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§1. Ú ó

�ÄXe�ëêEV (Errors-in-Variables)�.yi = xiβ + g(ti) + εi,

Xi = xi + ui, i = 1, 2, . . . , n,
(1.1)

Ù¥(ti, Xi, yi)���*ÿ�, xi�d3�ØU��*ÿ�Cþ, β ∈ R���ëê, �ÅØ

�{εi}�NAS�(½Â�e©), Ø�Cþ{ui}ÕáÓ©Ù, �Eεi = Eui = 0, Eε2i = σ2 <

∞, Eu2i = σ2u < ∞ (Ù¥σ2Úσ2u��, ~~b½'~σ2/σ2u = λ®�, �©Ø��©z[1]�

�b½λ = 1), g(·)Úh(·) (Ù¥h(·)3�¡��O¥�iÃ')�[0, 1]þ���¼ê, {ti}Ú
{wi}�[0, 1]þ�ü���ÅS�.

�C�Ac5, NõÆöÑ3ïÄEV�.: X©z[2]�Ä
�5EV�.���¦�
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�5EV�.�Oþ��Ü5, Ó���Ù�
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z[6–10]�), d�.3²L!)Ô9���¡ÑkX2��A^, X©z[11]Ò´ïÄd�

.3²L9%nÆ�¡�A^, ÙÌ�&?
õUÚ(�'X; ©z[12]K^d�.ïÄ
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��nØ�¢S¿Â. �[��, NAS�´�«����S�, §3��5nØ!V

ÇL§!�ÅL§!õ�ÚO�+�¥kX2��A^, �3�í!/�!°�)Ô�

+��k�©��A^, X©z[13]0�NAVg3ºx+n¥��/ , �ö3©¥

?Ø
AaØÓ(��Åºx�þ�S�5¯K, 3>�©Ù�Ó�b½e, y²
NA(

��ºx´àS¿Âe���, ¿±y ½|�äNêâ�~, `²
NAzÝ]3~�º

x¥��^. Ïd, �
ÆöïÄ
NAØ�e��ëê£8�.(X©z[14–20]�)Ú��

5£8�.(X©z[21–23]�), �éuNAØ���ëêEV�.ïÄ$�. ·����Å

©Û2�A^uó§Ú�E+�, AO´3^>M?n&ÒÚã��¡. g�ÊV, �


Æöm©ò�Å�{A^uÚO+�, X©z[24]Ú©z[25]^�Å�E|�O
£8¼ê

Ú�Ý¼ê. Äud, ·�^�Å1w��{ïÄ�.(1.1), ¿��
�Oþ�ìC5�.

½Â 1.1 [26] ¡�ÅCþX1, . . . , Xn (n ≥ 2)´NA�, XJéu?Ûü�Ø���

�f8A1ÚA2ÑkCov (f1(Xi, i ∈ A1), f2(Xj , j ∈ A2)) ≤ 0, Ù¥f1�f2´?¿ü�¦�

����3, ¿�éz�Cþþ�ü(½éz�Cþþ�,)�¼ê. ¡�ÅCþS�{Xj ,

j ≥ 1}´NA�, XJé?¿�n ≥ 2, X1, . . . , XnÑ´NA�.

½Â 1.2 [27] ¡{Xi, i ≥ 1}�ρ·ÜS�, XJ

ρ(n) = sup
X∈L2(F 0

−∞),Y ∈L2(F∞n )

|corr(X,Y )| → 0 (n→∞),

Ù¥F jiL«d{Xt, i ≤ t ≤ j})¤�σ�ê, L2(F ji )däkk���Ý�F ji�ÿ�ÅCþ

¤|¤.

§2. �O�{9Ì�(J

d�.(1.1), �±��

yi = Xiβ + g(ti) + εi − uiβ. (2.1)

-ξi = εi − uiβ, K�.(2.1)C/�

yi = Xiβ + g(ti) + ξi. (2.2)

b½�3½Â3[0, 1]þ�,�¼êf(·), k(ë�©z[28])

xi = f(ti) + ηi, (2.3)

Ù¥{ηi}ÕáÓ©Ù, {ηi}�{εi}!{ui}�pÕá, �Eηi = 0, Var (ηi) = σ2η <∞.
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e¡æ^�Å1w��{(aqu©z[29])�Oβ, g(t)9σ2i . �k���½��Ý¼

êφ(x) ∈ Sl (��l�Schwartz�m), ��L2(R)�õºÝ©Û�{Vm}, Ù2)Ø�

Em(t, s) = 2mE0(2
mt, 2ms) = 2m

∑
k∈Z

φ(2mt− k)φ(2ms− k),

Ù¥Z��ê8.

PAi = [si−1, si]´[0, 1]þ�©��ti ∈ Ai, 1 ≤ i ≤ n. kb½β®�, dEξi = 0k

g(ti) = E(yi −Xiβ), 1 ≤ i ≤ n. Ïd, ½Âg(·)��O�

ĝ0(t, β) =
n∑
i=1

(yi −Xiβ)

∫
Ai

Em(t, s)ds. (2.4)

ddaqu©z[30–32]¥��{½Âβ��O�

β̂n = arg min
β

n∑
i=1

[(yi −Xiβ − ĝ0(t, β))2 − σ2uβ2] = (X̃T X̃ − nσ2u)−1X̃T Ỹ , (2.5)

Ù¥

X = (X1, . . . , Xn)T , Y = (y1, . . . , yn)T ,

S = (Sij)n×n, Sij =

∫
Aj

Em(ti, s)ds,

X̃ = (I − S)X, Ỹ = (I − S)Y.

Ïd, ½Âg(·)��O�

ĝn(t) = ĝ0(t, β̂n) =
n∑
i=1

(yi −Xiβ̂n)

∫
Ai

Em(t, s)ds. (2.6)

duσ2 = E(yi − xiβ − g(ti))
2, ¤±|^©z[15]¥��{�½Âσ2��O�

σ̂2n =
1

n

n∑
i=1

(ỹi − X̃iβ̂n)2 − σ2uβ̂2n. (2.7)

5P 1 �σ2u���, ·��±EÿþX5�Oσ2u, äN�{ë�©z[5].

±e´�©�Ä�b�:

(A1) g(·), f(·) ∈ Hα (��α�Sobolev�m), α > 1/2;

(A2) g(·), f(·) ∈ Hα÷vγ�Lipschitz^�, γ > 0;

(A3) φ(·) ∈ Sl (��l�Schwartz�m), l ≥ α; φ÷v1�Lipschitz^��äk;| ,

�ξ → 0�, |φ̂(ξ)− 1| = O(ξ), Ù¥φ̂�φ�FourierC�;

(A4) si (i = 1, . . . , n)Úm÷vmax
1≤i≤n

(si − si−1) = O(n−1), 2m = O(n1/3);

(A5) {ξi}�Ì¼êL(w)÷v0 < δ ≤ L(w) <∞, Ù¥w ∈ (−π, π];
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(A6) �3��êp =: p(n)!q =: q(n)Ún′ = [n/(p+ q)], éu¿©��nkp+ q ≤ n,

qp−1 ≤ C <∞, ��n→∞�, k

q(p+ q)−12m → 0, pn−12m → 0, n′pρ1/2(q)(n−12m)1/2 → 0.

½n 2.1 b½^�(A1)-(A4)Ñ¤á, ��sup
i≥1

E|εi|p < ∞ (p > 3), sup
i≥1

E|ui|q < ∞

(q > 2), Eη41 <∞, Eu41 <∞, K

β̂n → β, a.s., n→∞.

½n 2.2 3½n2.1^�e, k

ĝn(t)→ g(t), a.s., n→∞.

½n 2.3 3½n2.1^�e, k

σ̂2n → σ2, a.s., n→∞.

½n 2.4 b½^�(A1)-(A6)Ñ¤á, ��sup
i≥1

E|εi|p < ∞ (p > 3), sup
i≥1

E|ui|q < ∞

(q > 2), Eη41 <∞, Eu41 <∞, K

n1/2(β̂n − β)→d N(0,Γ),

Ù¥Γ = σ2(σ2η)
−1 + σ2σ2u(σ2η)

−2 + σ2uβ
2(σ2η)

−1 + β2Eu41(σ
2
η)
−2 − β2σ4u(σ2η)

−2.

½n 2.5 b½^�(A1)-(A6)Ñ¤á, ��sup
i≥1

E|ξi|2+δ <∞ (δ > 0), -

Γ2
n = Var

( n∑
i=1

ξi

∫
Ai

Em(t, s)ds
)
,

K
ĝn(t)− E(ĝn(t))

Γn
→d N(0, 1).

½n 2.6 3½n2.4^�e, k

n1/2(σ̂2n − σ2)→d N(0,Λ),

Ù¥Λ = E[(ε− uβ)2 − (σ2uβ
2 + σ2)]2.

5P 2 XJui = 0, K�.(1.1)C�NAØ�e(�Å�O)�ëê£8�.(�©z

[14]), ldþ¡�(JN´��©z[14]¥�Oþβ̂n, ĝn(t)Úĥn(u)�r�Ü5.
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§3. Ì�(J�y²

�
y²�©�Ì�(Ø, ·�kØ\y²/�Ñ�
Ún. e©y²L§¥CL«

?¿�~ê, =¦3Ó�ªf¥��U�ØÓ�.

Ún 3.1 [24] e^�(A3)¤á, Kk

(I) |E0(t, s)| ≤ Ck/(1 + |t − s|)k, |Em(t, s)| ≤ 2mCk/(1 + 2m|t − s|)k (Ù¥k ∈ N ,

Ck ∈ R);

(II) sup
0≤s≤1

|Em(t, s)| = O(2m);

(III) sup
t

∫ 1

0
|Em(t, s)|ds ≤ C,

∫
Ai

|Em(t, s)|ds = O(2m/n).

Ún 3.2 [33] e�1/2 < α < 3/2�τm = 2−m(α−1/2), �α = 3/2�τm =
√
m · 2−m,

�α > 3/2�τm = 2−m. �e^�(A1)-(A4)Ñ¤á, K

sup
t

∣∣∣f(t)−
n∑
i=1

(∫
Ai

Em(t, s)ds
)
f(ti)

∣∣∣ = O(n−γ) +O(τm),

sup
t

∣∣∣g(t)−
n∑
i=1

(∫
Ai

Em(t, s)ds
)
g(ti)

∣∣∣ = O(n−γ) +O(τm).

Ún 3.3 [14] e{εi, i ≥ 1}´NAS�, b�^�(A3)Ú(A4)¤á, �sup
i≥1

E|εi|p < ∞

(p > 3), K

sup
0≤t≤1

∣∣∣ n∑
i=1

εi

∫
Ai

Em(t, s)ds
∣∣∣ = O(n−1/3 log n), a.s..

Ún 3.4 [34] e{εi, i ≥ 1}´��r·ÜS�, �÷vEεi = 0Ú�p> 2�ksup
i≥1

E|εi|p

<∞. qb�
∞∑
n=1

( ∞∑
i=1

a2ni log n
)p/2

<∞Ú
∞∑
n=1

α(n)(p−2)/p <∞¤á, K

∞∑
i=1

aniεi = o(1), a.s.,

Ù¥α(n)�·ÜXê, {ani, i = 1, 2, . . .}�¢êS�.

Ún 3.5 [35] e{bn, n ≥ 1}´���ü�¢êS�, {εi, i ≥ 1}´þ��"�NAS

�, k
∞∑
n=1

σ2n/b
2
n <∞, Ù¥σ2n = Var (εn). b�0 < bn ↑ ∞. K

n∑
i=1

εi
bn

= o(1), a.s..

Ún 3.6 [36](Marcinkiewiczr�ê½Æ) �{Xn, n ∈ N}´ÕáÓ©Ù��ÅCþ,

eE|X1|p < +∞, Ké,�k�~êa, k

1

n1/p

n∑
k=1

(Xk − a)→ 0, a.s.,
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Ù¥, �0 < p < 1�, a��?¿¢ê; �1 ≤ p < 2�, a = EX1.

Ún 3.7 [37] �{Xi, i ∈ N}�ρ·ÜS�, EXi = 0, E|Xi|q < ∞, q ≥ 2, ρ(1) < 1,

PSn =
n∑
i=1

Xi, K�3=�6uρ(·)Úq���êC, ¦∀n ≥ 1k

E|Sn|q ≤ C
{ n∑
i=1

E|Xi|q +
( n∑
i=1

E|Xi|2
)q/2}

.

Ún 3.8 [38] �{Xi, i ∈ N}�ρ·ÜS�, p, q�ü���ê, Pηl =
(l−1)(p+q)+p∑
j=(l−1)(p+q)+1

Xj

(1 ≤ l ≤ k), Kk

∣∣∣E exp
(
it

k∑
l=1

ηl

)
−

k∏
l=1

E exp(itηl)
∣∣∣ ≤ C|t|ρ1/2(q) k∑

l=1

‖ηl‖2.

½n2.1�y²: -ξ̃ = (I − S)ξ, g̃ = (I − S)g, K

β̂n − β = (n−1X̃T X̃ − σ2u)−1(n−1X̃T g̃ + n−1X̃T ξ̃ + σ2uβ). (3.1)

Äk, y²

n−1X̃T X̃ − σ2u → σ2η, a.s., n→∞. (3.2)

¯¢þ,

n−1X̃T X̃ =
1

n

n∑
i=1

(
f(ti) + ηi + ui −

n∑
j=1

Sij(f(tj) + ηj + uj)
)2

=
1

n

n∑
i=1

(
f(ti)−

n∑
j=1

∫
Aj

Em(ti, s)dsf(tj)
)2

+ 2 · 1

n

n∑
i=1

(
f(ti)−

n∑
j=1

∫
Aj

Em(ti, s)dsf(tj)
)(
ηi −

n∑
j=1

∫
Aj

Em(ti, s)dsηj

)
+ 2 · 1

n

n∑
i=1

(
f(ti)−

n∑
j=1

∫
Aj

Em(ti, s)dsf(tj)
)(
ui −

n∑
j=1

∫
Aj

Em(ti, s)dsuj

)
+ 2 · 1

n

n∑
i=1

(
ηi −

n∑
j=1

∫
Aj

Em(ti, s)dsηj

)(
ui −

n∑
j=1

∫
Aj

Em(ti, s)dsuj

)
+

1

n

n∑
i=1

(
ηi −

n∑
j=1

∫
Aj

Em(ti, s)dsηj

)2
+

1

n

n∑
i=1

(
ui −

n∑
j=1

∫
Aj

Em(ti, s)dsuj

)2
= : U1 + 2U2 + 2U3 + 2U4 + U5 + U6. (3.3)

dÚn3.2�

|U1| ≤ max
1≤i≤n

|f(ti)−
n∑
j=1

∫
Aj

Em(ti, s)dsf(tj)|2 → 0, a.s.. (3.4)
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d©z[29]Ún4(i)�(2.4)ª´�

sup
t

∣∣∣ n∑
i=1

ηi

∫
Ai

Em(t, s)ds
∣∣∣ = o(1), a.s., n→∞. (3.5)

sup
t

∣∣∣ n∑
i=1

ui

∫
Ai

Em(t, s)ds
∣∣∣ = o(1), a.s., n→∞. (3.6)

dr�ê½Æ!(3.5)ª9Ún3.2k

|U2| ≤
(

max
1≤i≤n

∣∣∣f(ti)−
n∑
j=1

∫
Aj

Em(ti, s)dsf(tj)
∣∣∣)

·
( 1

n

n∑
i=1
|ηi|+ max

1≤i≤n

∣∣∣ n∑
j=1

∫
Aj

Em(ti, s)dsηj

∣∣∣)
= o(1)(E|ηi|+ o(1))→ 0, a.s.. (3.7)

aqu(3.7)ª�y², ´�

U3 = o(1)(E|ui|+ o(1))→ 0, a.s.. (3.8)

dr�ê½Æ9(3.5)ª!(3.6)ª�

|U4| =
1

n

n∑
i=1

(ηi − o(1))(ui − o(1))

=
1

n

n∑
i=1

(ηiui − uio(1)− ηio(1) + o(1))→ 0, a.s.. (3.9)

d(3.5)ª9Eηi = 0, Var (ηi) = σ2η, k

U5 =
1

n

n∑
i=1

(
ηi −

n∑
j=1

∫
Aj

Em(ti, s)dsηj

)2
=

1

n

n∑
i=1

(
η2i − 2ηi

n∑
j=1

∫
Aj

Em(ti, s)dsηj +
( n∑
j=1

∫
Aj

Em(ti, s)dsηj

)2)
→ σ2η, a.s.. (3.10)

Ónk

U6 → σ2u, a.s., n→∞. (3.11)

d(3.3)!(3.4)!(3.7)!(3.8)!(3.9)!(3.10)!(3.11)ª=�

n−1X̃T X̃ → σ2η + σ2u, a.s., n→∞. (3.12)

d(3.12)ª=�(3.2)ª.

Ùg, �±y²

n−1X̃T g̃ → 0, a.s., n→∞. (3.13)
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¯¢þ,

n−1X̃T g̃ =
1

n

n∑
i=1

(
Xi −

n∑
j=1

SijXj

)(
g(ti)−

n∑
k=1

Sikg(tk)
)

=
1

n

n∑
i=1

(
ηi −

n∑
j=1

Sijηj

)(
g(ti)−

n∑
k=1

Sikg(tk)
)

+
1

n

n∑
i=1

(
f(ti)−

n∑
j=1

Sijf(tj)
)(
g(ti)−

n∑
k=1

Sikg(tk)
)

+
1

n

n∑
i=1

(
ui −

n∑
j=1

Sijuj

)(
g(ti)−

n∑
k=1

Sikg(tk)
)

=: J1 + J2 + J3. (3.14)

aqu(3.7)ª�y², ´�

J1 → 0, a.s., J3 → 0, a.s.. (3.15)

dÚn3.2�

|J2| ≤ max
1≤i≤n

∣∣∣(f(ti)−
n∑
j=1

Sijf(tj)
)(
g(ti)−

n∑
k=1

Sikg(tk)
)∣∣∣

= O(n−2γ) +O(τ2m)→ 0, a.s.. (3.16)

�d(3.14)!(3.15)!(3.16)ª=�(3.13)ª.

��, �±y²

n−1X̃T ξ̃ → −σ2uβ, a.s., n→∞. (3.17)

¯¢þ,

n−1X̃T ξ̃ =
1

n

n∑
i=1

(
Xi −

n∑
j=1

SijXj

)(
ξi −

n∑
k=1

Sikξk

)
=

1

n

n∑
i=1

(
ηi −

n∑
j=1

Sijηj

)(
ξi −

n∑
k=1

Sikξk

)
+

1

n

n∑
i=1

(
f(ti)−

n∑
j=1

Sijf(tj)
)(
ξi −

n∑
k=1

Sikξk

)
+

1

n

n∑
i=1

(
ui −

n∑
j=1

Sijuj

)(
ξi −

n∑
k=1

Sikξk

)
=: T1 + T2 + T3. (3.18)



T1 =
1

n

n∑
i=1

(
ηiξi −

( n∑
j=1

Sijηj

)
ξi −

( n∑
k=1

Sikξk

)
ηi

)
+

1

n

n∑
i=1

( n∑
j=1

Sijηj

)( n∑
k=1

Sikξk

)
=: T

(1)
1 − T (2)

1 − T (3)
1 + T

(4)
1 . (3.19)
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Ï�{ηi}�{ξi}�pÕá, �Eηi = 0, Eξi = 0, ¤±Cov (ηiξi, ηjξj) = 0, l{ηiξi, i = 1, 2,

. . . , n}´ρ·Ü�ÅS�. d©z[39]�, 0 ≤ α(n) ≤ ρ(n)/4 = 0, =ρ·Ü�ÅS�´α·Ü

S�.

-ani = n−2/3 log−1 n, α(n) = 0, dÚn3.4�

T
(1)
1 → 0, a.s.. (3.20)

Ï�{εi, i = 1, 2, . . . , n}´NAS�, ¤±{ε+i , i = 1, 2, . . . , n}Ú{ε−i , i = 1, 2, . . . , n}þ�
NAS�. dÚn3.5�,

1

n

n∑
i=1

ε+i = o(1), a.s.,
1

n

n∑
i=1

ε−i = o(1), a.s..

qk|εi| = ε+i + ε−i , ¤±

1

n

n∑
i=1
|εi| = o(1), a.s., n→∞. (3.21)

Ï�

T
(2)
1 =

1

n

n∑
i=1

( n∑
j=1

∫
Aj

Em(ti, s)dsηj

)
(εi − uiβ)

=
1

n

n∑
i=1

( n∑
j=1

∫
Aj

Em(ti, s)dsηj

)
εi − β ·

1

n

n∑
i=1

( n∑
j=1

∫
Aj

Em(ti, s)dsηj

)
ui

=: T
(21)
1 − β · T (22)

1 , (3.22)

d(3.5)ª9(3.21)ª�

|T (21)
1 | ≤ max

1≤i≤n

∣∣∣ n∑
j=1

∫
Aj

Em(ti, s)dsηj

∣∣∣ · ( 1

n

n∑
i=1
|εi|
)
→ 0, a.s.. (3.23)

dr�ê½Æ9(3.5)ªk

|T (22)
1 | ≤ max

1≤i≤n

∣∣∣ n∑
j=1

∫
Aj

Em(ti, s)dsηj

∣∣∣ · ( 1

n

n∑
i=1
|ui|
)

= o(1)E|ui| → 0, a.s.. (3.24)

d(3.22)!(3.23)!(3.24)ª�

T
(2)
1 → 0, a.s.. (3.25)

Ï�

T
(3)
1 =

1

n

n∑
i=1

( n∑
k=1

∫
Ak

Em(ti, s)dsξk

)
ηi

=
1

n

n∑
i=1

( n∑
k=1

∫
Ak

Em(ti, s)dsεk

)
ηi − β ·

1

n

n∑
i=1

( n∑
k=1

∫
Ak

Em(ti, s)dsuk

)
ηi

=: T
(31)
1 − β · T (32)

1 , (3.26)
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dr�ê½Æ9Ún3.3k

|T (31)
1 | ≤ max

1≤i≤n

∣∣∣ n∑
k=1

∫
Ak

Em(ti, s)dsεk

∣∣∣ · ( 1

n

n∑
i=1
|ηi|
)

= o(1)E|ηi| → 0, a.s.. (3.27)

dr�ê½Æ9(3.6)ªk

|T (32)
1 | ≤ max

1≤i≤n

∣∣∣ n∑
k=1

∫
Ak

Em(ti, s)dsuk

∣∣∣ · ( 1

n

n∑
i=1
|ηi|
)

= o(1)E|ηi| → 0, a.s.. (3.28)

d(3.26)!(3.27)!(3.28)ª�

T
(3)
1 → 0, a.s.. (3.29)

Ï�

T
(4)
1 =

1

n

n∑
i=1

( n∑
j=1

∫
Aj

Em(ti, s)dsηj

)( n∑
k=1

∫
Ak

Em(ti, s)dsξk

)
=

1

n

n∑
i=1

( n∑
j=1

∫
Aj

Em(ti, s)dsηj

)( n∑
k=1

∫
Ak

Em(ti, s)dsεk

)
−β · 1

n

n∑
i=1

( n∑
j=1

∫
Aj

Em(ti, s)dsηj

)( n∑
k=1

∫
Ak

Em(ti, s)dsuk

)
=: T

(41)
1 − β · T (42)

1 , (3.30)

dÚn3.39(3.5)ªk

|T (41)
1 | ≤ max

1≤i≤n

∣∣∣( n∑
k=1

∫
Ak

Em(ti, s)dsεk

)
·
( n∑
j=1

∫
Aj

Em(ti, s)dsηj

)∣∣∣→ 0, a.s.. (3.31)

d(3.5)ª9(3.6)ªk

|T (42)
1 | ≤ max

1≤i≤n

∣∣∣( n∑
k=1

∫
Ak

Em(ti, s)dsuk

)
·
( n∑
j=1

∫
Aj

Em(ti, s)dsηj

)∣∣∣→ 0, a.s.. (3.32)

d(3.30)!(3.31)!(3.32)ª�

T
(4)
1 → 0, a.s.. (3.33)

ld(3.19)!(3.20)!(3.25)!(3.29)!(3.33)ª�

T1 → 0, a.s., n→∞. (3.34)

Ï�

T2 =
1

n

n∑
i=1

(
f(ti)−

n∑
j=1

Sijf(tj)
)(
εi −

n∑
k=1

Sikεk

)
−β · 1

n

n∑
i=1

(
f(ti)−

n∑
j=1

Sijf(tj)
)(
ui −

n∑
k=1

Sikuk

)
=: T

(1)
2 − β · T (2)

2 , (3.35)
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dÚn3.2!Ún3.39(3.21)ªk

|T (1)
2 | ≤ max

1≤i≤n

∣∣∣f(ti)−
n∑
j=1

Sijf(tj)
∣∣∣ · ( 1

n

n∑
i=1
|εi|+ max

1≤k≤n

∣∣∣ n∑
k=1

Sikεk

∣∣∣)
= (O(n−γ) +O(τm)) · (o(1) +O(n−1/3 log n))→ 0, a.s.. (3.36)

aqu(3.7)ª�y², ´�

T
(2)
2 = o(1)(E|ui|+ o(1))→ 0, a.s.. (3.37)

�d(3.35)!(3.36)!(3.37)ª�

T2 → 0, a.s., n→∞. (3.38)

Ï�

T3 =
1

n

n∑
i=1

(
ui −

n∑
j=1

Sijuj

)(
(εi − uiβ)−

n∑
k=1

Sik(εk − ukβ)
)

=
1

n

n∑
i=1

(
ui −

n∑
j=1

Sijuj

)(
εi −

n∑
k=1

Sikεk

)
−β · 1

n

n∑
i=1

(
ui −

n∑
j=1

Sijuj

)(
ui −

n∑
k=1

Sikuk

)
=: T

(1)
3 − β · T (2)

3 , (3.39)

dr�ê½Æ!Ún3.3!(3.6)ª9(3.21)ªk

|T (1)
3 | ≤

( 1

n

n∑
i=1
|ui|+ max

1≤i≤n

∣∣∣ n∑
j=1

∫
Aj

Em(ti, s)dsuj

∣∣∣)
·
( 1

n

n∑
i=1
|εi|+ max

1≤k≤n

∣∣∣ n∑
k=1

∫
Ak

Em(ti, s)dsεk

∣∣∣)
= (E|ui|+ o(1))o(1)→ 0, a.s.. (3.40)

d(3.6)ª9Eui = 0, Eu2i = σ2u, k

|T (2)
3 | =

∣∣∣ 1
n

n∑
i=1

(
ui −

n∑
j=1

Sijuj

)(
ui −

n∑
k=1

Sikuk

)∣∣∣
=

∣∣∣ 1
n

n∑
i=1

(
u2i −

n∑
j=1

Sijujui −
n∑
k=1

Sikukui +
n∑
j=1

Sijuj
n∑
k=1

Sikuk

)∣∣∣
≤

∣∣∣ 1
n

n∑
i=1

u2i

∣∣∣+ max
1≤i≤n

∣∣∣ n∑
j=1

Sijujui

∣∣∣
+ max

1≤i≤n

∣∣∣ n∑
k=1

Sikukui

∣∣∣+ max
1≤i≤n

∣∣∣ n∑
j=1

Sijuj
n∑
k=1

Sikuk

∣∣∣
→ σ2u, a.s.. (3.41)
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ld(3.39)!(3.40)!(3.41)ª�

T3 → −σ2uβ, a.s., n→∞. (3.42)

ld(3.18)!(3.34)!(3.38)!(3.42)ª=�(3.17)ª.

�d, nÜ(3.1)!(3.2)!(3.13)!(3.17)ª½n�y. �

½n2.2�y²:

sup
t
|ĝn(t)− g(t)| = sup

t

∣∣∣ĝ0(t, β)− g(t) +
n∑
j=1

Xj(β − β̂n)

∫
Aj

Em(t, s)ds
∣∣∣

≤ sup
t

∣∣∣ n∑
j=1

g(tj)

∫
Aj

Em(t, s)ds− g(t)
∣∣∣

+ sup
t

∣∣∣ n∑
j=1

ξj

∫
Aj

Em(t, s)ds
∣∣∣

+ |β̂n − β| sup
t

∣∣∣ n∑
j=1

f(tj)

∫
Aj

Em(t, s)ds
∣∣∣

+ |β̂n − β| sup
t

∣∣∣ n∑
j=1

ηj

∫
Aj

Em(t, s)ds
∣∣∣

+ |β̂n − β| sup
t

∣∣∣ n∑
j=1

uj

∫
Aj

Em(t, s)ds
∣∣∣

=: K1 +K2 +K3 +K4 +K5. (3.43)

dÚn3.2�

K1 = O(n−γ) +O(τm)→ 0, a.s., n→∞. (3.44)

Ï�

K2 = sup
t

∣∣∣ n∑
j=1

ξj

∫
Aj

Em(t, s)ds
∣∣∣

≤ sup
t

∣∣∣ n∑
j=1

εj

∫
Aj

Em(t, s)ds
∣∣∣+ β sup

t

∣∣∣ n∑
j=1

uj

∫
Aj

Em(t, s)ds
∣∣∣

=: K
(1)
2 + β ·K(2)

2 , (3.45)

¤±dÚn3.3Ú(3.6)ª©O�

K
(1)
2 → 0, a.s., (3.46)

K
(2)
2 → 0, a.s.. (3.47)

d(3.45)!(3.46)!(3.47)ª�

K2 → 0, a.s., n→∞. (3.48)
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d½n2.19Ún3.1k

K3 ≤ |β̂n − β| · sup
tj

|f(tj)| · sup
t

∫ 1

0
|Em(t, s)|ds

≤ C|β̂n − β| → 0, a.s., n→∞. (3.49)

d½n2.19(3.5)ªk

K4 → 0, a.s., n→∞. (3.50)

d½n2.19(3.6)ªk

K5 → 0, a.s., n→∞. (3.51)

�d, nÜ(3.43)!(3.44)!(3.48)!(3.49)!(3.50)!(3.51)ª½n�y. �

½n2.3�y²: d(2.7)ª9ỹi = X̃iβ + g̃(ti) + ξ̃ik

σ̂2n =
1

n

n∑
i=1

(X̃i(β − β̂n))2 +
1

n

n∑
i=1

g̃2(ti) +
1

n

n∑
i=1

ξ̃2i

+ 2
1

n

n∑
i=1

X̃i(β − β̂n)g̃(ti) + 2
1

n

n∑
i=1

X̃i(β − β̂n)ξ̃i

+ 2
1

n

n∑
i=1

g̃(ti)ξ̃i − σ2uβ̂2n

=: I1 + I2 + I3 + 2I4 + 2I5 + 2I6 − σ2uβ̂2n. (3.52)

dr�ê½ÆÚ½n2.1k

|I1| ≤ |β − β̂n|2 ·
∣∣∣ 1
n

n∑
i=1

(f̃2(ti) + η̃2i + ũ2i )
∣∣∣

+ |β − β̂n|2 ·
∣∣∣2 1

n

n∑
i=1

f̃(ti)η̃i + 2
1

n

n∑
i=1

f̃(ti)ũi + 2
1

n

n∑
i=1

η̃iũi

∣∣∣
≤ o2(1) ·

(
max
1≤i≤n

f̃2(ti) + σ2η + σ2u

)
+ o2(1) · o(1)→ 0, a.s.. (3.53)

dÚn3.19Ún3.2k

sup
t
|I2| = (O(n−2γ) +O(τ2m)) · o(1)→ 0, a.s.. (3.54)

e¡òy²

I3 − σ2 → σ2uβ
2, a.s., n→∞. (3.55)
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du

|I3 − σ2| =
∣∣∣ 1
n

n∑
i=1

ξ̃2i − σ2
∣∣∣

≤
∣∣∣ 1
n

n∑
i=1

[(
εi −

n∑
j=1

Sijεj

)2
− σ2

]∣∣∣
+ 2
∣∣∣ 1
n

n∑
i=1

(
εi −

n∑
j=1

Sijεj

)(
ui −

n∑
j=1

Sijuj

)
β
∣∣∣

+
∣∣∣ 1
n

n∑
i=1

(
ui −

n∑
j=1

Sijuj

)2
β2
∣∣∣

=: I
(1)
3 + 2I

(2)
3 + I

(3)
3 . (3.56)

Ï�

I
(1)
3 ≤

∣∣∣ 1
n

n∑
i=1

(ε2i − σ2)
∣∣∣+ 2

∣∣∣ 1
n

n∑
i=1

εi

( n∑
j=1

Sijεj

)∣∣∣+
∣∣∣ 1
n

n∑
i=1

( n∑
j=1

Sijεj

)2∣∣∣
=: I

(11)
3 + 2I

(12)
3 + I

(13)
3 . (3.57)

-ςi = ε2i − σ2 = ε2i − Eε2i = (ε+i )2 − (Eε+i )2 − ((ε−i )2 − (Eε−i )2) = ς+i − ς
−
i , K{ς+i , i ≥ 1}

Ú{ς−i , i ≥ 1}Ñ´NAS�, �Eς±i = 0, Var (ς±i ) <∞. Kd(3.21)k

I
(11)
3 → 0, a.s.. (3.58)

dÚn3.39(3.21)ªk

I
(12)
3 ≤ max

1≤i≤n

∣∣∣ 1
n

n∑
j=1

Sijεj

∣∣∣ · ( 1

n

n∑
i=1
|εi|
)

= o(1) · o(1)→ 0, a.s.. (3.59)

dÚn3.3k

I
(13)
3 ≤ max

1≤i≤n

∣∣∣ n∑
j=1

Sijεj

∣∣∣2 = o2(1)→ 0, a.s.. (3.60)

d(3.57)!(3.58)!(3.59)!(3.60)ª�

I
(1)
3 → 0, a.s.. (3.61)

du

I
(2)
3 ≤ β

∣∣∣ 1
n

n∑
i=1

(
εiui −

( n∑
j=1

Sijεj

)
ui −

( n∑
j=1

Sijuj

)
εi

∣∣∣
+β
∣∣∣ 1
n

n∑
i=1

( n∑
j=1

Sijεj

)( n∑
j=1

Sijuj

)∣∣∣
≤ β

∣∣∣ 1
n

n∑
i=1

εiui

∣∣∣+ β
∣∣∣ 1
n

n∑
i=1

ui

( n∑
j=1

Sijεj

)∣∣∣+ β
∣∣∣ 1
n

n∑
i=1

εi

( n∑
j=1

Sijuj

)∣∣∣
+β
∣∣∣ 1
n

n∑
i=1

( n∑
j=1

Sijεj

)( n∑
j=1

Sijuj

)∣∣∣
=: βI

(21)
3 + βI

(22)
3 + βI

(23)
3 + βI

(24)
3 . (3.62)
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aqu(3.20)ª�y², k

I
(21)
3 → 0, a.s.. (3.63)

aqu(3.27)ª�y², k

I
(22)
3 = o(1) · E|ui| → 0, a.s.. (3.64)

aqu(3.23)ª�y², k

I
(23)
3 → 0, a.s.. (3.65)

aqu(3.31)ª�y², k

I
(24)
3 → 0, a.s.. (3.66)

d(3.62)!(3.63)!(3.64)!(3.65)!(3.66)ª�

I
(2)
3 → 0, a.s.. (3.67)

dr�ê½Æ9(3.6)ªk

I
(3)
3 =

∣∣∣ 1
n

n∑
i=1

u2i − 2
1

n

n∑
i=1

ui

( n∑
j=1

Sijuj

)
+

1

n

n∑
i=1

( n∑
j=1

Sijuj

)2∣∣∣ · β2
≤

∣∣∣ 1
n

n∑
i=1

u2iβ
2
∣∣∣+ 2

∣∣∣ 1
n

n∑
i=1

ui

( n∑
j=1

Sijuj

)
β2
∣∣∣+
∣∣∣ 1
n

n∑
i=1

( n∑
j=1

Sijuj

)2
β2
∣∣∣

=
∣∣∣ 1
n

n∑
i=1

u2iβ
2
∣∣∣+ 2 · o(1) · E|ui|β2 + o2(1)β2 → σ2uβ

2, a.s.. (3.68)

d(3.56)!(3.61)!(3.67)9(3.68)ª�(3.55)ª¤á.

d�ÜØ�ª!(3.53)ª9(3.54)ªk

I24 ≤
1

n

n∑
i=1

(X̃i(β − β̂n))2 · 1

n

n∑
i=1

g̃2(ti) = I1 · I2 → 0, a.s.. (3.69)

d�ÜØ�ª!(3.53)ª9(3.55)ªk

I25 ≤
1

n

n∑
i=1

(X̃i(β − β̂n))2 · 1

n

n∑
i=1

ξ̃2i = I1 · I3 → 0, a.s.. (3.70)

d�ÜØ�ª!(3.54)ª9(3.55)ªk

I26 ≤
1

n

n∑
i=1

g̃2(ti) ·
1

n

n∑
i=1

ξ̃2i = I2 · I3 → 0, a.s.. (3.71)

�d,nÜ(3.52)!(3.53)!(3.54)!(3.55)!(3.69)!(3.70)9(3.71)ª½n�y. �
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½n2.4�y²: -∆n = n−1X̃T X̃ − σ2u, k

n1/2(β̂n − β) = n−1/2∆−1n (X̃T g̃ + X̃T ξ̃ + nσ2uβ)

= n−1/2∆−1n
n∑
i=1

(
xi −

n∑
j=1

Sijxj

)(
g(ti)−

n∑
k=1

Sikg(tk)
)

+n−1/2∆−1n
n∑
i=1

(
ui −

n∑
j=1

Sijuj

)(
g(ti)−

n∑
k=1

Sikg(tk)
)

+n−1/2∆−1n
n∑
i=1

(
xi −

n∑
j=1

Sijxj

)(
εi −

n∑
k=1

Sikεk

)
+n−1/2∆−1n

n∑
i=1

(
ui −

n∑
j=1

Sijuj

)(
εi −

n∑
k=1

Sikεk

)
−n−1/2∆−1n

n∑
i=1

(
xi −

n∑
j=1

Sijxj

)(
ui −

n∑
k=1

Sikuk

)
β

−n−1/2∆−1n
n∑
i=1

(
ui −

n∑
j=1

Sijuj

)(
ui −

n∑
k=1

Sikuk

)
β

+n1/2∆−1n σ2uβ

=: Q1 +Q2 +Q3 +Q4 −Q5 −Q6 +Q7. (3.72)

¯¢þ,

Q1 = ∆−1n ·
1√
n

n∑
i=1

(
f(ti)−

n∑
j=1

Sijf(tj)
)(
g(ti)−

n∑
k=1

Sikg(tk)
)

+ ∆−1n ·
1√
n

n∑
i=1

(
ηi −

n∑
j=1

Sijηj

)(
g(ti)−

n∑
k=1

Sikg(tk)
)

=: ∆−1n ·Q11 + ∆−1n ·Q12. (3.73)

dÚn3.2�

Q11 ≤
√
n sup

1≤i≤n

∣∣∣(f(ti)−
n∑
j=1

Sijf(tj)
)(
g(ti)−

n∑
k=1

Sikg(tk)
)∣∣∣

=
√
n · [O(n−2γ) +O(τ2m)]→ 0. (3.74)

Ï�

Q12 =
1√
n

n∑
i=1

ηi

(
g(ti)−

n∑
k=1

Sikg(tk)
)

− 1√
n

n∑
i=1

( n∑
j=1

Sij

(
g(ti)−

n∑
k=1

Sikg(tk)
))
ηj

=: Q121 −Q122, (3.75)

Kk

Var (Q121) =
σ2η
n

n∑
i=1

(
g(ti)−

n∑
k=1

Sikg(tk)
)2
, (3.76)
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dÚn3.2k

|Var (Q121)| ≤ sup
1≤i≤n

∣∣∣(g(ti)−
n∑
k=1

Sikg(tk)
)2∣∣∣→ 0, (3.77)

2dChebychevØ�ª9(3.77)ª, k

P(|Q121| > ε) ≤ Var (Q121)

ε2
→ 0, (3.78)

=

Q121 = op(1). (3.79)

dÚn3.1!Ún3.2k

Var (Q122) =
1

n
Var

( n∑
i=1

( n∑
j=1

Sij

(
g(ti)−

n∑
k=1

Sikg(tk)
))
ηj

)
=

σ2η
n

n∑
j=1

( n∑
i=1

Sij

(
g(ti)−

n∑
k=1

Sikg(tk)
))2

≤
σ2η
n
· max
1≤i≤n

∣∣∣g(ti)−
n∑
k=1

Sikg(tk)
∣∣∣2 · max

1≤j≤n

∣∣∣ n∑
i=1

Sij

∣∣∣ · n max
1≤i≤n

∣∣∣ n∑
j=1

Sij

∣∣∣
= [O(n−2γ) +O(τ2m)] · C → 0, (3.80)

2dChebychevØ�ª9(3.80)ª, k

P(|Q122| > ε) ≤ Var (Q122)

ε2
→ 0, (3.81)

=

Q122 = op(1). (3.82)

d(3.75)!(3.79)!(3.80)ªk

Q12 = op(1). (3.83)

ld(3.2)!(3.73)!(3.74)!(3.83)ªk

Q1 = op(1). (3.84)

aquQ12�y², k

Q2 = op(1). (3.85)

Ï�

Q3 = ∆−1n ·
1√
n

n∑
i=1

(
f(ti)−

n∑
j=1

Sijf(tj)
)(
εi −

n∑
k=1

Sikεk)−∆−1n ·
1√
n

n∑
i=1

( n∑
j=1

Sijηj

)
εi

−∆−1n ·
1√
n

n∑
i=1

(
ηi −

n∑
j=1

Sijηj

) n∑
k=1

Sikεk + ∆−1n ·
1√
n

n∑
i=1

ηiεi

=: ∆−1n ·Q31 −∆−1n ·Q32 −∆−1n ·Q33 + ∆−1n ·
1√
n

n∑
i=1

ηiεi, (3.86)
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dÚn3.2!Ún3.39Ún3.5k

|Q31| ≤ max
1≤i≤n

∣∣∣f(ti)−
n∑
j=1

Sijf(tj)
∣∣∣ · 1√

n

n∑
i=1

(
εi −

n∑
k=1

Sikεk

)
≤

∣∣∣n−5/6 n∑
i=1

(
εi −

n∑
k=1

Sikεk

)∣∣∣ ≤ ∣∣∣ n∑
i=1

εi

n5/6

∣∣∣+ n1/6
∣∣∣ n∑
k=1

Sikεk

∣∣∣
= op(1). (3.87)

dÚn3.59(3.5)ªk

Q32 ≤ max
1≤i≤n

∣∣∣ n∑
j=1

Sijηj

∣∣∣ · 1√
n

n∑
i=1

εi

= n−1/3 · n−1/2
n∑
i=1

εi =
n∑
i=1

εi

n5/6
= op(1). (3.88)

Ï�

Q33 ≤ max
1≤i≤n

∣∣∣ n∑
k=1

Sikεk

∣∣∣ · 1√
n

n∑
i=1

(
ηi −

n∑
j=1

Sijηj

)
, (3.89)



E
( 1√

n

n∑
i=1

ηi

)2
=

1

n

n∑
i=1

Eη2i = σ2η, (3.90)

qdÚn3.1k

E
( 1√

n

n∑
i=1

n∑
j=1

Sijηj

)2
=

σ2η
n

n∑
j=1

( n∑
i=1

Sij

)2
≤
σ2η
n

max
1≤j≤n

∣∣∣ n∑
i=1

Sij

∣∣∣ · n sup
1≤i≤n

n∑
j=1
|Sij |

≤ C ·
σ2η
n
· n · op

( 2m√
n

)
= op(1), (3.91)

dÚn3.3!(3.89)!(3.90)!(3.91)ªk

Q33 = op(1). (3.92)

d(3.2)!(3.86)!(3.87)!(3.88)!(3.92)ªk

Q3 = n−1/2∆−1n
n∑
i=1

ηiεi + op(1). (3.93)

Ï�

Q4 = ∆−1n ·
1√
n

n∑
i=1

uiεi −∆−1n ·
1√
n

n∑
i=1

( n∑
j=1

Sijuj

)
εi

−∆−1n ·
1√
n

n∑
i=1

(
ui −

n∑
j=1

Sijuj

) n∑
k=1

Sikεk

=: ∆−1n ·
1√
n

n∑
i=1

uiεi −∆−1n ·Q41 −∆−1n ·Q42, (3.94)
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aquQ32�y², k

Q41 = op(1), (3.95)

aquQ33�y², k

Q42 = op(1), (3.96)

d(3.2)!(3.94)!(3.95)!(3.96)ªk

Q4 = n−1/2∆−1n
n∑
i=1

uiεi + op(1). (3.97)

Ï�

Q5 = ∆−1n ·
1√
n

n∑
i=1

(
f(ti)−

n∑
j=1

Sijf(tj)
)(
ui −

n∑
k=1

Sikuk

)
β

+ ∆−1n ·
1√
n

n∑
i=1

(
ηi −

n∑
j=1

Sijηj

)(
ui −

n∑
k=1

Sikuk

)
β

=: ∆−1n ·Q51 + ∆−1n ·Q52, (3.98)

aquQ12�y², k

Q51 = op(1). (3.99)

Ï�

Q52 =
1√
n

n∑
i=1

ηiuiβ −
1√
n

n∑
i=1

( n∑
j=1

Sijηj

)
uiβ

− 1√
n

n∑
i=1

(
ηi −

n∑
j=1

Sijηj

)( n∑
k=1

Sikuk

)
β

=:
1√
n

n∑
i=1

ηiuiβ −Q521 −Q522, (3.100)

dÚn3.69(3.5)ªk

Q521 ≤ β · max
1≤i≤n

∣∣∣ n∑
j=1

Sijηj | ·
1√
n

n∑
i=1

ui = β · 1

n5/6

n∑
i=1

ui → 0, (3.101)

=

Q521 = op(1), (3.102)

aquQ33�y², k

Q522 = op(1), (3.103)

d(3.100)!(3.102)!(3.103)ªk

Q52 =
1√
n

n∑
i=1

ηiuiβ + op(1), (3.104)
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d(3.2)!(3.98)!(3.99)!(3.104)ªk

Q5 = n−1/2∆−1n
n∑
i=1

ηiuiβ + op(1). (3.105)

Ï�

Q6 = ∆−1n ·
1√
n

n∑
i=1

u2iβ −∆−1n
1√
n

n∑
i=1

( n∑
j=1

Sijuj

)
uiβ

−∆−1n ·
1√
n

n∑
i=1

(
ui −

n∑
j=1

Sijuj

)( n∑
k=1

Sikuk

)
β

=: ∆−1n ·
1√
n

n∑
i=1

u2iβ −∆−1n ·Q61 −∆−1n ·Q62, (3.106)

aquQ521�y², k

Q61 = op(1), (3.107)

aquQ33�y², k

Q62 = op(1), (3.108)

d(3.2)!(3.106)!(3.107)!(3.108)ªk

Q6 = n−1/2∆−1n
n∑
i=1

u2iβ + op(1). (3.109)

¤±d(3.72)!(3.84)!(3.85)!(3.93)!(3.97)!(3.105)!(3.109)ªk

n1/2(β̂n − β) = n−1/2∆−1n
n∑
i=1

(ηiεi + uiεi − ηiuiβ − u2iβ + σ2uβ) + op(1).

Pζi = ηiεi + uiεi − ηiuiβ − u2iβ + σ2uβ, Ï�{εi}!{ui}�{ηi}�pÕá, �Eεi = 0,

Eui = 0, Eηi = 0, ¤±Cov (ζi, ζj) = 0, l{ζi, i = 1, 2, . . . , n}´ρ·Ü�ÅS�.

5¿�

Pn =:
n∑
i=1

n−1/2∆−1n ζi =:
n∑
i=1

Vni =
n′∑
m=1

υnm +
n′∑
m=1

υ′nm + υ′′nn′+1

=: P ′n + P ′′n + P ′′′n , (3.110)

Ù¥υnm =
km+p−1∑
i=km

Vni, υ
′
nm =

lm+q−1∑
j=lm

Vnj , υ
′′
nn′+1 =

n∑
k=n′(p+q)+1

Vnk, km = (m−1)(p+q)+1,

lm = (m− 1)(p+ q) + p+ 1, m = 1, 2, . . . , n′, �p!q!n′÷v^�(A6).

�y²d½n, ·��Iy²±e��ªf¤á=�,

P ′′n + P ′′′n →P 0, (3.111)

P ′n →d N(0,Γ). (3.112)
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d^�(A6)9(3.2)ªk

E(P ′′n )2 ≤ C
n′∑
m=1

lm+q−1∑
j=lm

(n−1/2∆−1n )2 ≤ Cn′qn−1 → 0,

E(P ′′′n )2 ≤ C
n∑

k=n′(p+q)+1

(n−1/2∆−1n )2 ≤ C(n− n′(p+ q))n−1

≤ C(1 + qp−1)pn−1 → 0,

dChebychevØ�ª, é∀ ε > 0k

P(|P ′′n + P ′′′n | > 2ε) ≤ P(|P ′′n | > ε) + P(|P ′′′n | > ε)

≤ E(P ′′n )2

ε2
+

E(P ′′′n )2

ε2
→ 0,

dε�?¿5�(3.111)ª¤á.

-p2n =
n′∑
m=1

Var (υnm), Fn =
∑

1≤i<j≤n′
Cov (υni, υnj), Kk

p2n = E(P ′n)2 − 2Fn, E(P 2
n) = Γ, (3.113)

duE(P ′n)2 = E[Pn − (P ′′n + P ′′′n )]2 = Γ + E(P ′′n + P ′′′n )2 − 2E[Pn(P ′′n + P ′′′n )], lk

|E(P ′n)2 − Γ| = |E(P ′′n + P ′′′n )2 − 2E[Pn(P ′′n + P ′′′n )]| → 0, (3.114)

dÚn3.19(3.2)ªk

|Fn| ≤
∑

1≤i<j≤n′

ki+p−1∑
k=ki

kj+p−1∑
l=kj

|Cov (Vnk, Vnl)|

≤ C
∑

1≤i<j≤n′

ki+p−1∑
k=ki

kj+p−1∑
l=kj

n−1|Cov (ζk, ζl)|

≤ C
∑

1≤i<j≤n′

ki+p−1∑
k=ki

kj+p−1∑
l=kj

n−1ρ(l − k)‖ζk‖2‖ζl‖2

≤ C
n′−1∑
i=1

ki+p−1∑
k=ki

n−1
n′∑

j=i+1

kj+p−1∑
l=kj

ρ(l − k)

≤ C
n∑
k=1

n−1
∞∑
j=q

ρ(j) = C
∞∑
j=q

ρ(j)→ 0 (q →∞), (3.115)

ld(3.113)!(3.114)!(3.115)ªk

E(P ′n)2 → Γ, p2n → Γ. (3.116)

�
ïáP ′n�ìC��5, b�{µnm,m = 1, 2, . . . , n′}´Õá�ÅCþS�, �µnm�υnm

(m= 1, 2, . . . , n′)k�Ó�©Ù, KkEµnm = 0, Var (µnm) =Var (υnm). -Gnm = µnm/pn,
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m = 1, 2, . . . , n′, K{Gnm,m = 1, 2, . . . , n′}´Õá�, �EGnm = 0,
n′∑
m=1

Var (Gnm) = 1.

^ψX(t)L«�ÅCþX�A�¼ê, Kk∣∣∣∣∣ψ n′∑
m=1

υnm

(t)− e−t2/2
∣∣∣∣∣ ≤ ∣∣∣E exp

(
it

n′∑
m=1

υnm

)
−

n′∏
m=1

E exp(itυnm)
∣∣∣

+
∣∣∣ n′∏
m=1

E exp(itυnm)− e−t2/2
∣∣∣

≤
∣∣∣E exp

(
it

n′∑
m=1

υnm

)
−

n′∏
m=1

E exp(itυnm)
∣∣∣

+
∣∣∣ n′∏
m=1

E exp(itGnm)− e−t2/2
∣∣∣

=: H1 +H2. (3.117)

dÚn3.8!^�(A6)9(3.2)ªk

H1 ≤ C|t|ρ1/2(q)
n′∑
m=1
‖υnm‖2

≤ C|t|ρ1/2(q)
n′∑
m=1

E
( km+p−1∑

i=km

|n−1/2∆−1n ζi|2
)1/2

≤ C|t|ρ1/2(q)
n′∑
m=1

km+p−1∑
i=km

(n−1)1/2

≤ C|t|ρ1/2(q)n′p(n−1)1/2 → 0. (3.118)

éuH2, �yH2 → 0, �duy²
n′∑
m=1

Gnm →d N(0, 1), qÏ�k(3.116)ª, l�Iy²

n′∑
m=1

µnm →d N(0,Γ),

éu,�δ > 0, dÚn3.7!^�(A6)9(3.2)ªk

n′∑
m=1

E|υnm|2+δ ≤ C
n′∑
m=1

[ km+p−1∑
i=km

E|Vni|2+δ +
( km+p−1∑

i=km

E|Vni|2
)(2+δ)/2]

≤ C
n′∑
m=1

[ km+p−1∑
i=km

(n−1∆−2n )(2+δ)/2 +
( km+p−1∑

i=km

n−1∆−2n

)(2+δ)/2]
≤ C

n∑
i=1

(n−1∆−2n )(2+δ)/2 ≤ Cn−δ/2 → 0, (3.119)

d(3.116)!(3.119)ªk

1

p2+δn

n′∑
m=1

E|υnm|2+δ → 0, (3.120)

《
应

用
概

率
统

计
》

版
权

所
有



18Ï Îw �÷�: NA��e�ëêEV�.�Å�O�ìC5 629

ldBerry-Esseen½nk
n′∑
m=1

µnm →d N(0,Γ)¤á, =k

H2 → 0. (3.121)

d(3.117)!(3.118)!(3.121)ª,�rP ′nw�´ÕáØÓ©Ù�ÅCþ�Ú,qÏ�k(3.120)

ª¤á, KdLiapounov¥%4�½nk(3.112)ª¤á, ld(3.111)!(3.112)ª9Sluker

½n�d½n¤á. �

½n2.5�y²: d(2.2)ªk

ĝn(t) =
n∑
i=1

(yi −Xiβ̂n)

∫
Ai

Em(t, s)ds

=
n∑
i=1

Xi(β − β̂n)

∫
Ai

Em(t, s)ds+
n∑
i=1

g(ti)

∫
Ai

Em(t, s)ds

+
n∑
i=1

ξi

∫
Ai

Em(t, s)ds.

ld½n2.4k

Eĝn(t) = E
( n∑
i=1

Xi(β − β̂n)

∫
Ai

Em(t, s)ds+
n∑
i=1

g(ti)

∫
Ai

Em(t, s)ds

+
n∑
i=1

ξi

∫
Ai

Em(t, s)ds
)

=
n∑
i=1

g(ti)

∫
Ai

Em(t, s)ds.

=k

ĝn(t)− Eĝn(t)

Γn
=

n∑
i=1

(yi −Xiβ̂n)

∫
Ai

Em(t, s)ds−
n∑
i=1

g(ti)

∫
Ai

Em(t, s)ds

Γn

=

n∑
i=1

ξi

∫
Ai

Em(t, s)ds

Γn
−

n∑
i=1

Xi(β̂n − β)

∫
Ai

Em(t, s)ds

Γn
=: Sn1 − Sn2. (3.122)

aqu½n2.4�y², ·�N´y�

Sn1 →d N(0, 1), (3.123)

Sn2 = op(1). (3.124)

�d(3.123)!(3.124)ª9Sluker½n�d½n¤á. �
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½n2.6�y²: d(2.7)ª9ỹi = X̃iβ + g̃(ti) + ξ̃ik

n1/2(σ̂2n − σ2) = n−1/2
[ n∑
i=1

(ỹi − X̃iβ̂n)2 − nσ2uβ̂2n − nσ2
]

= n−1/2
n∑
i=1

[(ỹi − X̃iβ̂n)2 − σ2uβ̂2n − σ2]

= n−1/2
n∑
i=1

[(X̃i(β − β̂n) + g̃(ti) + ξ̃i)
2 − σ2uβ̂2n − σ2]

= n−1/2
n∑
i=1

(X̃i(β − β̂n))2 + n−1/2
n∑
i=1

g̃2(ti)

+n−1/2
n∑
i=1

(ξ̃2i − σ2uβ̂2n − σ2) + 2n−1/2
n∑
i=1

(X̃i(β − β̂n))g̃(ti)

+ 2n−1/2
n∑
i=1

(X̃i(β − β̂n))ξ̃i + 2n−1/2
n∑
i=1

g̃(ti)ξ̃i

=: M1 +M2 +M3 + 2M4 + 2M5 + 2M6. (3.125)

aqu½n2.4�y², ��

Mi →p 0, i = 1, 2, 4, 5, 6, (3.126)

9

M3 =
1√
n

n∑
i=1

[(εi − uiβ)2 − σ2uβ2 − σ2] + op(1)→d N(0,Λ). (3.127)

�d(3.125)-(3.127)ªk(Ø¤á. �

ë � © z

[1] Cheng, C.L. and Van Ness, J.W., Generalized M-estimators for errors-in-variables regression, The

Annals of Statistics, 20(1)(1992), 385–397.

[2] Miao, Y., Zhang, F.F., Wang, K. and Chen, Y.P., Asymptotic normality and strong consistency of

LS estimators in the EV regression model with NA errors, Statistical Papers, 54(1)(2013), 193–206.

[3] Liu, J.X. and Chen, X.R., Consistency of LS estimator in simple linear EV regression models, Acta

Mathematica Scientia (Series B), 25(1)(2005), 50–58.

[4] Cui, H.J., T-type estimators and EM algorithm in linear model and linear errors-in-variables model,

Chinese Journal of Applied Probability and Statistics, 22(3)(2006), 321–328.

[5] Carroll, R.J., Ruppert, D. and Stefanski, L.A., Measurement Error in Nonlinear Models, Chapman

and Hall, London, 1995.

[6] Cui, H.J. and Li, R.C., On parameter estimation for semi-linear errors-in-variables models, Journal

of Multivariate Analysis, 64(1)(1998), 1–24.

[7] Wang, Q.H., Estimation of partial linear errors-in-variables models with validation data, Journal of

Multivariate Analysis, 69(1)(1999), 30–64.

《
应

用
概

率
统

计
》

版
权

所
有



18Ï Îw �÷�: NA��e�ëêEV�.�Å�O�ìC5 631

[8] Liang, H., Hardle, W. and Carroll, R.J., Estimation in a semiparametric partially linear errors-in-

variables model, The Annals of Statistics, 27(5)(1999), 1519–1935.

[9] wðï, kE*ÿ�Ü©�5EV�.�ëê�O, ¥I�Æ(A), 34(4)(2004), 467–482.

[10] 4r, ñ�=, Ç�{, �ëêCþ¹Ø�¼ê'X�.��Å�O, A^êÆÆ�, 28(2)(2005),

296–307.

[11] Sprent, P., Some history of functional and structural relationships, in Brown, P.J. and Fuller, W.A.

(eds.), Statistical Analysis of Measurement Error Models and Applications, Proceedings of the AMS-

IMS-SIAM Joint Summer Research Conference, volume 112 of Contemporary Mathematics, 3–15,

1990. Providence, RI: American Mathematical Society.

[12] Engle, R.F., Granger, C.W.J., Rice, J. and Weiss, A., Semiparametric estimates of the relation

between weather and electricity sales, Journal of the American Statistical Association, 81(394)(1986),

310–320.

[13] �W, ô7, /éä, ùÇE, NA(��S�5, A^VÇÚO, 18(4)(2002), 400–404.

[14] Hu, H.C. and Wu, L., Convergence rates of wavelet estimators in semiparametric regression models

under NA samples, Chinese Annals of Mathematics, Series B, 33(4)(2012), 609–624.

[15] Baek, J., and Liang, H.Y., Asymptotics of estimators in semi-parametric model under NA samples,

Journal of Statistical Planning and Inference, 136(10)(2006), 3362–3382.

[16] Liang, H.Y. and Wang, X.Z., Convergence rate of wavelet estimator in semiparametric models with

dependent MA(1) error process, Chinese Journal of Applied Probability and Statistics, 26(1)(2010),

35–46.

[17] ?ó, �²u, NA��eÜ©�5�.¥�O�r�Ü5, A^VÇÚO, 18(1)(2002), 60–66.

[18] ±,â, �ÓÜ, NA��Ü©�5�.�O�r�Ü5, XÚ�Æ�êÆ, 30(1)(2010), 60–71.

[19] Niu, S.L. and Liu, Y.M., CLT of wavelet estimator in semiparametric model with correlated errors,

Journal of Systems Science and Complexity, 25(3)(2012), 567–581.

[20] Liang, H.Y. and Fan, G.L., Berry-Esseen type bounds of estimators in a semiparametric model with

linear process errors, Journal of Multivariate Analysis, 100(1)(2009), 1–15.

[21] Liang, H.Y. and Jing, B.Y., Asymptotic properties for estimates of nonparametric regression models

based on negatively associated sequences, Journal of Multivariate Analysis, 95(2)(2005), 227–245.

[22] Yang, S.C., Uniformly asymptotic normality of the regression weighted estimator for negatively as-

sociated samples, Statistics and Probability Letters, 62(2)(2003), 101–110.

[23] Li, Y.M., Yang, S.C. and Zhou, Y., Consistency and uniformly asymptotic normality of wavelet esti-

mator in regression model with associated samples, Statistics and Probability Letters, 78(17)(2008),

2947–2956.

[24] Antoniadis, A., Gregoire, G. and McKeague, I.W., Wavelet methods for curve estimation, Journal of

the American Statistical Association, 89(428)(1994), 1340–1353.

[25] Donoho, D.L., Johnstone, I.M., Kerkyacharian, G. and Picard, D., Density estimation by wavelet

thresholding, The Annals of Statistics, 24(2)(1996), 508–539.

[26] Joag-Dev, K. and Proschan, F., Negative association of random variables with applications, The

Annals of Statistics, 11(1)(1983), 286–295.

[27] ��ö, ºDJ, ·Ü��Cþ�4�½n, �®: �ÆÑ��, 1997.

[28] Speckman, P., Kernel smoothing in partial linear models, Journal of the Royal Statistical Society:

Series B (Methodological), 50(3)(1988), 413–436.

《
应

用
概

率
统

计
》

版
权

所
有



632 A^VÇÚO 1��Êò

[29] a�¬, ���, �ëê£8�.�Å�O�r%C, ¥I�ÆA6, 29(3)(1999), 233–240.

[30] You, J.H. and Chen, G.M., Estimation of a semiparametric varying-coefficient partially linear errors-

in-variables model, Journal of Multivariate Analysis, 97(2)(2006), 324–341.

[31] Wei, C.H., Statistical inference for restricted partially linear varying coefficient errors-in-variables

models, Journal of Statistical Planning and Inference, 142(8)(2012), 2464–2472.

[32] Hu, X.M., Wang, Z.Z. and Liu, F., Zero finite-order serial correlation test in a semi-parametric

varying-coefficient partially linear errors-in-variables model, Statistics and Probability Letters, 78(12)

(2008), 1560–1569.

[33] �÷�, �&ä, �ëê£8�.�Å�O�r�Ü5, êÆÆ�, 49(6)(2006), 1417–1424.

[34] NX, r·Ü��Cþ\�Ú�Âñ59ÙA^, êÆÆ�, 45(5)(2002), 1025–1034.

[35] Liu, J.J., Gan, S.X. and Chen, P.Y., The Hjeck-Rnyi inequality for the NA random variables and its

application, Statistics and Probability Letters, 43(1)(1999), 99–105.

[36] Stout, W.F., Almost Sure Convergence, New York: Academic Press, 1974.

[37] õ�, �a�ÅCþÜ©Ú�ÝØ�ª9ÙA^, �ÆÏ�, 43(17)(1998), 1823–1827.

[38] 0IÀ, õ�, ρ·Ü��e£8�¼ê�O���ìC��5, 2Ü���ÆÆ�, 24(3)(2006),

46–49.

[39] Fan, J.Q. and Yao, Q.W., Nonlinear Time Series: Nonparametric and Parametric Methods, Springer-

Verlag, New York, 2003.
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Semiparametric EV Model under NA Samples

Wu Li Hu Hongchang
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In this paper, we research the semiparametric EV model under NA samples. Some estimators of the

parameter, nonparameter and the variance function are established by the wavelet smoothing method.

Under some general conditions, the strong consistency and the asymptotic normality of wavelet estimators

are studied.
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