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Á �

�(ξn)n∈N�üüNQD�ÅS�, �E|ξ1| = ∞, (an)n∈N´��î�üN4O�àS�. �©ò

Feller (1946)'uÕáÓ©ÙÏ"Ø�3�ÅS��4�½ní2�üüNQD�ÅS���/.

'�c: üüNQD�ÅS�, Borel-CantelliÚn, r4�½n.

Æ�©aÒ: O211.4.

§1. Ú ó

½Â 1.1 ¡r.v.S�(ξn)n∈N�üüNQD(Pariwise Negatively Quadrant Dependen-

t, NQD)�, eé?¿i 6= jþk

P(ξi > s, ξj > t)− P(ξi > s)P(ξj > t) ≤ 0, s, t ∈ R. (1.1)

üüNQDS�´�¹üüÕá3S��~2���a�ÅS�, NõK�'�Vg

Ñ´3dÄ:þ�ûÑ5�, Í¶�NA�[2]Ò´ÙA~��. ÏdéuüüNQDS��

ïÄÒw���Ä�, Ó��\(J. �8c��, ®k�þ©z?Ø
üüNQDS�

�4�5�, Ù¥�)Matula (1992)¼�
Ó©Ù�üüNQD��Kolmogorov.r�ê

½Æ; ���, �WÚ4NI(1998)3N\
,«·Ü^��¼�
Ó©Ù�üüNQD

S��Marcinkiwicz-Zygmundr�ê½ÆÚBaum-Katz��Âñ5½n; [�&Ú�²

ö(2008)?Ø
üüNQDS��r­½5; Ç+=(2002)K?Ø
üüNQD��n?ê½

n, Kolmogorov-Chung.r�ê½Æ, ¼�
�Õá|Ü���Baum-Katz��Âñ5½

n. �¦�þ´3b��ÅCþêÆÏ"�3�cJeïÄNQD�ÅS��4�5�, �

©·�?ØÏ"Ø�3�NQD�ÅS��r4�5�, òFeller3©z[1]¥'uÕáÓ©

ÙÏ"Ø�3�ÅS��r4�½ní2�üüNQD�/.

PN = {0, 1, 2, . . .}, N+ = {1, 2, 3, . . .}.

½Â 1.2 ¡r.v.S�(an)n∈N�àS�, eé?¿∀n ∈ N+þkan+1 − an ≥ an −
an−1.
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§2. Ì�(Ø

3�ÑÌ�(J9Ùy²�c, ·�k�Ñe¡�Ún:

Ún 2.1 (�[7]) �(An)n∈N+����Å¯�, e
∞∑
n=1

P(An) =∞, K

P(An, i.o.) ≥ lim sup
n

( n∑
i=1

P(Ai)
)2

n∑
i,j=1

P(Ai ∩Aj)

.

Ún 2.2 (�[8]) �ξ´�K�ÅCþ, K

∞∑
n=1

P(ξ ≥ n) ≤ Eξ ≤ 1 +
∞∑
n=1

P(ξ ≥ n).

Ún 2.3 (�[4]) e{ξn}n∈N+´üüNQD�ÅS�, f(·)´üN¼ê(↗½↘), K

{f(ξn)}n∈N+�´üüNQD�ÅCþS�.

Ún 2.4 (�[3]) �{ξn}n∈N+�Ó©ÙüüNQD�ÅS�, eE|ξ1| <∞, K

lim
n→∞

ξ1 + · · ·+ ξn
n

= Eξ1, a.s..

e¡�Ñ�©�Ì�(J9Ùy².

½n 2.1 �(ξn)n∈N´Ó©ÙüüNQD�ÅS�, E|ξ1| = ∞, Sn =
n∑

i=1
ξi, (an)n∈N

´��î�4O�àS��Ä�a0 = 0. K

(1) e
∞∑
n=1

P(|ξn| > an) =∞, KP(|Sn| > an, i.o.) = 1.

(2) e
∞∑
n=1

P(|ξn| > an) <∞, KP(|Sn| > an, i.o.) = 0.

y²: (1) (an)n∈N´��î�4O�àS��a0 = 0, ´�{an/n}n∈N+l,�mm

©´�ü��ª�u+∞.

b�þã(ØØ¤á, K∃ c > 0, ¦�é∀n ∈ N, kan ≤ cn. ddk
∞∑
n=1

P(|ξ1| > cn) ≤
∞∑
n=1

P(|ξ1| > an) <∞.

dÚn2.2´�
E|ξ1|
c

<∞.

�E|ξ1| =∞gñ! l
��∃N > 0, �n > N�, ka2n > 2n > n.

dE|ξ1| = ∞ (E|ξ1|k¿Â, ��=�Eξ+1 = ∞, Eξ−1 < ∞½Eξ+1 < ∞, Eξ−1 = ∞), Ø

��Eξ+1 =∞, Eξ−1 <∞, KdÚn2.2�

∞∑
n=1

P(ξ−1 ≥ n) <∞.
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u´

∞∑
n=1

P(ξ−1 ≥ a2n) < N +
∞∑

n=N+1

P(ξ−1 ≥ a2n) < N +
∞∑

n=N+1

P(ξ−1 ≥ n) <∞. (2.1)

du(an)n∈N´î�4O�, Kéu∀n ∈ N, ka2n−1 < a2n < a2n+1, �(ξn)n∈N´Ó

©Ù�, u´

∞∑
n=1

P(|ξ2n+1| > a2n+1) ≤
∞∑
n=1

P(|ξ2n| > a2n) ≤
∞∑
n=1

P(|ξ2n−1| > a2n−1).

w,
∞∑
n=1

P(|ξ2n| > a2n)Ú
∞∑
n=1

P(|ξ2n−1| > a2n−1)äk�Ó�ñÑ5, qdu
∞∑
n=1

P(|ξn| >

an) =∞, ¤±
∞∑
n=1

P(|ξ2n| > a2n) =∞.

5¿�
∞∑
n=1

P(|ξn| > a2n) =
∞∑
n=1

P(|ξ2n| > a2n) = ∞ ((ξn)n∈N´Ó©Ù�)±9{|ξn| >

a2n} ⊆ {ξ+n > a2n} ∪ {ξ−n > a2n}, K

∞ =
∞∑
n=1

P(|ξn| > a2n) ≤
∞∑
n=1

P(ξ+n > a2n) +
∞∑
n=1

P(ξ−n > a2n). (2.2)

d(2.1)Ú(2.2)ª, �
∞∑
n=1

P(ξ+n > a2n) =∞. dÚn2.3�(ξ+n )n∈NE´üüNQD�ÅS

�. -An = (ξ+n > a2n), dÚn2.1, k

P(An, i.o.) ≥ lim sup
n→∞

( n∑
i=1

P(Ai)
)2

n∑
i,j=1

P(Ai ∩Aj)

≥ lim sup
n→∞

( n∑
i=1

P(Ai)
)2

n∑
i=1

P(Ai) +
n∑

i6=j,i,j=1

P(Ai)P (Aj)

= lim sup
n→∞

( n∑
i=1

P(Ai)
)2

( n∑
i=1

P(Ai)
)2

+
n∑

i=1
P(Ai)(1− P(Ai))

≥ lim sup
n→∞

( n∑
i=1

P(Ai)
)2

( n∑
i=1

P(Ai)
)2

+
n∑

i=1
P(Ai)

= 1.

=�P(ξ+n > a2n, i.o.) = 1, dd��P(|ξn| > a2n, i.o.) = 1, 5¿�a2n ≥ 2an, u´

P(|Sn − Sn−1| > 2an, i.o.) = 1 =⇒ P(|Sn|+ |Sn−1| > 2an, i.o.) = 1.
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�P(|Sn| > an, i.o.) = 1 (�[y²�N¹1).

(2) �r ≥ m, -

cn =

(n/r)ar, XJn = 0, 1, . . . , r;

an, XJn = r + 1, r + 2, . . . ,

K{cn}n∈N�´î�4O�àS�. 2-

B(x) = (cn+1 − cn)(x− n) + cn, x ∈ [n, n+ 1), n = 0, 1, 2, . . . .

5¿�, B′(x) = cn+1 − cn, x ∈ [n, n+ 1), n = 0, 1, 2, . . ., ´�B′(x)'ux´�ü¼ê, l


��B(x)�î�4O�à¼ê.

Pηn = B−1(|ξn|/2), Tn = η1 + η2 + · · ·+ ηn, Sn = |ξ1|+ |ξ2|+ · · ·+ |ξn|, n ∈ N, q

∞∑
n=1

nP(an < ξ+1 ≤ an+1) ≤
∞∑
n=1

P(ξ+n > an) ≤
∞∑
n=1

P(|ξn| > an) <∞,

Ón,
∞∑
n=1

nP(an < ξ−1 ≤ an+1) ≤
∞∑
n=1

P(ξ−n > an) ≤
∞∑
n=1

P(|ξn| > an) <∞.

d{an/n}n∈N+´,�mm©4O�Ã¡�, K

lim
n→∞

n

an
= 0.

À�·��qÚr�q ≤ r, ¦�

∞∑
n=q

(n+ 1)[P(an < ξ+1 ≤ an+1) + P (an < ξ−1 ≤ an+1)] <
1

6
,

r

ar

[ ∫ aq

0
xdP(ξ+1 ≤ x) +

∫ aq

0
xdP(ξ−1 ≤ x)

]
<

1

4
.

dB(x)´î�üN4O�à¼ê, ´�B−1(x)´î�üN4O�]¼ê, ·��

B−1
(x+ y

2

)
≤ max{B−1(x), B−1(y)} ≤ B−1(x) +B−1(y).

¤±

Tn
n

=
B−1(|ξ1|/2) +B−1(|ξ2|/2) + · · ·+B−1(|ξn|/2)

n

≤ B−1(ξ+1 )+B
−1(ξ+2 )+· · ·+B−1(ξ+n )+B−1(ξ

−
1 )+B

−1(ξ−2 )+· · ·+B−1(ξ−n )
n

. (2.3)
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5¿�

EB−1(ξ+1 ) + EB−1(ξ−1 )

=

∫ ∞
0

B−1(x)dP(ξ+1 ≤ x) +
∫ ∞
0

B−1(x)dP(ξ−1 ≤ x)

=

∫ cr

0
B−1(x)dP(ξ+1 ≤ x) +

∫ ∞
cr

B−1(x)dP(ξ+1 ≤ x)

+

∫ cr

0
B−1(x)dP(ξ−1 ≤ x) +

∫ ∞
cr

B−1(x)dP(ξ−1 ≤ x)

=
r

ar

(∫ ar

0
xdP(ξ+1 ≤ x) +

∫ ar

0
xdP(ξ−1 ≤ x)

)
+
∞∑
n=r

(∫ cn+1

cn

B−1(x)dP(ξ+1 ≤ x) +
∫ cn+1

cn

B−1(x)dP(ξ−1 ≤ x)
)

≤ r

ar

(∫ aq

0
xdP(ξ+1 ≤ x) +

∫ aq

0
xdP(ξ−1 ≤ x)

)
+
r

ar

r−1∑
n=q+1

(∫ an+1

an

xdP(ξ+1 ≤ x) +
∫ an+1

an

xdP(ξ−1 ≤ x)
)

+
∞∑
n=r

B−1((cn+1)P(cn < ξ+1 ≤ cn+1) + P(cn < ξ−1 ≤ cn+1))

≤ 1

4
+

r

ar

r−1∑
n=q+1

(n+ 1)
an+1

n+ 1
(P(an < ξ+1 ≤ an+1) + P(an < ξ−1 ≤ an+1))

+
∞∑
n=r

(n+ 1)(P(an < ξ+1 ≤ an+1) + P(an < ξ−1 ≤ an+1))

≤ 1

4
+

1

6
=

5

12
, a.s. (� n→∞). (2.4)

��5`, {ηn}n∈N+Ø2´üüNQD�ÅS�,5¿�B(x)´î�4O��{ξ+n}n∈N+

�{ξ−n }n∈N+Ñ´üüNQD�, dÚn2.3�{B−1(ξ+n )}n∈N+Ú{B−1(ξ−1 )}n∈N+E,´üü

NQD�ÅS�. d(2.4)ª��B−1(ξ+n ), (n ∈ N+)�B
−1(ξ−1 ), (n ∈ N+)�Ï"Ñ�3, l


EB−1(|ξ1|/2)�3. dÚn2.4'uüüÓ©ÙNQD�ÅS��r�ê½Æ, �

P
(
lim
n

B−1(ξ+1 ) +B−1(ξ+2 ) + · · ·+B−1(ξ+n )

n
= EB−1(ξ+1 )

)
= 1 (2.5)

±9

P
(
lim
n

B−1(ξ−1 ) +B−1(ξ−2 ) + · · ·+B−1(ξ−n )

n
= EB−1(ξ−1 )

)
= 1. (2.6)

d(2.3)!(2.4)!(2.5)Ú(2.6)ª, ��

P
(
lim
n

Tn
n
≤ 5

12

)
= 1. (2.7)

=, �n→∞�, Tn ≤ (5/12)n, a.s..
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duB(x)´î�4O�à¼ê, ·��é∀n ∈ N, xn ≥ 0, kB(x1 + x2 + · · ·+ xn) ≥
B(x1) + B(x2) + · · · + B(xn) (äNy²�N¹2). �∃N ∈ N, �n > max{N, r, 6}�, d

(2.7)ª�

|Sn| ≤ Sn = 2(B(η1) +B(η2) + · · ·+B(ηn)) ≤ 2B(Tn) ≤ 2B
(5n
12

)
, a.s..

�n�óê�, en/2 > r, K

2B
(5n
12

)
≤ 2B

(n
2

)
= 2an/2 ≤ an;

en/2 ≤ r, K
2B
(5n
12

)
≤ 2B

(n
2

)
= n

(ar
r

)
≤ an.

�n�Ûê�, n− 1�óê, K

2B
(5n
12

)
≤ 2B

(n− 1

2

)
≤ an−1 < an

(ùÒ´��o·��¦n > 6). K|Sn| ≤ an, a.s..

l
�P(|Sn| > an, i.o.) = 0. �

N ¹

1. y²e(|Sn|+ |Sn−1| > 2an, i.o.) = 1, KP(|Sn| > an, i.o.) = 1.

y²: �|Sn| ≥ |Sn−1|�, KP(|Sn| > an, i.o.) = 1; �|Sn| < |Sn−1|�, KP(|Sn−1| >
an, i.o.) = 1. qan ≥ an−1, �P(|Sn−1| > an−1, i.o.) = 1.

nþ�yP(|Sn| > an, i.o.) = 1. �

2. é∀xn ≥ 0, kB(x1+x2+ · · ·+xn) ≥ B(x1)+B(x2)+ · · ·+B(xn), Ù¥B(0) = 0.

y²: é?¿�½��K¢êy, -f(x) = B(x+ y)− B(x), x ≥ 0, Kf ′(x) = B′(x

+ y) − B′(x), dB(x)î�4O�à¼ê�f ′(x) ≥ 0, Kf(x)�ü, l
f(x) ≥ f(0), q

B(0) = 0, �B(x+ y) ≥ B(x) +B(y), |^êÆ8B{, ´�(Ø¤á. �
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A Limit Theorem for Pairwise NQD Random Sequence

Mu Yan Wang Zhongzhi

(School of Mathematics & Physics, Anhui University of Technology, Ma’anshan, 243002 )

Let (ξn)n∈N be a sequence of pairwise negatively quadrant dependent random variables with E|ξ1| =

∞ and let (an)n∈N be a sequence of strictly increasing convex numbers. In this paper, the Feller (1946)’s

work on independent identically distributed variables with infinite expectation is extended to the case of

pairwise negative quadrant dependence random variables.

Keywords: Pairwise NQD random variables, Borel-Cantelli lemma, strong limit theorem.
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