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�½�.¥�eZ­

�¯K: ¢�Ä����ª; �Ç'�; ²þ|çÉ; ê¼CÄ�¸; ­½5; �½:; XÚ5Uµd�

�. Ó�, �©�ÏLê��~ïÄ
þã­�¯K, �)é��\\�áè���½�.�ÑÖ�Ñ

Ö��è���½�.?1
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§1. Ú ó

]
+n�?ÖNÝ®²¤��8O�Å�ä�­�ïÄ��, AO´8c��O�

���Eq4�/íÄ
O�Å�ä]
+n�XÚ5ïÄ. 3L���õc¥, �ÅK

1²ïüÑ��´O�Å�ä]
+n�Ì6ïÄ��, §´�«3O�Å�ä¥ö�{

ü!�B¦^�8¥z©�]
�{. Cc5�ïÄ¤JL²: ��{ü��ÅK1²ï

üÑ3�
�.�ä�]
+n¥�±��XÚ5U�¡�k�U?, ~X~�Àâ, ü

$Ï3�m, Jp?nUå��. 8c, 3O�Å�ä+�¥�ÅK1²ïüÑ®²�2�

/A^uêâ¥%!��¥%!©ÙªS�Å!�ä�?Ö©��´»ÀJ�­��¢S

XÚ¥. 3,���¡, ù«�ÅK1²ïüÑ��±3��!Ò!p�´Â¤!°'Ï

��¢S¯K¥'�N´/é�§�A^�¸.

ê¼L§�üèØ®²�A^uïÄ�ÅK1²ïüÑ, ùÒ/¤
�½�.���

­�ïÄ��. Ò��©¥�ã1Úã2¤«, �½�.��/Ñæ^¢�Ä���Å�, ù

Ò¦�¯õ�ÑÖ��p'é!�p�6; 
ù«��5¦��½�.¥��.üè�ä

C�É~E,. u´, ²;�üèØ�ê¼L§ØU��A^�é�½�.�ïÄ¥. �

8c��, �½�.©ÛE,´��Ï#�ïÄ��, kXNõ­��¢S¯KI�)û.
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Cc5, IS	�
Æö®²¦^üèØ�ê¼L§5ïÄ�½�.. éu{ü�

�½�.(=����´ÑtL§, ÑÖ�mÑl�ê©Ù), Vvedenskaya�(1996)|^Ã

¡�ê��ÅL§S���f�+�Ñ
²þ|4�(Mean-field limit), ùÒL²�Ñ

Ö���êªuÃ¡��, �½�.¥���üèL§äkì?Õá5; |^ù«²þ

|4�, ¦�ïÄ
XÚ�²­©Ù¿��
��­�(Ø: z�ÑÖ�þ�­�è�

¥yÑV­�êPC��©Ù. ù�`²
�½�.é�NüèXÚ�5U(�kX¢

�5�Uõ. Mitzenmacher (1996)|^�Ý���a�ê��ÅL§©Û
ù��½�

.¿�¼�
�Ó�(Ø; Turner (1998)éù��½�.JÑ
��©Û�{, ¿��Ñ


'��[�O�Å�[(J. Graham (2000a, 2000b, 2005)ïÄ
ù��½�.���

m�4�üzL§: ÃØ�Ðm©u=��Ð©G�, �ÑÖ�êªuÃ¡��, ù��

½�.�¯õüèL§´ì?Õá�. LuczakÚNorris (2005)�Ñ
ù��½�.�r

%C(J. ��, LuczakÚMcDiarmid (2006, 2007)y²
3ù��½�.¥��è��

�O��(log logN)/ log d + O(1). Bramson�(2010, 2012)ò�½�.¥�ÑÖ�mí2

���©Ù, ?Ø
��ÑÖ��m�ì?Õá5, ¿©Û
z�ÑÖ�­�è���

Ü©Ù. Li�(2011, 2010)í2
�½�.�ÑÖ�m�PH©ÙÚ��Ñ\�ê¼��L

§. VvedenskayaÚSuhov (1997), Mitzenmacher�(2001)9LiÚDai (2013)Jø
ïÄ�½

�.�n�nã�w.

�©�8�´50�Cc5IS	Æö3�½�.ïÄ+�¥®²¼��
­��

�.aOÚïÄ¤J, �[/?Ø
�½�.¥�n�­�¯K: (1)¢�Ä����ª,

�)Ñ\��!ÑÖ��!V­��(=, Ñ\�ÑÖ�·Ü��); AO´3ÑÖ��¥·

�JÑ
��ISþ�úmJK: ²þ|çÉ. (2)�½:O�, 3þãn«���ªe©

O�Ñ
�½:�O��{, ÏLê��~©Û
ù
���ª�`�. (3)ê¼CÄ�¸

e��½�., ù´��'�����ä]
+n�.; ·�Jø
¦)�½:�Ã¡�

��5�§|, |^RG-©)�{�Ñ
�½:�O��{; |^�½:�ê�)éê¼

CÄ�¸e��½�.?1
5Uµd.

�©�Ù�|�Xe: 12!ïÄ
�½�.¥ü«Ä���Å�: Ñ\��, ©��

���?\�½�.¥��áè�; ÑÖ��, |�ÑÖ��ÑÖ�½�.¥���è�.

·�éùü«Ä���Å�?1
'�¿�uy: ÑÖ��'Ñ\��éUõ�½�.�

5U�\k�. 13!*ÐÑ\��!ÑÖ�����Å�d(n), Ù¥��Å�d(n)L«�

���?\d�¤Àè�¥�1n��áè��è�; ½öL«ÑÖ�?\d�¤Àè�¥

�1n���è��è�. �éuÑ\��!ÑÖ��!V­�����Å�d(n), ·�©

OJø
¦)�½:�Ã¡���5�§|, �Ñ
�½:�O��{¿ÏLê��~?

1
©Û. 14!ïÄ
��'����ê¼CÄ�¸e��½�., Jø
¦)�½:�

Ã¡���5�§|, |^RG-©)�{�Ñ
�½:�O��{, ÏLê��~éXÚ

�5U?1
©Û. 15!é�©?1
o(, ¿é�5�ïÄ�Ñ
©Û�Ð".
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§2. �½�.¥ü«Ä���Å�9Ù'�

�!ïÄ
�½�.¥ü«Ä���Å�: ©�����, ��?\�½�.¥��

áè�; |�ÑÖUå, ÑÖ�ÑÖ�½�.¥���è�.

2.1 ����?\�áè�

Vvedenskaya�(1996)ÚMitzenmacher (1996)ïÄ
��{ü��½�.: ��¿1

üèXÚdN�Õá�ÑÖ�|¤, z�ÑÖ�ÑkÃ¡�����m; z�ÑÖ��Ñ

Ö�m´ÕáÓ©Ù�, ¿�ÑÖ�mÑlÑÖÇ�µ��ê©Ù; ����´����Ç

�Nλ�ÑtL§. ����, ��ÒlùN�ÑÖ�¥�ÅÕá/ÀJd ≥ 1�ÑÖ�, ¿

�\\�ùd�ÑÖ�¥è��á�ÑÖ�½Ù��è�p. XJùd�ÑÖ�¥kü�±

þ�è�Ñ´�á�, K��ò�Å/\\�?¿���áè�¥. z�ÑÖ�é���

ÑÖÑ�Ìk�kÑÖ5K, ¿���ÚÑÖL§Ñ´�pÕá�. ã1�Ñ
ù��½�

.�Ôn)º.
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µ

ã1 ����\\�è���á��½�.

�
ïÄù�E,�üè�ä, ·�½Ânk(t)L«3��tè�¥��kk���(�

3�ÉÑÖ�@����O�3S)�ÑÖ��ê. w,, 0 ≤ nk(t) ≤ N , k ≥ 0. -

U
(N)
k (t) =

nk(t)

N
, k ≥ 0,

KU
(N)
k (t)L«3��tè�¥��kk����ÑÖ�3N�ÑÖ�¥¤Ó��ê'~, w

,ù´���ÅCþ. -

u
(N)
k (t) = E

[
U

(N)
k (t)

]
, k ≥ 0,
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KVvedenskaya�(1996)ÚMitzenmacher (1996)ÏLVÇ©ÛL²{u(N)
k (t)}÷vXe��

©�©�§|:u
(N)
0 (t) = 1,

d

dt
u
(N)
k (t) = λ

{[
u
(N)
k−1(t)

]d − [u(N)
k (t)

]d}− µ[u(N)
k (t)− u(N)

k+1(t)
]
, k ≥ 1.

-uk(t) = lim
N→∞

u
(N)
k (t), KVvedenskaya�(1996)ÚMitzenmacher (1996)ÏL�f�+Ú

²þ|4���u0(t) = 1,

d

dt
u
(N)
k (t) = λ[udk−1(t)− udk(t)]− µ[uk(t)− uk+1(t)], k ≥ 1.

(2.1)

XJ�34�πk = lim
t→+∞

uk(t), k ≥ 1, =π = lim
t→+∞

u(t), KπÒ�u(t)����½:, Ù¥

π = (π0, π1, . . .)Úu(t) = (u0(t), u1(t), . . .).

Vvedenskaya�(1996)ÚMitzenmacher (1996)|^Ã¡�ê��ÅL§�f�+�²

þ|4��(Ü�©Û�{��
�½�.��½:÷vXe��5�§|:

½n 2.1 ����\\��áè���½�.��½:÷vXe��5�§|π0 = 1,

λ(πdk−1 − πdk) = µ(πk − πk+1), k ≥ 1.
(2.2)

ùÒ��

πk = ρ1+d+d2+···+dk−1
= ρ(d

k−1)/(d−1), k ≥ 1, (2.3)

Ù¥ρ = λ/µ.

3e¡�½Â¥, ·�Jø
�Ü©Ù�n�­�aO.

½Â 2.1 (1) XJ�k ≥ 1�, πk = ρk, K{πk}�¡�´�ê��.

(2) XJ�k ≥ 1�, πk = ρ(d
k−1)/(d−1), K{πk}�¡�´V­�ê��.

(3) XJ lim
k→∞

πk/ρ
(dk−1)/(d−1) = c ∈ [0,+∞), K{πk}�¡�´��ê��.

XJd = 1, Kù��½�.´N�Õá�M/M/1üèXÚ���8Ü. d(2.3)·�

wÑ: éu¤k�k ≥ 1, πk = ρk, ù´M/M/1üèXÚ²­è���Ü©Ù. Vveden-

skaya�(1996)ÚMitzenmacher (1996)��
��­��(Ø: {ü�½�.�­�è�´

V­�ê��, ù´éM/M/1üèXÚ5U���¢�5Uõ.

2.2 ÑÖ�ÑÖ��è�

·�ïÄéÑÖUå����«#.�½�.. 3ù��½�.¥kN�ÕáÚNþ

Ã¡���|¤. 3z���|¤¥����´��Ç�λ�ÑtL§; 3ù��½�.¥
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=k��ÑÖ�, ÙÑÖ�mÑlÑÖÇ�Nµ��ê©Ù. �ÑÖ�é�����¤ÑÖ

�, §ÄklùN���è�¥�ÅÕá/ÀJd ≥ 1�è�, ,�?\ùd�è�¥è��

����è�?1ÑÖ. XJ¤ÀJ�è�pkü�±þ�è�Ñ´���, @oÑÖ�

Ò¬3ù
���è�¥�Å�ÀJ��è�?1ÑÖ. ÑÖ�é¤k���ÑÖÑ�Ì

k�kÑÖ�K. 3ù��.¥, z�è����L§ÚÑÖL§Ñ´�pÕá�. ã2£

ã
ù«��ÑÖL§��½�..

1

2

1d  

d

!

!

!

!

N"

1

2

N-1

N

ã2 ÑÖ�ÑÖ��è���½�.

�
ïÄù�#.��½�., ·�½Ânk(t)L«3��tè�¥��kk���(�

3�ÉÑÖ�@����O�3S)�è��ê, U
(N)
k (t) = nk(t)/NL«3��tè�¥�

�kk����è�3N�è�¥¤Ó��ê'~, aqu2.1!�êÆ©Û, -

πk = lim
t→+∞

lim
N→∞

E
[
U

(N)
k (t)

]
,

@o|^Ã¡�ê��ÅL§S���f�+�²þ|4��(Ü�©Û�{, ·��±

��'uù�#.�½�.�½:¤÷v���5�§|.

½n 2.2 ÑÖ�ÑÖè�����½�.��½:÷vXe��5�§|π0 = 1,

λ(πk−1 − πk) = µ[(1− πk+1)
d − (1− πk)d], k ≥ 1.

(2.4)

·��±��

π1 = 1− d
√

1− ρ, (2.5)

�k ≥ 1�,

πk+1 = 1− d
√

1− ρπk. (2.6)
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2.3 þãü«Ä���Å��5U'�

·�éþ¡0��ü«Ä���Å�?15U'�. �
¢yù�8�, ·�ò^�


ê��~©Û3?Û��ÑÖ�þüèXÚ�²þ²­è�.

-Q�3ù��½�.¥?Û��ÑÖ��²­è�, K

E[Q] =
∞∑
k=1

P{Q ≥ k} =
∞∑
k=1

πk. (2.7)

d(2.7)ª, ·��Ñ�
ê��~, ¿©Û3þãü��½�.¥�
­��ëêd, λ´X

ÛK�5U�IE[Q]�.

-����Çλ�(0.05, 0.95)�m���êÚÑÖ��ÑÖÇµ = 1. ·�ÀJêd

�1�10�m���ê. ã3�Ñ
ùü��½�.3�Ó^�e�ØÓE[Q].
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E
[Q
]
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0 2 4 6 8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

d

E
[Q
]

d=1:1:10, =0.5,!=1

ã3 ü��½�.E[Q]�é'©Û

lã3, ·��±w�: E[Q]�Xλ�O\
O\; 
�Xd�O\
~�. Ó�, ·��

±w�: éu�½�.�5UUõ, ��ÑÖL§'������L§�\k�.

2.4 ��úmJK: ²þ|çÉ

32.1Ú2.2ü�f!¥, ·�©O/ïÄ
�½�.¥ü«ØÓ�Ä���Å�: ��

?\�½�.¥��áè�; ÑÖ�ÑÖ�½�.¥���è�. 32.3f!¥, ·�L²:

éu�½�.�5UUõ, ��ÑÖL§'������L§�\k�. 3�f!¥, ·�

ò?Ø3�½�.¥���~­��¯K: ²þ|çÉ. ·�Cc5é�½�.Ðm�\

ïÄ(�LiÚDai, 2013)L²: ²þ|çÉ3ÑÖUå���¡´�½�.���ÊHy�.
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�´, ·�@�: ²þ|çÉ´8cISþ��úm�U)û�JK, F"U
ÚåE,�

ä!XÚé¡5!ÔnÆÚÄåXÚ�ïÄ+��­À.

32.1f!¥, ·���
π1 = ρ. u´, 3ù��½�.¥z�ÑÖ��Ñ\Ç�λ,


ÑÑÇ��λ, =µπ1 = λ. Ïd, 3z�ÑÖ�þ�Ñ\�ÑÑL§¢y
­�6²ï.

32.2f!¥, ·���
π1 = 1 − d
√

1− ρ. u´, 3ù��½�.¥z�ÑÖ��Ñ

\Ç�λ, 
ÑÑÇ��

µπ1 = µ(1− d
√

1− ρ) < λ, d ≥ 2,

dþªwÑ, 3z�ÑÖ�þ�Ñ\�ÑÑL§Ø÷v­�6²ï. =, ÑÑL§34�²

þ|e��
Xeõ�����Ç

F (d) = λ− µπ1 = λ− µ(1− d
√

1− ρ)

= µ d
√

1− ρ+ (λ− µ).

w,, F (d)´d�üN4O¼ê.

úmJK Ï��½�.´3²­G�e, ¤±z�ÑÖ��´3²­G�e. 3

4�²þ|¥, z�ÑÖ��Ñ\�ÑÑL§�UØ÷v­�6²ï�^�. ·�I�)

ûXeü�'�5¯K: ���Ç�F (d)�@
����º�½¤£�4�²þ|¥��

o �? XÛ)ºd��Ò��²þ|çÉ���ÏfF (d)��.

§3. ��L§���Ä���Å�©Û

�!XÚ/í2
312!¥é��L§���Å�, ¿ïá
é��L§���Ä

���Å�: ������, ¦Ò¬?\�d��Àüè¥�1n�è��á�è�.

3.1 ��Ä���Å�

312!¥, ·��Ä
Ä��������AÏ©�Å�, =������, ù��

�lN�ÑÖ�¥�ÅÕá/ÀJd ≥ 1�ÑÖ�, ¿�\\�ùd�ÑÖ�¥è��á�

��ÑÖ�p. 3ù!¥, ·�òí2¿©Û�«����������©�Å�.

VvedenskayaÚSuhov (1997)£ã
�«'�����½�., P�SM(d, n): dN�

Õá�ÑÖ�|¤, z�ÑÖ�ÑkÃ¡�����m; z�ÑÖ��ÑÖ�m´ÕáÓ

©Ù�, ¿�ÑÖ�mÑlÑÖÇ�µ��ê©Ù; ����´����Ç�Nλ�ÑtL

§. z������lùN�ÑÖ�¥�ÅÕá/ÀJd ≥ 1�ÑÖ�, ¿�\\�ù
¤

À�èÎ¥è��1n��á�ÑÖ�p. XJùd�ÑÖ�¥kü�±þ�1n��á�,
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K��ò�Å/\\�Ù¥�?¿��è�¥. z�ÑÖ�é���ÑÖÑ�Ìk�kÑ

Ö5K, ¿���ÚÑÖL§Ñ´�pÕá�.

éu�½�.SM(d, n), -

hd,n(x) =
n−1∑
k=0

Ck
d (1− x)kxd−k, 0 ≤ x ≤ 1, 1 ≤ n ≤ d, (3.1)

Ù¥Ck
d´��Xê. �n = 1�, ·�khd,1(x) = xd, ùÒ´\\�áè���¹, �1

2.1!; �n = d�, ·�khd,d(x) = 1− (1− x)d, ùÒ´\\���è���¹.

e¡½n�Ñ
�½�.SM(d, n)�­½^�. dù�­½5^�·��±�*/*

	�: �1 ≤ n ≤ d ≤ N − 1�, d�½�.�é¡5��, ��U
�VÇ/©Ù3��

è�þ. �n = d = N�, ¤k�����Ñ8¥3�����è�þ.

½n 3.1 éu�½�.SM(d, n), ·�k

(1) XJ1 ≤ n ≤ d ≤ N − 1, K�½�.SM(d, n)?u²­G����¿©^�´

ρ = λ/µ < 1.

(2) XJn = d = N , K�½�.SM(d, n)?u²­G����¿©^�´ρ = λ/Nµ

< 1.

d½n3.1, ·��Ñ
�½�.SM(d, n)­½5���¿©^�. ÃØN�, ·��v

k��ù�­½5�¿©7�^�.

3.2 �½:�O�

-nk(t)L«3��tè�¥��kk���(�3�ÉÑÖ�@����O�3S)�Ñ

Ö�ê, U
(N)
k (t) = nk(t)/NL«3��tè�¥��kk����ÑÖ�3N�ÑÖ�¥¤

Ó��ê'~. aqu2.1!�êÆ©Û, -

πk = lim
t→+∞

lim
N→∞

E
[
U

(N)
k (t)

]
.

XJ�½�.SM(d, n)´­½�, K§��½:){πk, k ≥ 0}÷v����5�§|π0 = 1,

λ[hd,n(πk−1)− hd,n(πk)] = µ(πk − πk+1), k ≥ 1.
(3.2)

ò(3.2)\\, ·����

λ
∞∑
k=1

[hd,n(πk−1)− hd,n(πk)] = µ
∞∑
k=1

(πk − πk+1). (3.3)

Ïd, λhd,n(π0) = µπ1. Ï�hd,n(π0) = 1, ¤±·��±��e¡�½n.
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½n 3.2 �½�.SM(d, n)��½)�

π1 = ρ, (3.4)

dπ0 = 1Úπ1 = ρ, ·��±��éu¤k�k ≥ 1,

πk+1 = πk − ρ[hd,n(πk−1)− hd,n(πk)]. (3.5)

~ 1 3�½�.SM(d, d), =����\\d�è�¥è����@�è�. 3ù

«�¹e, ·�k
π0 = 1,

π1 = ρ,

πk+1 = πk − ρ[(1− πk)d − (1− πk−1)d], k ≥ 1.

(3.6)

~ 2 3�½�.SM(1, 1), =�����Å/\\?¿��è�. 3ù«�¹e,

·�k 
π0 = 1,

π1 = ρ,

πk+1 = πk − ρ(πk−1 − πk), k ≥ 1.

(3.7)

·��±��

πk = ρk, k ≥ 0.

3.3 ê��~©Û

y3, ·�©Û�½�.SM(d, n), \\�áè�n = 1!\\�Åè�n = d = 1, Ú

\\��è�n = d, ¿éùn«�¹?1XÚ5U�ê�é'.

·��Äü�5U�I: ��´z�ÑÖ��²þ­�è�; ,��´?¿����

3XÚ¥�Ï"Ï3�m. �ρ < 1�, -Q�?¿��ÑÖ��­�è�, K

E[Q] =
∞∑
k=1

P{Q ≥ k} =
∞∑
k=1

πk. (3.8)

-SL«?Û�������3XÚ¥�­�Ï3�m, K

E[S] =
∞∑
k=0

k + 1

µ
[hd,n(πk)− hd,n(πk+1)]. (3.9)

3ã4Úã5¥, ·��λ ∈ (0.05, 0.95)Úµ = 1. �d = 2, 5�, 3�����n«Ä�

©�Å�e, ·�ê�/©ÛE[Q]ÚE[S]´XÛ�Xλ5Cz�.
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E
[Q
]

d=5, =0.05:0.05:0.95,!=1

ã4 �d = 2, 5�, 3�����n«Ä�©�Å�eE[Q]�ê�é'

� ��� ��� ��� ��� �
�

�

��

��

��

��

λ

	

�
�


���λ����������������µ��

�

�

� ��� ��� ��� ��� �
�

�

��

��

��

��

λ

	

�
�


���λ����������������µ��

�

�

 !"#

$% !

 !"&

 !"#

$% !

 !"&

ã5 �d = 2, 5�, 3�����n«Ä�©�Å�eE[S]�ê�é'

ã4�Ñ
�½�.�E[Q]�é�����n«Ä�©�Å��ê�é'. ·��±

wÑ: E[Q]�Xλ�O\
O\; 
�Xd�O\
~�. Ó�, ·���±wÑ: ��\\

�áè���½�.�²þ­�è����; ���Å\\è��²þ­�è�g�; �

�\\��è�XÚ�²þ­�è����.

ã5�Ñ
�½�.�E[S]�é�����n«Ä�©�Å��ê�é'. ·��±
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wÑ: E[S]�Xλ�O\
O\; 
�Xd�O\
~�. Ó�, ·���±wÑ: ��\\

�áè���½�.�²þ­�Ï3�m���; ���Å\\è��²þ­�Ï3�m

g�; ��\\��è�XÚ�²þ­�Ï3�m���. ·���±wÑ: ÀJd���,

��\\�áÚ\\���ü«�¹�E[S]�åÒ��.

3.4 V­Ä�����½�.

y3, ·��Ä���\����½�., §Ø=é����?1Ä���(d, n), 


��éÑÖL§¢�Ä���(f,m), Ù¥(f,m)L«3ù��½�.¥=k��ÑÖ�,

ÙÑÖ�mÑlÑÖÇ�Nµ��ê©Ù. �ÑÖ�é�����¤ÑÖ�, §Äkl

ùN��è�¥�ÅÕá/ÀJf ≥ 1�è�, ,�?\ùf�è�¥1m�è�����

�è�?1ÑÖ. XJ¤ÀJ�è�pkü�±þ�è�Ñ´1m����, @oÑÖ�

Ò¬3ù
è�¥�Å�ÀJ��è�?1ÑÖ. ÑÖ�é¤k���ÑÖÑ�Ìk�k

ÑÖ�K. 3ù��.¥, z�è����L§ÚÑÖL§Ñ´�pÕá�. éuù���

��½�.ã6�Ñ
£ã.

2

1

N 

d
N!

1

3

f

2

2

1

N 

d

 1

N!

1

f

2

(d,n) (f,m)

 3

 N

 2

ã6 V­Ä���SM(d, n; f,m)��½�.

-

hd,n(x) =
n−1∑
k=0

Ck
d (1− x)kxd−k, 0 ≤ x ≤ 1, 1 ≤ n ≤ d

Ú

gf,m(y) =
f∑

k=m

Ck
f y

k(1− y)f−k, 0 ≤ y ≤ 1, 1 ≤ m ≤ f.

-nk(t)L«3��tè�¥��kk���(�3�ÉÑÖ�@����O�3S)�ÑÖ�

ê, U
(N)
k (t) = nk(t)/NL«3��tè�¥��kk����ÑÖ�3N�ÑÖ�¥¤Ó�

�ê'~. aqu2.1!�êÆ©Û, -

πk = lim
t→+∞

lim
N→∞

E
[
U

(N)
k (t)

]
.
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XJ�½�.SM(d, n; f,m)´­½�, K§��½:)πk, k ≥ 0÷v����5�§|π0 = 1,

λ[hd,n(πk−1)− hd,n(πk)] = µ[gf,m(πk)− gf,m(πk+1)], k ≥ 1.

u´, ·��±¦)ù���5�§|, dd���½�.SM(d, n; f,m)��½:), ¿�

±éù�XÚ?15Uµd.

§4. ê¼CÄ�¸e��½�.

3þãü!¥·��Ñ
�Ñ\�ÑtL§ÚÑÖ�m��ê©Ù��a�½�.,

¿�?Ø
§��Ì�(J. 3�!¥, ·�é�½�.�Ñ��­��í2: Ñ\L§Ú

ÑÖL§É��u��ê¼CÄ�¸. ��5¿: ùaê¼CÄ�¸e��½�.äk�

©­��¢Só§d�. éuù�ê¼CÄ�¸e��½�., ·��Ñ
�½:�O�

�{, ¿ÏL�
ê��~éù��½�.?1
XÚ�5Uµd.

4.1 �½�.£ã

ù��½�.kN�Õá�Ó�ÑÖ�. ù
ÑÖ�Ñó�3Ó���ÅCÄ�¸¥,


�ù��¸�G�Cz�±K������ÇÚÑÖ��ÑÖÇ. ·��ù��ÅCÄ

�¸´��Ø��!�~��ê¼L§{J(t), t ≥ 0}, ÙG��m�

Ω ∈ {1, 2, . . . ,m,m+ 1, . . . ,m+ n}.

ù��ÅCÄ�¸{J(t), t ≥ 0}�G��±�p=�,ÙG�=£Ç�ci,j , 1 ≤ i, j ≤ m+n.

3�ÅCÄ�¸�z�G�þ, ����´��ÑtL§, z�ÑÖ��ÑÖ�mÑl

�ê©Ù, Ù¥��Ç!ÑÖÇÑ��ÅCÄ�¸�G�J(t)k'. XJ�ÅCÄ�¸

�G�J(t) = i ∈ Ω, @o�����ÇÒ�Nλi. ��ÅCÄ�¸�G�J(t) = i ∈
{1, 2, . . . ,m}�, ÑÖ��ÑÖÇ�µi; ��ÅCÄ�¸�G�J(t) = i ∈ {m + 1, . . .,

m+ n}�, ÑÖÇ�", d��ÑÖ�ØUÑÖ. z�����±�òlN�ÑÖ�¥�Å

Õá/ÀJd ≥ 1�ÑÖ�, ¿�\\�ùd�ÑÖ�¥è��á���. XJ3ÀJ�d�

ÑÖ�¥kü�±þè��è�Ñ´�á�, K��ò�Å�\\�?¿��è��á�

ÑÖ�¥. ?ÛÑÖ�é��?1�ÑÖÑ�Ìk�kÑÖ5K, ¿���ÚÑÖL§Ñ

´�pÕá�. ã7�Ñ
ù��ÅCÄ�¸e��½�.�XÚG�=£'X.

4.2 �©�§|�í�

éuk ≥ 0, ·�½Ânk;i(t)�3��t ≥ 0�3�Å�¸J(t) = ieè�¥��kk�

��(�3�ÉÑÖ�@����O�3S)�ÑÖ�ê. w,, 0 ≤ n
(N)
k;i (t) ≤ N , 1 ≤ i
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λ +
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λ + � �
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λ +� �

λ +

�
�
�

�
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�

�
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�


��
�

�
µ

�
µ

�
µ

�
µ

ã7 XÚG�=£ã«

≤ m+ n, k ≥ 0. -

U
(N)
k;i (t) =

nk;i(t)

N
, k ≥ 0.

KU
(N)
k;i (t)L«3��t!�Å�¸J(t) = ieè�¥��kk����ÑÖ�3N�ÑÖ�

¥¤Ó��ê'~.

·�-u
(N)
k;i (t) = E

[
U

(N)
k;i (t)

]
, k ≥ 0; u

(N)
k (t) =

(
u
(N)
k;1 (t), u

(N)
k;2 (t), . . . , u

(N)
k;m+n(t)

)
Ú

u(N)(t) =
(
u
(N)
0 (t), u

(N)
1 (t), u

(N)
2 (t), . . .

)
.

e¡, ·��±|^VÇ©Û�{5ïá�þu(N)(t)¤÷v�Ã¡��©�þ�§

|.

·�½Â

C =



−λ1 −
m+n∑
i6=1

c1,i c1,2 . . . c1,m+n

c21 −λ2 −
m+n∑
i6=2

c2,i . . . c2,m+n

...
...

. . .
...

cm+n,1 cm+n,2 . . . −λm+n −
m+n∑

i6=m+n

cm+n,i


,
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D =


λ1

λ2
. . .

λm+n

 , A =



µ1

µ2
. . .

µm

0
. . .

0


.

·��±��u(N)(t)¤÷v��©�§|�

du
(N)
0 (t)

dt
= u

(N)
0 (t)(C +D), (4.1)

¿��k ≥ 1�, k

du
(N)
k (t)

dt
=

[
u
(N)
k−1(t)− u

(N)
k (t)

]
DLk

(
u
(N)
k−1(t), u

(N)
k (t)

)
+u

(N)
k (t)(C +D)−

[
u
(N)
k (t)− u(N)

k+1(t)
]
A. (4.2)

4.3 �½:�O��{

XJ�34�πk = lim
t→+∞

lim
N→∞

u
(N)
k (t), k ≥ 1, =π = lim

t→+∞
lim

N→∞
u(N)(t), K

πk = (πk,1, πk,2, . . . , πk,m, πk,m+1, . . . , πk,m+n).

-

Lk(πk−1, πk) =
d∑

r=1
Cr
d

[m+n∑
j=1

(πk−1;j − πk;j)
]r−1(m+n∑

j=1
πk;j

)d−r
=

1
m+n∑
j=1

(πk−1;j − πk;j)

[(m+n∑
j=1

πk−1;j

)d
−
(m+n∑

j=1
πk;j

)d]
.

éuù�ê¼CÄ�¸e��½�., §��½:÷vÃ¡���5��þ�§|

π0(C +D) = 0, (4.3)

�k ≥ 1�,

(πk−1 − πk)Lk(πk−1, πk)D + πk[C +D]− [πk − πk+1]A = 0. (4.4)

�
¦)ù��½:¤÷v���5�þ�§|, ·�I�|^QBDL§�RG-©). �


Öö�B, ·�3N¹¥�Ñ
RG-©)��
Ä�(J, ��[�ïÄSN�ë�;

ÍLi (2010)9LiÚCao (2004).
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½n 4.1 �ù�ê¼CÄ�¸e��½�.?u²­G��,§��½:�?��

þ(π0e, π1e, π2e, . . .)kV­�ê(�πke = ρ(d
k−1)/(d−1), k ≥ 0. AO/, π0 = ω, Ù¥ω�

ê¼óC +D�²­VÇ�þ.

y²: é (4.4)ª�mü>Ó�¦±m + n�©þ�� 1���þ, 5¿� [C +

diag(De)]e = 0, ·�z{(4.4)��

(πk−1De− πkDe)Lk(πk−1 − πk)− (πk − πk+1)Ae = 0, k ≥ 1.

-πk = ηkω, KXêLk�±z{�(ηdk−1 − ηdk)/(ηk−1 − ηk), 2(Üλ = ωDe, µ = ωAe,

ρ = λ/µ, ·���

ρ(ηdk−1 − ηdk)− (ηk − ηk+1) = 0.

u´, ·�k

ηk = ρ(d
k−1)/(d−1), k ≥ 1. �

d½n4.1, ·���

Lk(πk−1, πk) =
(πk−1e)

d − (πke)
d

πk−1e− πke
=
ηdk−1 − ηdk
ηk−1 − ηk

def
= ζk.

-

Bk = C +D(1− ζk)−A

Ú

Q =


B1 ζ2D

A B2 ζ3D

A B3 ζ4D
. . .

. . .
. . .

 .

w,, Q´��Ø��Y²���QBDL§�Ã¡�)¤�. duB1 + ζ1D = C +D−µI,

¤±ù�Ý
Q´�~��.

|^Li (2010)9LiÚCao (2004)�'uQBDL§RG-©)�(J, ·�5O�Ý
Q�

����_Ý
.

�Ý
S�{Rk, k ≥ 1}´e���5Ý
�§|����K)

ζk+1D +RkBk+1 +RkRk+1A = 0,

�Ý
S�{Gk, k ≥ 2}´e���5Ý
�§|����K)

A+BkGk + ζk+1DGk+1Gk = 0,
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�Ý
{Uk, k ≥ 0}�

Uk = Bk+1 + ζk+2D(−Uk+1)
−1A

= Bk+1 +Rk+1A = Bk+1 + ζk+2DGk+1.

Ó�, ·���

R0 = ζ1D(−U1)
−1 Ú G1 = ζ1(−U1)

−1A.

�âR-ÿÝ{Rk, k ≥ 0}!G-ÿÝ{Gk, k ≥ 1}ÚU-ÿÝ{Uk, k ≥ 0}, |^Li (2010)9LiÚ

Cao (2004), ·��±��Ý
Q�RG-©)�

Q = (I −RU )UD(I −GL),

Ù¥

RU =


0 R0

0 R1

0 R2

. . .
. . .

 , UD = diag(U0, U1, U2, . . .)

Ú

GL =


I

G1 I

G2 I
. . .

. . .
. . .

 .

�âQ�RG-©), ·���Ý
Q�����_Ý
�

Q−1 = (I −GL)−1U−1D (I −RU )−1. (4.5)

d(4.4), ·��±C�ù�Ã¡��þ�§|�XeÝ
/ª

(π1, π2, π3, . . .)


B1 ζ1D

µI B2 ζ2D

µI B3 ζ3D
. . .

. . .
. . .

 = (−ωζ1D, 0, 0, . . .).

Ïd, ·���

(π1, π2, π3, . . .) = (−ωζ1D, 0, 0, . . .)(I −GL)−1U−1D (I −RU )−1.

u´, ·�k
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½n 4.2 ê¼CÄ�¸e��½�.��½:)�

π1 = ωζ1D(−U0)
−1,

πk = ωζ1D(−U0)
−1R0R1 · · ·Rk−2, k ≥ 2.

4.4 XÚ5U�I

-Q�?¿��ÑÖ��­�è�, K3­�eÑÖ��²þè��

E[Q] =
∞∑
k=1

k(πk − πk+1)e =
∞∑
k=1

πke =
∞∑
k=1

ρ(d
k−1)/(d−1).

-E[S]L«3­�e����3�½�.¥�²þÏ3�m, =l�����å, ���

¤ÑÖlmXÚ�������m�Ý. Ï�����XÚ�\\��áè��k�è�

¥�VÇ�(πk − πk+1)Ld(πk, πk+1)e, k ≥ 0, ¤±²þÏ3�m�þ��

E[S] =
1

µ
(ω − π1)Ld(ω, π1)e+

∞∑
k=1

k + 1

µ
(πk − πk+1)Ld(πk, πk+1)e

=
1

µ
(1− (π1e)

d) +
∞∑
k=1

k + 1

µ
((πke)

d − (πk+1e)
d)

=
1

µ

∞∑
k=0

(πke)
d =

1

µ

∞∑
k=0

ρ(d
k+1−d)/(d−1).

Ù¥(k + 1)/µL«k + 1���?\è��I��²þÏ3�m.
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d=1
d=2
d=5

ã9 �d = 1, 2, 5�, E[S]'uλ�Cz

������Çλ�(0.05, 0.95)�m�ê, ÑÖ��ÑÖÇµð�u1. �ÀJêd =

1, 2, 5�, ·�éê¼CÄ�¸e��½�.�E[Q]ÚE[S]?1
ê�©Û. ã8�«
ê

¼CÄ�¸e��½�.¥E[Q]'uλ�Cz, ·��±w�E[Q]�Xλ�O\
O\; 


�Xd�O\
~�. ã9�«
ê¼CÄ�¸e��½�.¥E[S]'uλ�Cz, ·��±

w�E[S]�Xλ�O\
O\, �Xd�O\
~�.

§5. ( å �

3�©¥, ·�{ü/nã
IS	Cc5é�½�.¤¼���
Ä�(J, ¿?

1
�©7��í2. ·��Ì�(J´�Ä
ÑÖ�ÑÖ��è���«#.�½�

.!é��L§���Ä���Å�!ÏLê��~ïÄ
þã­�¯K, �)é��\

\�áè�!�Å\\è�!\\��è��ØÓ�½�.?1
XÚ5U�ê�'�,

�Ñ§��Ç�`�©Û. ��, ·�éê¼CÄ�¸e��½�.?1
5Uµd, Jø


�½:�O��{, ¿?1
ê�©Û. �©�ïÄ�{éu)û�\���!'�E

,��½�.¥�Nõ­�¯K´'�k��. ·�@�: U
XÚ/uÐ�½�.�O

�nØ®²¤��.�ä]
+n+�¥��5ïÄ�­��K.

N¹A: RG-©)

3ù�N¹¥, ·�0�QBD�RG-©); 
éu��Ø��ê¼L§�RG-©),

Li (2010)�Ñ
XÚ5�?Ø.
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·��Ä��Ø���ëY�m�QBDL§{(Xt, Jt), t ≥ 0}, §�Ã¡�)¤��

Q =


A

(0)
1 A

(0)
0

A
(1)
2 A

(1)
1 A

(1)
0

A
(2)
2 A

(2)
1 A

(2)
0

. . .
. . .

. . .

 , (A.1)

Ù¥Ý
A
(k)
1 (k ≥ 0)´mk��, 
Ù¦Ý
��ê�±^B(½. ·�b�A

(0)
0 e + A

(0)
1 e

≤ 0ÚA
(k)
0 e+A

(k)
1 e+A

(k)
2 e ≤ 0, k ≥ 1.

-Ý
S�{Rl : l ≥ 0}Ú{Gk : k ≥ 1}©O���5Ý
�§|(A.2)Ú(A.3)���

�Kê)

A
(l)
0 +RlA

(l+1)
1 +RlRl+1A

(l+2)
2 = 0, l ≥ 0, (A.2)

A
(k)
0 Gk+1Gk +A

(k)
1 Gk +A

(k)
2 = 0, k ≥ 1, (A.3)

KU-ÿÝ{Ul : l ≥ 0}�

Ul = A
(l)
1 +RlA

(l+1)
2 = A

(l)
1 +A

(l)
0 Gl+1, l ≥ 0. (A.4)

�k ≥ 1�, Ý
Uk´�_�. Ý
U0´ÛÉ�, ��=�ù�QBDL§´~��.

éuª(A.1)�Ñ�QBDL§, §�UL-.RG-©)�

Q = (I −RU )ΨD(I −GL), (A.5)

Ù¥

RU =



0 R0

0 R1

0 R2

0
. . .

. . .


,

ΨD = diag(U0, U1, U2, U3, . . .),

GL =



0

G1 0

G2 0

G3 0
. . .

. . .


.

��5¿, ù�RG-©)==I�QBDL§�Ø���, 
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-

X
(l)
k = RlRl+1Rl+2 · · ·Rl+k−1, k ≥ 1, l ≥ 0 (A.6)

Ú

Y
(l)
k = GlGl−1Gl−2 · · ·Gl−k+1, l ≥ k ≥ 1, (A.7)

Kk

(I −RU )−1 =



I X
(0)
1 X

(0)
2 X

(0)
3 . . .

I X
(1)
1 X

(1)
2 . . .

I X
(2)
1 . . .

I . . .
. . .


(A.8)

Ú

(I −GL)−1 =



I

Y
(1)
1 I

Y
(2)
2 Y

(2)
1 I

Y
(3)
3 Y

(3)
2 Y

(3)
1 I

...
...

...
...

. . .


. (A.9)

XJQBDL§´Y²Õá�, Kk

Rk = R, k ≥ 1

Ú

Gl = G, l ≥ 2.

3ù«�¹e, ·��±��

(I −RU )−1 =



I R0 R0R R0R
2 . . .

I R R2 . . .

I R . . .

I . . .
. . .


(A.10)

Ú

(I −GL)−1 =
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I

G1 I

GG1 G I

G2G1 G2 G I
...
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. . .
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π0 = ϕν0 (A.12)

Ú

πk = ϕv0R0R1 · · ·Rk−1, k ≥ 1, (A.13)

Ù¥v0�ê��ÅóU = A
(0)
1 +R0A

(1)
2 �²­VÇ�þ, ¿��Kz~þϕ�

ϕ =
1

1 +
∞∑
k=0

v0R0R1 · · ·Rke

.
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[5] Graham, C., Chaoticity on path space for a queueing network with selection of the shortest queue

among several, Journal of Applied Probability, 37(1)(2000b), 198–211.

[6] Graham, C., Functional central limit theorems for a large network in which customers join the shortest

of several queues, Probability Theory and Related Fields, 131(1)(2005), 97–120.

[7] Luczak, M.J. and Norris, J., Strong approximation for the supermarket model, The Annals of Applied

Probability, 15(3)(2005), 2038–2061.

[8] Luczak, M.J and McDiarmid, C., On the maximum queue length in the supermarket model, The

Annals of Probability, 34(2)(2006), 493–527.

[9] Luczak, M.J and McDiarmid, C., Asymptotic distributions and chaos for the supermarket model,

Electronic Journal of Probability, 12(3)(2007), 75–99.

[10] Bramson, M., Lu, Y. and Prabhakar, B., Randomized load balancing with general service time

distributions, Proceedings of the ACM SIGMETRICS International Conference on Measurement and

Modeling of Computer Systems, 38(1)(2010), 275–286.

[11] Bramson, M., Lu, Y. and Prabhakar, B., Asymptotic independence of queues under randomized load

balancing, Queueing Systems, 71(3)(2012), 247–292.

[12] Li, Q.L., Lui, J.C.S. and Wang, Y., A matrix-analytic solution for randomized load balancing models

with PH service times, Performance Evaluation of Computer and Communication Systems: Mile-

stones and Future Challenges, 6821(2011), 240–253.

《
应
用
概
率
统
计
》
版
权
所
有



150 A^VÇÚO 1n�ò

[13] Li, Q.L. and Lui, J.C.S., Doubly exponential solution for randomized load balancing models with

Markovian arrival processes and PH service times, http://arxiv.org/abs/1009.4970, 2010.

[14] Vvedenskaya, N.D. and Suhov, Y.M., Dobrushin’s mean-fileld approximation for a queue with dy-

namic routing, Markov Processes and Related Fields, 3(1997), 493–526.

[15] Mitzenmacher, M.D., Richa, A. and Sitaraman, R., The power of two random choices: A survey of

techniques and results, Handbook of Randomized Computing, 1(2001), 255–312.

[16] Li, Q.L. and Dai, G.R., Recent progress on queueing processes in supermarket model, Submitted for

publication, 2013.

[17] Li, Q.L., Constructive Computation in Stochastic Models with Applications: The RG-Factorizations,

Springer and Tsinghua Press, 2010.

[18] Li, Q.L. and Cao, J., Two types of RG-factorizations of quasi-birth-and-death processes and their

applications to stochastic integral functionals, Stochastic Models, 20(3)(2004), 299–340.

Real-Time Dynamic Control in the Supermarket Models

and Some Numerical Analysis

Li Quanlin Du Ye Wang Meng Dai Guirong

(School of Economics and Management Sciences, Yanshan University, Qinhuangdao, 066004 )

The supermarket model is a dynamic randomized load balancing scheme for real-time dynamic con-

trol of large-scale parallel queuing network. It has many important practical applications in, for example,

computer networks, cloud computing, manufacturing systems and transportation networks. In this paper,

for the supermarket models we consider some important issues, such as, real-time dynamic control modes;

efficiency comparison; mean-field black hole; Markov changing environment; stability; fixed point; system

performance analysis. At the same time, we also study these important issues through some numerical ex-

amples, include performance comparison, and efficiency analysis for advantages and disadvantages among

the supermarket models with either customers joining the shortest queue, or customers joining any queue

randomly, or customers joining the longest queue. Further, we consider a more general supermarket model

under an Markov changing environment, and provide performance evaluation for the supermarket model

under an Markov changing environment.

Keywords: Supermarket model, randomized load balancing scheme, random changing environ-

ment, mean-field black hole, performance analysis, fixed point, stability.
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