ∈ S,

(3.8)

k∈S

where m(t, j) is a square integrable martingale with right-continuous paths. From Itô’s formula for jump diffusion process and equation (2.2), we know h²t (t, Rtπ ) is a finite variation
process and
dhj (t, Rtπ ) = hjt (t, Rtπ )dt + [((µj − rj 1)π T (t) + rj )Rtπ + αj ]hjx (t, Rtπ )dt
³1
1 ´
+ πΣj π T (Rtπ )2 + βj2 hjxx (t, Rtπ )dt
2
Z2
∞

π
π
− x) − hj (t, Rt−
)]Nj (dt
[hj (t, Rt−
0
+ hjx (t, Rtπ )[πσj Rtπ dWtT + βj dWt0 ].

+

× dx)
(3.9)

Since ζ(t, j) and h(t, Rtπ , j) are finite variation processes, from integration by parts, we
obtain
dh(t, Rtπ , ²t ) =

P
j∈S

dhj (t, Rtπ )ζ(t, j) =

P
j∈S

ζ(t, j)dhj (t, Rtπ ) +

P
j∈S

hj (t, Rtπ )dζ(t, j)

n
=
h²t t (t, Rtπ )dt + [((µ²t − r²t 1)π T (t) + r²t )Rtπ + α²t ]h²xt (t, Rtπ )dt
h1
1 i t
+ πΣ²t π T (Rtπ )2 + β²2t h²xx
(t, Rtπ )dt
2
2
Z ∞
π
π
+
[h²t (t, Rt−
− x) − h²t (t, Rt−
)]N²t (dt × dx)
0
o
+ h²xt (t, Rtπ )[πσ²t Rtπ dWtT + β²t dWt0 ]
P
P j
+
q²t j hj (t, Rtπ ) +
h (t, Rtπ )dm(t, j).
(3.10)
j∈S

j∈S
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¤

(i) Let v i (t, x) ∈ C 1,2 ([0, T ], (0, ∞)) be a bounded solution of HJB

equation (3.2) with v i (T, x) = u(x) for all i ∈ S, then v i (t, x) ≥ V i (t, x) for each i ∈ S.
i < 0, we can construct
(ii) Furthermore, if the solution v i (t, x) satisfies vxi > 0 and vxx

《应用概率统计》版权所用

an admissible strategy π ∗ ∈ A (t, F) as (3.4) such that v i (t, x) = V i (t, x; π ∗ ). Thereby, π ∗
is the optimal strategy and v i (t, x) = V i (t, x).
Proof

(i) From (3.7), we know that for each π ∈ A (t, F),

v ²T (T, RTπ ) − v i (t, x)
Z T
nZ T
=
vs²s (s, Rsπ )ds +
[((µ²s − r²s 1)π T (s) + r²s )Rsπ + α²s ]vx²s (s, Rsπ )ds
t
t
Z T³
Z T
P
1
1 2 ´ ²s
T
π 2
π
+
πΣ²s π (Rs ) + β²s vxx (s, Rs )ds +
q²s j v j (s, Rsπ )ds
2
2
t
t j∈S
Z TZ ∞
o
π
π
)]N²s (ds × dx)
− x) − v ²s (s, Rs−
+
[v ²s (s, Rs−
t
0
Z T
Z T
P j
v (s, Rsπ )dm(s, j)
+
vx²s (s, Rsπ )[πσi Rsπ dWsT + βi dWs0 ] +
Z

Z

T

+
t

j∈S

´
P
q²s j v j (s, Rsπ ) ds
L²s (π)v ²s (s, Rsπ ) +

³

=
t

t

t

T

j∈S

vx²s (s, Rsπ )[πσi Rsπ dWsT

Z
+

βi dWs0 ]

+
t

T

P
j∈S

v j (s, Rsπ )dm(s, j).

(3.11)

Noting that the expectations of the last two terms of the above expression are both zero,
since v j (t, x) is bounded, Brownian motions and m(s, j) are both martingales. In addition,
the boundary condition indicates that
Et,x,i [v ²T (T, RTπ )] = Et,x,i [u(RTπ )] = V i (t, x; π).

(3.12)

Thus, taking conditional expectation to equation (3.11) yields
³Z T ³
´ ´
P
i
i
V (t, x; π) − v (t, x) = Et,x,i
L²s (π)v ²s (s, Rsπ ) +
q²s j v j (s, Rsπ ) ds ≤ 0, (3.13)
t

j∈S

namely,
v i (t, x) ≥ V i (t, x; π),

∀ π ∈ A (t, F).

(3.14)

The inequality in (3.13) is suggested by the HJB equation (3.2). Consequently, v i (t, x) ≥
sup

V i (t, x; π) = V i (t, x).

π∈A (t,F )

(ii) The inequalities in (3.13) is tight if π = π ∗ , i.e v i (t, x) = V i (t, x; π ∗ ), then the
definition of V i (t, x) and (i) lead to the conclusion.

¤
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Solution for V i (t, x) with Exponential Utility Function

3.2

Now let us consider the case of exponential utility function
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u(x) = c −

δ −γx
e
,
γ

(3.15)

where δ > 0 and γ > 0. This utility has constant absolute risk aversion parameter γ,
as can be seen from γ = −u00 (x)/u0 (x). This utility function plays a prominent role in
insurance mathematics and actuarial practice, since it is the only utility function under
which the principle of “zero utility” gives a fair premium that is independent of the level
of reserves of an insurance company. Usage of exponential utility function simplifies the
problem in this paper. We are partly able to solve this problem under the assumption
that r²t ≡ r, i.e., the prices of riskless asset are not affected by the external environment.
One of interpretation is that, comparing with risky assets, the price of the riskless asset is
more stable. Inspired by Browne (1995), Yang and Zhang (2005), we try to fit a solution
of the form
v i (t, x) = c −

©
ª
δ
exp − γxer(T −t) hi (t),
γ

(3.16)

where hi (t) is a suitable function such that (3.16) is a solution of (3.6), and the boundary
condition V (T, x, i) = u(x) implies that hi (T ) = 1.
For the sake of conciseness, let us denote
l(t, x) :=

©
ª
δ
exp − γxer(T −t) .
γ

(3.17)

Note that for this solution, we have
vxi = γer(T −t) l(t, x)hi (t),

(3.18)

i
vxx
= −γ 2 e2r(T −t) l(t, x)hi (t),

vti

=

−l(t, x)h0i (t)

r(T −t)

− xrγe

(3.19)
l(t, x)hi (t).

(3.20)

In order to obtain the value function, we need to calculate
λi E[v i (t, x − X1i ) − v i (t, x)] = λi l(t, x)hi (t)E[1 − exp{γX1i er(T −t) }].

(3.21)

Substituting (3.18)-(3.21) into (3.6) yields
h0i (t) = φi (t)hi (t) −
with

P
j∈S

qij hj (t),

i ∈ S, t ∈ [0, T ],

1
φi (t) = ηi + γαi er(T −t) − γ 2 βi2 e2r(T −t) + λi E[1 − exp{γX1i er(T −t) }]
2

(3.22)
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and the boundary condition hi (T ) = 1 for all i ∈ S. Denote H(t) := (h1 (t), h2 (t), . . .,
hm (t))T , Φ(t) := diag(φ1 (t), φ2 (t), . . . , φm (t)) and A(t) := Φ(t) − Q. Then the matrix form
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of (3.22) is represented by
H 0 (t) = (Φ(t) − Q)H(t) = A(t)H(t),

(3.23)

H(T ) := 1T = (1, 1, . . . , 1)T .

(3.24)

with
The differential equation system (3.23) with boundary condition (3.24) indeed has a
unique continuous solution (see Bronson (1991)). Especially, for the case r = 0, i.e., the
company is only allowed to invest in risk market, then
1
φi (t) := φi := ηi + γαi − γ 2 βi2 + λi E[1 − exp{γX1i }].
2
So Φ := diag(φ1 , φ2 , . . . , φm ) and A := Φ − Q are both constant matrixes, the system of
the linear differential equations (3.23) reduces to
H 0 (t) = AH(t).

(3.25)

Denote
ei := (0, . . . , 0, 1, 0, . . . , 0).
| {z } | {z }
i−1

m−i

According the theory of differential equation, together with the boundary condition H(T )
= 1T , we know that H(t) = eAt A0 , where vector A0 is defined by eAT A0 = 1T . That
means
hi (t) = ei eA(t−T ) 1T .

(3.26)

i (x) < 0, from equations (3.18)-(3.19), we only
Recalling the properties Vxi (x) > 0, Vxx

need to verify that hi (t) > 0. In fact, from the definition of matrix A, we can find a large
enough constant k such that all components of matrix kEn − A are positive. Consequently
hi (t) = ei e−A(T −t) 1T = e−k(T −t) ei e(kEn −A)(T −t) 1T > 0.
We will summarize above calculations in next theorem.
Theorem 3.2

Assume that the objective is to maximize utility of terminal wealth,

at the fixed terminal time T , and the utility function is defined by (3.15). Under the
assumption ri ≡ r, i ∈ S, the value function is given by (3.16), where the function hi (t)
is given by (3.22) with boundary condition hi (T ) = 1. According to previous analysis in
(3.4), (3.18) and (3.19), the optimal investment portfolio π ∗ can be expressed as
π ∗ (t, i, x) = −

1
vxi
(µi − ri 1)Σ−1
(µi − r1)Σ−1
i =
i .
i
r(T
xvxx
γxe −t)

(3.27)
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For the special case of ri ≡ r = 0, i ∈ S, hi (t) has an explicit expression as (3.26), and
the optimal strategy π ∗ degenerates into
π ∗ (i, x) =

1
µi · Σ−1
i ,
γx

(3.28)

《应用概率统计》版权所用

which is dependent on the state i and the current surplus x, but regardless of the time t.
Remark 1

When the Markov chain has only one state, i.e., S = {1}, we can

omit the index i in the value function and the optimal strategy. Then, albeit with a few
differences in form, the HJB equation (3.2) coincides to (12) of Browne (1995) and (3.4)
of Yang and Zhang (2005), respectively. Correspondingly, the optimal strategy and the
value function take the form
µ − r −r(T −t)
e
,
γxσ 2
©
ª
δ
V (x) = c − exp − γxer(T −t) h(t),
γ
π ∗ = π ∗ (t, x) =

(3.29)
(3.30)

which are consistent with the results of Browne (1995) and Yang and Zhang (2005).

§4.

Economic Analysis

In this section, we analyze the results with the exponential utility function. Seen from
formula (3.27), the optimal portfolio π ∗ does depend on the regime of the market: it is
directly proportional to the expected excess return on the stock in such regime µi −r1, and
inversely proportional to the variance of the stock return in such regime σi . In addition,
the fractions of wealth invested in each risky asset π ∗ depend on the wealth level x, but
the amounts x · π ∗ are independent of the wealth level. This is due to the fact that
the exponential utility function has constant absolute risk aversion. When the utility
function is exponential, we conclude that even if there are claims that should be paid by
the insurer, the investment amounts on N risky assets are independent of insurer’s wealth
when economy has m states. It is interesting to observe that this policy invests more
in risky-assets for given regime i ∈ S as the deadline gets closer, this is consistent with
intuition. Above results are illustrated by Yang and Zhang (2005) in the case where N = 1
and m = 1. Finally, π ∗ is not influenced by the distribution of claim and the transition
probability matrix Q = [qij ]m×m .
To simplify the calculation, we will consider a regime-switching risk model with
S = {1, 2}, that is, {²t , t ≥ 0} is a two-state Markov process, which reflects the random environmental effects due to, probably, normal risk or abnormal risk conditions. We
will consider regime 1 to represent a market with good economic conditions. For instance,
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it might be a market with low inflation, a market in economic boom, or a market in which
security prices are rising or are expected to rise. On the other hand, regime 2 will represent a market with bad economic conditions. It might be a market with high inflation,
a market in economic recession, or a market in which security prices are falling or are

《应用概率统计》版权所用

expected to fall. We will call these two regimes of the market “bull market” and “bear
market”, respectively.
Next we will give a numerical example with one risky stocks (i.e., N = 1) with
expected rate of return µi and volatility σi , in the regime i = 1, 2. Following the analysis
done by Fama and French (1989), the condition r < µi , for every i = 1, 2, is required.
Example 1
then Σ1 =

0.602

Let µ1 = 0.20, µ2 = 0.10, σ1 = 0.60, σ2 = 0.25 and ri ≡ r = 0.05,

and Σ2 = 0.252 . We calculate that
π ∗ (t, 1, x) =
π ∗ (t, 2, x) =

1
γxer(T −t)
1
γxer(T −t)

0.4167
,
γxe0.05(T −t)
0.8000
=
.
γxe0.05(T −t)

(µ1 − r)Σ−1
1 =

(4.1)

(µ2 − r)Σ−1
2

(4.2)

Thus, π ∗ (t, 1, x) > π ∗ (t, 2, x) is not necessarily true even if the condition µ1 > µ2 holds,
because the volatility must be taken into account simultaneously.
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马尔科夫调节风险模型下的最优投资策略: 最大化终端效用
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程恭品
(中国药科大学理学院, 南京, 211198)
本文用跳 – 扩散模型模拟保险公司的盈余过程, 并允许该盈余在由1个无风险资产和N 个风险资产组成
的金融市场上进行投资. 盈余过程和资产价格过程模型中的参数皆受到一个可观察的有限状态连续马尔科夫
过程的影响. 为了最大化终端效用, 我们寻找最优的投资策略, 借助HJB方程等工具问题得到解决. 当公司
的效用函数为指数型时, 我们给出了最优投资策略与其对应的值函数的显示表达式, 以及相关的经济解释.
Browne (1995)和Yang和Zhang (2005)的一些结论得到推广.
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