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�±/d����­è�^�¼�/ªê�L�, =

X 7−→ inf
Q∈Q

EQ[U(X)].

ùpU´���^¼ê, Q´�aVÇÿÝ, Q¥����±)º��U£ã�5¤k�
µVÇ�k��., éù
k��.�Ï"�^�e(.´�<s��/. TalayÚZheng

(2002)Ò�Ä
ù«a. Ðe��`Ý]ûü©Û. d	, Quenez (2004)^�Å���

{)û
3­è�/e��`Ý]üÑ. Becherer (2006)ÚMuller (2005)$^���Å�

©�§O�Ñ�`Ý]|Ü�). Schied (2004, 2008)ïÄ
�­è�^�¼9ºxÝþ

��`Ý]¯K. BurgertÚRuschendorf (2005)�Ä
3�.Ø(½e��`�¤üÑ¯

K. Cc5, �XéónØÚ��{�Eâ�2�A^�, ��3�þ©zé�`Ý]¯

K?1
�'�?Ø, XSchiedÚWu (2005)9Gundel (2005)¦�Ñ/déónØ½´�

�{)û
­è`z¯K. FollmerÚGundel (2006)&?
32Â�ÿÝe�­è�K¯

K, ¿�Ñ�`Ý]|ÜÀJ. Cvitanic�(2001), KaratzasÚZitkovic (2003)9Hugonnier

ÚKramkov (2004)�©z�Ä
�n<3Â�,
�	�Å�D���`�¤L§.

BauerleÚRieder (2007)3Markov���.e, �Ñ�`Ý]|Ü¯K�). Hernandez-

HernandezÚSchied (2007))û
3��v�e, �kéê�^e�¤�­è��z¯K.

Fei (2007)ïÄ
�ýÏ��`�¤Ý]¯K, í2
yk��.. Fei (2009)^����

�^�\�²þ(=^α-MEU)ïÄ
�`Ý]|ÜÀJ¯K. ¤�ÕÚoÔï(2012)ïÄ


Ý]ö3KnightØ(½e�kÏä��`�¤ÚÝ]ûü¯K, ¿ÒCRRA�^Ý]

ö, ïá
²(��`�¤Ý]úª. ¤�Õ�(2013)&?
KnightØ(½e�ÄK�^

��¤Ý]¯K. g�¸�(2010)?Ø
CòyÇe�¹
ÚýÏ�Ý]¯K. ¸áñÚ

u¯(2012)ïÄ
ÄuGAØ(½5�ÅÅÄÇÏ�½d¯K. Wittmuss (2008)?Ø
�

�Å�D�­è�`�¤¯K. Wittmuss (2010)$^��{ÚéónØ��{&?
3

�.Ø(½e�`Ä��¤6�¯K(=�^¼ê�Ú�¤6k'), ¿�Ñ�¤ÚÝ]'

Ç�`)��35Ú��5, Ó�òÙ(J$^�Markov���.�A^¥, 3T�.¥

�Ý]ö�kéêÚV­ýéºx���^¼ê, ��?Ø
Ý]ö´ºx��.Úº

xUÐ.ü«4à��/, ¿�Ñ�A��`�¤ÚÝ]'Ç. {¯D�(2014)&?
3

�.Ø(½�¸e�`Ä�Ý]¯K(=�^¼ê�ÚªàãLk'). FeiÚFei (2013)$

^g�5Ï"ÚG-ÙK$ÄnØÄgJÑ
�Å����`z�n, ¿3dnØµee

�Ä
�`�¤ÚÝ]ÀJ¯K. ¤�Õ�(2014)ïÄ
GAØ(½ÚÜ©&Ee��`

�´üÑ¯K. ù]�(2014)?Ø
KnightØ(½9Å�=��¸e�Ïä��`Ý]À

J¯K. oï�(2013)éGAØ(½e]�ÂÃÇu)®Ï��`Ý]�.?1
ïÄ.

Fei (2012)3α4�4�ýÏØCO��5�^e, &?
Ã��m«mþ�Ý]ö, 3«

©¹
Ú¹
�Ý��`�¤sa!]���9ò>ÀJ¯K, �3�Ñ�`ò>�m�

Ó�, ¿í�Ñò>c9ò>��`�¤saÚ]����4.). �Æ��(2014)�Ä
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GAØ(½�¸e�½ø±.�PÄ7�`Ý]üÑ¯K.

�©´ÄuWittmuss (2010)Ú{¯D�(2014)�Ä:þ¤?Ø�, ·��Ä�n<¿

£��5ºx±9Ø(½. Äk, ·�´3�����µeeïÄ�`�¤ÚÝ]¯K, �

n<Ý]u�¦½|, ¿Â��°�	��Å�D. ·�/ÏuéónØ!��{�&?

ù��¤ÚÝ]|Ü¯K. Ùg, ·�´3��äN�Markov���.¥, ^�Å��E

â�O��`�¤ÚÝ]|Ü�üÑ. �,·��½¤?Ø�¯K´��­è`z¯K.

�·��Wittmuss (2010)9{¯D�(2014)�ØÓ�?´: ·��.¥��^¼êØ=Ú

�¤6k', 
��ÚªàãLk', =�n<Áã��z

inf
Q∈Q

E
[( ∫ T

0
U1(t, ct)dt+ U2(Xx,c,π

T )
)

+ γ(Q)
]
, (1.1)

Ù¥, γL«��v¼ê, 3�¡·�ò¬^�ù�L�ª. 3�©¥, ·���^�­è

 Ð�¼ÚÀ1ºxÿÝ�m�éX. ¯¤±�, ºxÝþÒ´rºx=z���¢S�

�L§, 
����ºxÝþ´ºxÝþρ÷vüN5, à5, Ó�5Ú²£ØC5. à5

¿�Xõ�zÝ]|Ük�����ºx. �éu��ºxÝþ, k

ρ(X) = sup
Q∈Q

EQ(−X).


éu����àºxÿÝ, k

ρ(X) = sup
Q∈Q

(EQ(−X) + γ(Q)).

,��¡, ��Ä¹
�, du·�b½�n<´Ø(½��., ùÒ¿�X�n<d�o

U�k���U�éÀ, ±ü$ºx. �,, �¬k¹
UÐ�Ý]ö, éuù«Ý]ö,

·��±/de¡ªfï�, =

sup
Q∈Q

EQ

(∫ T

0
U1(t, ct)dt+ U2(Xx,c,π

T )
)
.

e´é0u¹
��Ú¹
UÐö�m�Ý]ö, K�±/dα-MEU?1ï�, ¿��O

ÂÃX, �=

α inf
Q∈Q

EQ

[ ∫ T

0
U1(t, ct)dt+ U2(Xx,c,π

T )
]

+ (1− α) sup
Q∈Q

EQ

(∫ T

0
U1(t, ct)dt+ U2(Xx,c,π

T )
)
,

∀α ∈ [0, 1]. 3�©¥, ·���Äα = 1�AÏ�/.

§2. �.µeÚéónØ

3�!¥, du·�´3�����µeeïÄ�`�¤Ý]|Ü¯K, ��n<Ý

]u�¦½|, ¿Â��°�	��Å�D, 
�·�3�©¥��Ä¹
��Ý]ö. �

�n<Áã��z(1.1)ª.
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Äk, ·��Ñù�¯K�éó¼ê. �Ï~��^��znØ��, ¦�éó¯K

´òÙ��z¯K=z¤����z¯K. �,, ùp�e(.´3�éA�éó8Dþ
���, 
ù�éó83,«§Ýþ��d�ÿÝ8Mk'. 3�¡·��òïÄ���

z¯K�)Úéó¯K�)�5�9Ù¦��m�'X. =�y²ùü�¯K�)´�3

�!���, 
��´*d�Ý�. ����y²�¯K�)�éó¯K�)´�d�.

·��Ä���n<Áã��z5gu�¤6ÚªàT��ãL��^, �=(1.1)ª, T

�n<�D���Ð©]�¿�X�m�í£Â����	��Å�D, ·�b��n

<òÐ©]�Ú�Å�DÝ]�d�ºx]�¥. �&E6(Ω,F , (Ft)0≤t≤T ,P)÷vÏ~�

^�, 7K½|�b½´Ã@|�, ��duVÇÿÝP�þ�8M��, Ý]|ÜL§�

θ = (θt)0≤t≤T , �

∫ t

0
θudSule�k., Ð©]�P�x, �Å�D´���4~, ·A�

RCLLL§��E = (Et)0≤t≤T , 2-ªàãL�K, =

x+ ET +

∫ T

0
θtdSt ≥ 0. (2.1)

-πit = θitS
i
t/XtL«t��Ý]�1i�ºx]�þ�ãL'~, πit = (π1

t , . . . , π
2
t ). PA(x)

�÷v(2.1)ª�¤k�U��¤Ý]|Ü(c, π)�8. 5gu�¤ÚªàãL��^�Ï

L�^¼êÚ��v�γ5£±�­è�^�¼5�O. �°(/`, ´�n<Áã��z

inf
Q�P

(
EQ

[ ∫ T

0
U1(t, ct)dt+ U2(Xx,c,π

T )
]

+ γ(Q)
)
. (2.2)

Äk, þª¥��^¼êU1(t, x), U2(x)le�k., Ùgù��^�¼ÚàºxÿÝ´;

��é�, �

ρ(Y ) := sup
Q�P

(EQ[−Y ]− ρ(Y )).

v¼êγ�b½´le�k.�, �

γ(Q) = sup
Y ∈L∞(P)

(EQ[−Y ]− ρ(Y )).

d	, éuγ, U1(t, x), U2(x), ·�I�e¡�b�.

b� 2.1 ·�b½ºxÝþρ´le�ëY, =S�(Yn) ⊂ L∞(P)üN4O�Y ∈
L∞(P), kρ(Yn)↘ ρ(Y ). �é¤kY ∈ L∞− (P) \ {0}, ρ(Y )ð��.

b� 2.2 é�½��mt ∈ [0, T ], �^¼êU1(t, ·), U2(·)´î�]!�4~!ëY�
��é¤k�t ≥ 0, k lim

x→0
U1x(t, x) =∞, lim

x→0
U2
′(x) =∞Ú lim

x→∞
U1x(t, x) = 0, lim

x→∞
U2
′(x)

= 0. >S�^´0uü�üN4~ëY¼ê�m, =

K1(x) ≤ U1x(t, x) ≤ K2(x), K1(x) ≤ U2
′(x) ≤ K2(x).
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� lim
x→∞

sup[K2(x)/K1(x)] <∞, lim
x→∞

inf
t∈[0,T ]

U1(t, x) > 0, lim
x→∞

U2(x) > 0. AOk

lim
x→∞

sup
(

sup
t

xU1x(t, x)

U1(t, x)

)
< 1, lim

x→∞
sup

(xU2
′(x)

U2(x)

)
< 1.

�
;��O

EQ

([ ∫ T

0
U1(t, ct)dt+ U2(Xx,c,π

T )
]

+ γ(Q)
)

��, ��`z¯K¥�ÿÝ8´7��, �-Q = {Q� P|γ(Q) <∞}, K`z¯K�

max
(c,π)∈A(x)

inf
Q�P

(
EQ

[ ∫ T

0
U1(t, ct)dt+ U2(Xx,c,π

T )
]

+ γ(Q)
)
. (2.3)

duA(x)�¤k�U��¤Ý]|Ü(c, π)�8, y3·��½Â��z¯K��¼ê

u(x) = sup
(c,π)∈A(x)

inf
Q∈Q

(
EQ

[ ∫ T

0
U1(t, ct)dt+ U2(Xx,c,π

T )
]

+ γ(Q)
)
. (2.4)

eT��ªàãL�á=�¤, KþªÒ¤�Wittmuss (2010)¤?Ø��/. �e5·�

ò^éónØ5�x(2.4)�). ��dþ�ÿÝM�f∗4�(weak∗-closure)8D�éó
«�, ·�^D5�ÄT(2.4)ª�éó¯K. �z�R ∈ D, 7k��K�RCLLþ�Y R =

(Y R
t )t∈[0,T ] (Y Ré�ÝL§Rr´þ�, Ù¥Rr´R���©)��KÜ©). Y R��3

5, Y R9D�5��ë�KaratzasÚZitkovic (2003). PÒ〈R, ET 〉L«;K�é(canonical

pairing),�〈R, IΩ〉=1. ePQe :={Q∈Q|Q∼P}, UQ(c) = EQ

[∫ T

0
U1(t, ct)dt+U2(Xx,c,π

T )
]
,

uQ(x) = sup
(c,π)∈A(x)

UQ(c). �ku(x) = inf
Q∈Q

(uQ(x) + γ(Q)). 2d?�t��]��Kù��

å^�9Wittmuss (2010)�3.2!éóÜ©aqí�, �íÑéó¯K��¼ê

v(y) = inf
Z∈Z

(
inf
R∈D

(
E
[
Z

∫ T

0
V1

(
t, y

Y R
t

Zt

)
dt+ ZV2

(
y
Y R
T

ZT

)])
+ y〈R, ET 〉+ γ(Z)

)
, (2.5)

Ù¥V1´U1�à�Ý¼ê, V2´U2�à�Ý¼ê, =V1(t, y) = sup
x≥0

(U1(t, x)− xy), V2(y) =

sup
x≥0

(U2(x) − xy), �Z = dQ/dP, Z = {dQ/dP|Q ∈ Q}; Zt = E[dQ/dP|Ft ]. �
PÒ��

B, P

VQ(Y R) = EQ

[ ∫ T

0
V1(t, Y R

t )dt+ V2(Y R
T )
]
.

·�½Â¼êuQ�3Ì*VÇÿÝQe�`z¯K�), K·��±½Â�����éA

�éó�¼êvQ(y)�

vQ(y) = inf
R∈D

(
VQ
(
y
Y R

ZQ

)
+ y〈R, ET 〉

)
.
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5P 1 Ú\àºxÝþ´�)º�éØÓ�/�ÿÝQ¥����/��{. ��

n<�â�½�ÿÝQ�µ��^, ù�)ºq��´Ün�, �3ù�ÿÝe¤k÷v]

��å�üÑ�AT´�#N�. Ïd, éó«��6uÿÝQ, �´, ·�5½é½|�

b�Ú�´üÑ=�ÿÝPk'. ^ÿÝP
Ø´ÿÝQ��ÏÒ´·�^ºxÝþ���

n<� Ð�., 
Ø´^ý¢�½|����.. d	, �<s�/�ÿÝ�U¬#N@

|, Ïd, �
üØ@|Å¬, 3ÿÝPe·����
#N^�´7��.

�
A^éónØ, ·�ke¡�b�.

b� 2.3 b��3Q0 ∈ Qe, ¦�é,x > 0, kuQ0(x) <∞¤á.

ù�b�´7L�, aquKaratzasÚZitkovic (2003)¥�
(�3Ì*VÇÿÝQ0

e, �¯KÚéó¯K�)�3. d	·���±�ÑuQ0ÚvQ0´éó¼ê, �±ë�

KaratzasÚZitkovic (2003)¥½n3.10. 3·�¤?Ø�­è�/e, ·��kaq�(J,

=ke¡�½n.

½n 2.1 eþ¡b�2.1, 2.2Ú2.3þ¤á, Kk

(1) �¼êuÚv����k��, �÷vu′(∞−) = 09v′(0+) = 0.

(2) �¼êu÷v

u(x) = sup
(c,π)∈A(x)

inf
Q∈Q

(
EQ

[ ∫ T

0
U1(t, ct)dt+ U2(Xx,c,π

T )
]

+ γ(Q)
)

= inf
Q∈Q

sup
(c,π)∈A(x)

(
EQ

[ ∫ T

0
U1(t, ct)dt+ U2(Xx,c,π

T )
]

+ γ(Q)
)
.

(3) �¼êuÚv´�p�Ý�, =

u(x) = inf
y>0

(v(y) + xy), v(x) = sup
x>0

(u(x)− xy),

cÙv´à�.

(4) v��ê÷v

v′(∞−) ∈
[

inf
R∈D
〈R, ET 〉, sup

R∈D
〈R, ET 〉

]
.

eET = 0, KuÚv��ê÷vu′(0+) =∞9v′(∞−) = 0.

(5) �3éó¯K���)(Q̂, R̂) ∈ Q×D, =

v(y) = V
Q̂

(
y
Y R̂

ZQ̂

)
+ y〈R̂, ET 〉+ γ(Q̂).

(6) é?�x > 0, 7�3���`�¤Ý]üÑ(ĉ, π̂) ∈ A(x), e(Q̂, R̂)´éó¯K�

), éy > 0, x = −v′(y), K

u(x) = inf
Q∈Q

(UQ(ĉ) + γ(Q)) = U
Q̂

(ĉ) + γ(Q̂) = u
Q̂

(x) + γ(Q̂),
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�ĉt = I1(t, ŷY R̂
t /Ẑt), X̂

x,c,π
T = I2(ŷY R̂

T /ẐT ), Ù¥,

Ẑ =
dQ̂

dP
, Ẑt = E[Ẑ|Ft], I1(t, ·) =

(∂U1

∂x
(t, ·)

)−1
, I2(·) =

(∂U2

∂x
(·)
)−1

.

�
y²þã½n2.1, aquWittmuss (2010)�Ún3.13, ·�ke¡Ún.

Ún 2.1 �3Ẑ ∈ Z9R̂ ∈ D, ¦�

v(y) = E
[
Ẑ

∫ T

0
V1

(
t, y

Y R̂
t

Ẑt

)
dt+ ẐV2

(
y
Y R̂
T

ẐT

)]
+ y〈R̂, ET 〉+ γ(Ẑ).

·�Ú3c¡éó¯K¥Qe½Âaq, ·�½ÂQfeL«÷v^�Q ∈ Qe�uQ(x) <

∞ (é,x > 0). �e5, ·�y²ùü�ÿÝ8þ�éó¼ê´���, =·�ke¡�

Ún.

Ún 2.2 ­è¯K(2.4)�éó�¼ê÷v

ṽ(y) = v(y) = inf
Q∈Qfe

(vQ(y) + γ(Q)) = inf
Q∈Qe

(vQ(y) + γ(Q)).

Ún 2.3 é?¿x > 0, 7�3���¤Ý]|Ü(ĉ, π̂) ∈ A(x), ¦�

inf
Q∈Q

(
EQ

[ ∫ T

0
U1(t, ĉt)dt+ U2(X̂x,ĉ,π̂

T )
]

+ γ(Q)
)

= u(x).

þ¡ü�Úny²�{aquWittmuss (2010)¥Ún3.14ÚÚn3.16�y².

�e5, ·��±^þ¡n�Ún�(Ø5y²½n2.1.

y²: (1)∼(3) du÷vþãn�b�^�, �dSchied (2007)¥�½n2.3Ú2.5, K

�íÑ(1), (2)Ú(3)(Ø¤á.

(4) eET = 0, KdSchied (2007)¥�½n2.3����Ñu′(0+) = ∞9v′(∞−) = 0.

eET > 0, dKaratzasÚZitkovic (2003)¥�ÚnA.7, éó�¼êv(y)�ìC5�, ��

v′(∞−) ∈
[

inf
R∈D
〈R, ET 〉, sup

R∈D
〈R, ET 〉

]
.

(5) dÚn2.1=��Ñ(Ø¤á.

(6) dÚn2.3�, é?¿x > 0, �`�¤Ý]|Ü(ĉ, π̂) ∈ A(x)´�3�. �y > 0, �

v(y) + yx = u(x), duv′(0+) = −∞Úv′(∞−) = 0, �ù��y´�3�. éy, �éó¯K

�)(Q̂, R̂). e¡·��y²(Q̂, R̂)´­è¯K���Q:.

�Z1 ∈ Zfe , Ù¥Zfe = {dQ/dP|Q ∈ Qfe}, �½Â

Zα = αZ1 + (1− α)Ẑ, α ∈ (0, 1].

K

vZα(y) + γ(Zα)→ v(y), (α→ 0).
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�R1 ∈ D, �R1÷v

VZ1

(
y
Y R1

Ẑ1

)
+ 〈R1, ET 〉 = vZ1(y).

½ÂRα = αR1 + (1− α)R̂, ���

v(y) ≤ vZα(y) + γ(Zα)

≤ VZα
(
y
Y Rα

Zα

)
+ 〈Rα, ET 〉+ γ(Zα)

≤ α(vZ1(y) + γ(Z1)) + (1− α)(ṽ
Ẑ

(y) + γ(Ẑ)),

Ù¥ṽ(y) = inf
Z∈Z

(vZ(y) + γ(Z)). 2dv�à5, K�αªu0�, þ¡Ø�ªm>ªuv(y).

déó'X, k

vZα + xy ≥ uZα , uZα + γ(Zα)→ u
Ẑ

+ γ(Ẑ).

Ïd, k

u(x) = v(y) + yx = lim
α→0

(vZα(y) + xy + γ(Zα)) ≥ lim
α→0

(uZα(x) + γ(Zα)) = u
Ẑ

(x) + γ(Ẑ).

2d4�4�5�, U��u(x) = u
Ẑ

+ γ(Ẑ). �dþ¡Ún2.3, k

u(x) = u
Ẑ

(x) + γ(Ẑ) ≥ U
Ẑ

(ĉ) + γ(Ẑ) ≥ inf
Q∈Q
UQ(ĉ) + γ(Ẑ) = u(x).

l
y²
〈Q̂, R̂〉´��Q:.

e¡y²

ĉt = I1

(
t, y

Y R̂
t

Ẑt

)
.

·�k

0 ≤ V1

(
t,
yY R̂

t

Ẑt

)
+
yY R̂

t

Ẑt
ĉt − U1(t, ĉt), 0 ≤ V2

(
y
Y R̂
T

ẐT

)
− U2(Xx,c,π

T ).

Ïd

0 ≤ E
Q̂

[ ∫ T

0
V1

(
t,
yY R̂

t

Ẑt

)
dt+

∫ T

0

yY R̂
t

Ẑt
ĉtdt−

∫ T

0
U1(t, ĉt)dt

]
≤ E

Q̂

[ ∫ T

0
V1

(
t,
yY R̂

t

Ẑt

)
dt+

∫ T

0

yY R̂
t

Ẑt
ĉtdt−

∫ T

0
U1(t, ĉt)dt+ V2

(
y
Y R̂
T

ẐT

)
− U2(Xx,c,π

T )
]

≤ v(y) + E
[ ∫ T

0
yY R̂

t ĉtdt
]
− y〈R̂, ET 〉 − u(x)

≤ v(y) + yx− u(x) = 0.
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¤±k

0 = V1

(
t,
yY R̂

t

Ẑt

)
+
yY R̂

t

Ẑt
ĉt − U1(t, ĉt).

l
ĉt = I1(t, yY R̂
t /Ẑt). ÓnyX̂

x,c,π
T = I2(yY R̂

T /ẐT ). �

w,, XJQ�¹���ÿÝÚÿÝP´�d�, K·�¤?Ø�`z¯K(2.4)Ò�N

´
, éù«AÏ�/, ·�ke¡�íØ.

íØ 2.1 eb�2.3ÚQ=Qe¤á,�γ3Qþî�à,K�¼êuëY��, u�éó

�¼êvî�à, éz�y > 0, �3Q̂ ∈ Q9R̂ ∈ D, ¦�v(y) = V
Q̂

(yY R̂/ZQ̂) + y〈R̂, ET 〉+
γ(Q̂). d	, Y R̂´���, é?¿x > 0, �¤Ý]¯K��`)(ĉ, π̂)´���.

§3. Markov���.A^

3ù�!, ·��rþ�Ü©í��éónØ(JA^���A½�½|�.¥�,


3ù�A½�½|�.¥, ���^�¼´ÏL��äN�Ø(½8QÚ��éê�^
¼ê¤�½, �3T�.¥, ·��±ÏLïá�A�HJB�§5£ã�`¯K�). 3·

��~f¥, HJB�§´������©�§, 
�·��±ÏL|^MATLABO�ÑT

�©�§�ê�), l
�ÒUO�Ñ�`�¤Ý]üÑ.

�e5·��Ä��Markov���., =²LG�´/d��ëY�m�Markovó

�Ñ, ·�b½²LG�K�X��{ü�a*Ñ�.�Xê, �,, ·�b½�n<´�

�ù
²LG��. éu�n<Ø��ò5�U¬Ñy�²LG¹, =éØ�*	�G�

L§, k�
ù«�/e'uMarkov���.ïÄ�©z, 3@
©z¥, Ä�ÑA^


ÈÅEââò¯K�±)û. â·�¤�, 3¡��.Ø(½�, �vk^ÈÅEâ5ïÄ

T�/eMarkov���.�ïÄ. ù´Ï�: du�
ëê´Ø�*	�, ¤±ÈÅEâ

�A^. &E�"y�´¹
5�5
, ÈÅEâU�Ñ�
ëê, 
­è�{��Ñ�


ëê. Ïd¯KÒÑy
, =, ¹
�=�Ü©ëêA�/ÏÈÅEâ�Ø? =�Ü©ëê

q�/Ï­è�{�Ø? ½´k^ÈÅEâ2^­è�{? �´k^­è�{�^ÈÅE

â? �
;�þã¯KÑy, ¤±3·��~f¥, ·��½¤k²LG�L§´��*

	��.

3�©¥, �n<éMarkov��G���Ç´¹
�. Äk0�·���., ��2

y²·��¹
8Q÷vc¡�b�^�. Ï�·��^c¡¤?Ø�éónØ, �,Ò

I�ïÄéó8. ��, ·�2�Äéê�^¼ê��`�¤ÚÝ]|Ü¯K, ¿ïá�A

�HJB�§, Ó��Ñù
HJB�§�ê�)9)�5�, ¿Ò�*Ý]öO�ÑÙ�`

�¤ÚÝ]üÑ, =�n<Áã��z

inf
Q∈Q

EQ

[ ∫ T

0
log(ct)dt+ log(Xx,c,π

T )
]
.
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�(Ω,F , (Ft)t≤T ,P)���6VÇ�m, Ω�(W,Y )�´»�m, ùp�W´��ÙK

$Ä, Y´��éAG��m(e1, e2, . . . , en)þ�ëY�mMarkovó, )¤�(QÝ
)�

A =


−λ0 λ0p1,2 · · · λ0p1,n

λ0p2,1 −λ0 · · · λ0p2,n

...
...

. . .
...

λ0pn,1 · · · λ0pn,n−1 −λ0

 ,

Ù¥λ0´Markovó�½a��Ç, P=(pi,j)i,j=1,...,n´���ÅÝ
, (pi,i=0, i=1, . . . , n).

Y�ÏL3�½Markova���9=£Ý
P�lÑ�mMarkovóỸ^�e, i\��r

Ý�λ0 > 0�PoissonL§N5L«. �¡·�ò¬ª�¦^Y�ù��d£ã, éù�y

², �
�B, ·�3d��Än = 2��/. eþ¡�&E6÷vÏ~�^�, �Mt´�

�Ö�ÑtL§, =Mt = Nt − λ0t. 5¿�3VÇÿÝQe��Ý�

dQ

dP
= E

(∫ ·
0

(λs − λ0)

λ0
dMs

)
T
,

Ù¥(Nt)0≤t≤T´���ÅrÝ�(λt)0≤t≤T�ÑtL§, (EL«�Å�ê). �3	Ü½|

Ï�YeÅ Ú�¦�ÄåÆ�§�

dS0
t = S0

t r(Yt)dt, dSt = St−(σ(Yt)dWt + b(Yt)dt+ δ(Yt−)dNt),

Ù¥σ > 0, �,, ù��Å�©�§�)´�3�. duÝ]ö±Ð©]�x > 0Ý]3

�¦ÚÅ þ, ^±�¤��¤Ç�ct, �b½3��t¦Ý]3�¦þ�ãL'~�πt, Ï

d, ãLL§��Å�©�§�

dXx,c,π
t =

Xx,c,π
t− πt−

St−
dSt +

Xx,c,π
t− (1− πt−)

S0
t−

dS0
t − ctdt, Xx,c,π

0 = x.

�c¡aq, ·��(�ãL�K, �

Xx,c,π
t ≥ 0. (3.1)

du·�b½A(x)�¤k�U��¤Ý]Å¬8, Ké?¿���U��¤Ý]Å¬,

(3.1)ªþ¤á. 3ù«�/e, ���^¼ê�éê�^��*Ý]ö�`z¯KÒ¤�

max
(c,π)∈A(x)

inf
Q∈Q

EQ

[ ∫ T

0
U1(ct)dt+ U2(Xx,c,π

T )
]
.

du·��ÄÝ]öé²LG��=��Ç´¹
�, �=ÑtL§Na��Ç´Ø(½

�, �·�b½ØÓ²LG��m�=£VÇ´®��. e�a1, a2���~ê, KÑy3

­è�^�¼¥�8Q�

Q =
{
Q
∣∣∣dQ
dP

= E
(∫ ·

0

(λs − λ0)

λ0
dMs

)
T
, λ ∈ Λ

}
,
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Λ��½Â�

Λ = {λ|λs´���L§, �λs ∈ [a1, a2], a1 < λ0 < a2}.

dWittmuss (2010)¥Ún4.1�, b�2.1´¤á�, �·��±^c¡éónØ�(J. 3

ùp, ·�^Ũ1L«U1�éó¼ê, Ũ2L«U2�éó¼ê, Ï��^éónØ, Ø��éó

8�

D =
{
Q
∣∣∣dQ = E

(
−
∫ ·

0

b(Ys)− r(Ys) + δ(Ys)νs
σ(Ys)

dWs +

∫ ·
0

νs − λ0

λ0
dMs

)
T

dP, ν ∈ N
}
,

Ù¥N =
{
ν|νs > 0,

∫ t

0
ν2
sds <∞

}
, ν´���L§.

½n 3.1 eb�2.1Úb�2.2þ¤á, K(2.4)�éó¯Kdeª�Ñ, =

v(y) = inf
Q∈Q

inf
D∈D

EQ

[ ∫ T

0
Ũ1

(
y
Dt

S0
t Z

0
t

)
dt+ Ũ2

(
y
DT

S0
TZ

0
T

)]
.

Ïd, k

u(x) = inf
y>0

(v(y) + xy),

Ù¥

Dt = E
(
−
∫ ·

0

b(Ys)− r(Ys) + δ(Ys)νs
σ(Ys)

dWs +

∫ ·
0

νs − λ0

λ0
dMs

)
t
.

y²: ·�ò�y²P ⊆ D ⊆ Y(1), ùpP´�ÛÜ�d�ÿÝ8, �Y(1)´Witt-

muss (2010) Remark 3.7¥�éó8. �P∗ ∈ P, K�ÝL§D = (dP∗/dP|Ft)0≤t≤T´�î

���. Ïd, ·��±��Åéê

Lt :=

∫ t

0

1

Ds−
dDs, 0 ≤ t ≤ T,

ùpL´�ÛÜ�. A^�L«½n, kLt =

∫ t

0
θνsdWs +

∫
ν̃sdMs, 0 ≤ t ≤ T , Ù¥, θν , ν̃

´÷vLtÈ©k½Â���L§. �

dP∗

dP
= E

(∫ ·
0
θνsdWs +

∫ ·
0
ν̃sdMs

)
T
.

é3P∗e��¦òyL§S̃, dGirsanov½n, k

dS̃t = S̃t(σ(Yt)dW̃t + δ(Yt)dM̃t + (σ(Yt)θ
ν
t + δ(Yt)ν̃tλ

0 + b(Yt) + λ0δ(Yt)− r(Yt))dt).

ùpW̃t = Wt −
∫ t

0
θνsds, ÚM̃t = Mt −

∫ t

0
ν̃sλ

0ds´P∗e�ÛÜ�. Ïd, e�ν̃t = (νt−

λ0)/λ0, �I

θνt = −b(Yt)− r(Yt) + δ(Yt)λ
0(ν̃t + 1)

σ(Yt)
= −b(Yt)− r(Yt) + δ(Yt)νt

σ(Yt)
,
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ÒkS̃´P∗e�ÛÜ�, �P∗ ∈ D. qD ∈ D´���ÛÜ�, éS̃DA^Itôúª, �§�

´�ÛÜ�, 
��´�þ�, �D ⊆ Y(1). ��2dWittmuss (2010) Remark 3.7, Schied

(2007) Remark 2.79Ún2.2, =��Ñ(Ø¤á. �

�e5·�ò/Ïuéó¯K�HJB�§5£±�`�¤ÚÝ]|ÜüÑ. du�^

¼êU1, U2²w÷vb�2.2, e�3Q0 ∈ Q, �x > 0, ¦�uQ0(x) < ∞, Kb�2.3�Ò÷

v
, ��±A^c¡éónØ�(J.

-z > 0, �â½n3.1, éó¯K�

ũ(z) = inf
ν∈N

inf
λ∈Λ

EQλ

[ ∫ T

0
Ũ1

( zDν
t

S0
t Z

λ
t

)
dt+ Ũ2

( zDν
T

S0
TZ

λ
T

)]
= inf

ν∈N
inf
λ∈Λ

EQλ

[ ∫ T

0

(
− 1− log

zDν
t

S0
t Z

λ
t

)
dt+

(
− 1− log

zDν
T

S0
TZ

λ
T

)]
,

Ù¥

Dν
t = E

(∫ ·
0
θνsdWs +

∫ ·
0

νs − λ0

λ0
dMs

)
t
, Zλt = E

(∫ ·
0

λs − λ0

λ0
dMs

)
t
,

0 ≤ t ≤ T , K·����¯K�)

u(x) = min
z>0

(ũ(z) + xz) = ũ
(1

x

)
+ 1.

�
O�Ñþ¡�¯K�), dWittmuss (2010)¥Ún4.3, é¤kt ≥ 0, k

inf
ν∈N

inf
λ∈Λ

EQλ

[
− 1− log

Dν
t

S0
t Z

λ
t

]
= inf

λ∈Λ
EQλ

[
− 1 +

∫ t

0

(1

2
(θν
∗
s )2 + ν∗s − λs + (log λs − log ν∗s )− r(Ys)

)
ds
]
,

Ù¥

ν∗s = ν∗(Ys, λs) =


η +

√
η2 + 4σ2λ

2δ(Ys)2
, if δ(Ys) 6= 0;

λs, if δ(Ys) = 0,

ùpη = b(Ys)δ(Ys) + σ(Ys)
2. �dÄ�5y�n, �½Â

J(t, y, ν, λ) := E
[ ∫ T

0
Zλt log

S0
t Z

λ
t

Dν
t

dt+ ZλT log
S0
TZ

λ
T

Dν
T

]
= EQλ

[ ∫ T

0
log

S0
t Z

λ
t

Dν
t

dt+ log
S0
TZ

λ
T

Dν
T

]
.

��¼ê�

V (t, y) := inf
ν∈N

inf
λ∈Λ

J(t, y, ν, λ).
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l
ũ(z) = −1−log z. e¡|^²;��Å��(J����A�HJB�§. �Markovó

Y�)¤�Ý
�A, K3ÿÝQλe)¤����

Aλt =


−λt λtp1,2 · · · λtp1,n

λtp2,1 −λt · · · λtp2,n

...
...

. . .
...

λtpn,1 · · · λtpn,n−1 −λt

 , 0 ≤ t ≤ T,

Ù¥(λt)0≤t≤T´������ÅL§, §���6uY . e¡, ·�òy²e�HJB�§X

Ú�x
þ¡��¼ê, �HJB�§�)7L÷v

vit(t) = inf
λ∈[a1,a2]

((1 + t)ci(λ) + (Aλv(t, ·))i)

= inf
λ∈[a1,a2]

(
(1 + t)ci(λ) + λ

( n∑
j=1

pi,jv
j(t)− vi(t)

))
, (3.2)

Ù¥, >.^��

vi(0) = 0, i = 1, . . . , n. (3.3)

�eδ(ei) 6= 0,

ci(λ) =
1

2

([
b(ei)− r(ei) + δ(ei)

(
β(ei) +

√
β(ei)2 +

σ(ei)
2λ

δ(ei)2

)]/
σ(ei)

)2

−λ+ β(ei) +

√
β(ei)2 +

σ(ei)2λ

δ(ei)2
+ r(ei)

+

(
log λ− log

(
β(ei) +

√
β(ei)2 +

σ(ei)2λ

δ(ei)2

))
λ,

eδ(ei) = 0, K

ci(λ) =
1

2

(b(ei)− r(ei)
σ(ei)

)2
,

Ù¥

β(ei) = −(b(ei)− r(ei))δ(ei) + σ(ei)
2

2δ(ei)2
.

½n 3.2 þ¡(3.2)ªÚ(3.3)ª�3��)v ∈ C1(R,Rn), �T)÷vv = V , eλ∗

´��ÿL§, K(3.2)3λ̂ := λ∗?�����, 
λ∗´5g8Λ����1���üÑ,

�ν̂ = ν∗s , V (t, y) = J(t, y, ν̂, λ̂).

y²: �yn = 2��/.
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�ν ∈ N , λ´3[a1, a2]þ�������L§. dc¡½Â�

J(t, y, ν, λ) = E
[ ∫ T

0
Zλt log

S0
t Z

λ
t

Dν
t

dt+ ZλT log
S0
TZ

λ
T

Dν
T

]
= EQλ

[ ∫ T

0
log

S0
t Z

λ
t

Dν
t

dt+ log
S0
TZ

λ
T

Dν
T

]
= EQλ

[
−
∫ T

0
θνsdWs +

∫ T

0
(log λs − log νs)dM

λ
s

+

∫ T

0

(1

2
(θνs )2 + νs − λs + r + (log λs − log νs)λs

)
ds
]
,

Ù¥, Mλ
t = Nλ

t −
∫ T

0
λsds.

¼êJ(t, y, ν, λ)3ν∗s =

β +

√
β2 +

σ2 ∗ λs
δ2

, if δ(Ys) 6= 0

λs, if δ(Ys) = 0

?����.

y3À�¼êv ∈ C1(R×R2,R), ¦�v(t, ei) = vi(t), i = 1, 2. dItôÚn, k

dv(u− t, Yt) = −vt(u− t, Yt−)dt+ vy(u− t, Yt−)dYt

+4 v(u− t, Yt)− vy(u− t, Yt−)4 Yt

= −vt(u− t, Yt−)dt+4v(u− t, Yt).

duv ∈ C1, ���=�Markov²LG�u)UC�âk�ga(0 < t < T ), ·�PŶt�

G�Yt�éáG�, K∑
0≤t≤T

4v(u− t, Yt) =
∑

0≤t≤T
(v(u− t, Ŷt−)− v(u− t, Yt−))(dMλ

t + λtdt),

Ù¥Mλ = N −
∫ T

0
λsds, �M

λ´Qλ��. dudt��Xê3>.þëY, ¤±k∫ u

0
dv(u− t, Yt) = v(0, Yu)− v(u, y)

=

∫ u

0
(−vt(u− t, Yt−) + (v(u− t, Ŷt−)− v(u− t, Yt−))λt)dt

+

∫ u

0
(v(u− t, Ŷt−)− v(u− t, Yt−))dMλ

t

=

∫ u

0
(−vt(u− t, Yt) + (v(u− t, Ŷt)− v(u− t, Yt))λt)dt

+

∫ u

0
(v(u− t, Ŷt−)− v(u− t, Yt−))dMλ

t

≥
∫ u

0
(1 + (u− t))c(Yt, λt)dt+

∫ u

0
(v(u− t, Ŷt−)− v(u− t, Yt−))dMλ

t

=

∫ u

0

(
c(Yt, λt) +

∫ t

0
c(Ys, λs)ds

)
dt+

∫ u

0
(v(u− t, Ŷt−)− v(u− t, Yt−))dMλ

t .
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duvk., �

v(u, y) ≤ EQ

[ ∫ u

0

(
c(Yt, λt) +

∫ t

0
c(Ys, λs)ds

)
dt
]
≤ J(u, y, ν, λ).

�λ∗(t, ei) = argmin
λ∈Λ

((1 + t)ci(λ) + λ(v(t, êi)− v(t, ei))). duci(λ)´'uλî�à¼ê, �

��, Ïd, λ∗(t, ei)�o�a1, �o�a2, ½ö÷ve¡��©�§:

c′i(λ) =
v(t, êi)− v(t, ei)

1 + t
.

T�§m>´��'u�mt�ëY¼ê, 
c′i(λ)î�üN~, λ∗(t, ei)´t�ëY¼ê. �

λ̂s = λ∗(u− s, Ys−)´���NNüÑ. qd(3.2)ª, ��v = V . �

Ún 3.1 e�©�§(3.2)÷v�Û�Lipschitz^�, K(3.2)k��).

TÚny²aquWittmuss (2010)¥�Ún4.5y².

e�½ëêσ, δÚb, �^MATLABO�Ñþ¡�HJB�§�ê�), Ó�k

inf
λ∈[a1,a2]

c2(λ) > inf
λ∈[a1,a2]

c1(λ) > 0,

�v2 > v1. 3ùp, ·���Äü�G��m�=�, =(i = 1, 2)��/, ù�éA�HJB

�§, �=(3.2)ª�
v1
t (t) = inf

λ∈[a1,a2]
((1 + t)ci(λ) + λ(v2(t)− v1(t))),

v2
t (t) = inf

λ∈[a1,a2]
((1 + t)ci(λ) + λ(v1(t)− v2(t))).

e¡ã1Úã2´�½ëêa1 = 1.2, a2 = 30, T = 7, r = 0, δ = [−0.7,−0.316], b =

[1, 0.035], σ = [1, 1] (Ù¥, δ, b, σþ´���þ)�, þªü�G�=��HJB�§�ê��

[)Ú�`λ��[���¹.
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dã1Úã2�HJB�§�ê��[). �ê��[)Ñ5�, ·�Ò�±�âe�·

K¦Ñ�*Ý]ö��`�¤ÚÝ]üÑ.

·K 3.1 �*Ý]ö��`ãLL§�X̂x,c,π
t = x(S0

t Z
ν̂
t )/Dν̂

t , �`�¤Ç�ĉt =

x(S0
t Z

ν̂
t )/Dν̂

t , �`Ý]|ÜL§�

π̂(t, Yt) =


b(Yt)− r(Yt) + ν̂tδ(Yt)

σ(Yt)2
=
λ̂t − ν̂t
δ(Yt)ν̂t

, if δ(Yt) 6= 0,

b(Yt)− r(Yt)
σ(Yt)2

, if δ(Ys) = 0,

Ù¥x�Ð©]�, λ̂Úν̂´½n3.2¥��`�.

y²: d½n2.1����Ñĉ, qÏ�I(y) = 1/y, ẑ = 1/x, y�ÄPe��R =

(Rt)0≤t≤T , �½Â

Rt =
(X̂x,c,π

t

S0
t

+

∫ t

0

ĉu
S0
u

du
)
Dν̂
t , 0 ≤ t ≤ T.

é0 ≤ t ≤ T , ·�k

Rt = E[RT |Ft] = E
[
Dν̂
T

∫ T

0

ĉu
S0
u

du
∣∣Ft]

= Dν̂
t

∫ t

0

ĉu
S0
u

du+ E
[
Dν̂
T

∫ T

0

xZ λ̂uS
0
u

Dν̂
uS

0
u

du
∣∣Ft]

= Dν̂
t

∫ t

0

ĉu
S0
u

du+ x

∫ T

t
Z λ̂t du

= Dν̂
t

∫ t

0

ĉu
S0
u

du+ xZ λ̂t .

�þ¡Rt½Â?1'�, �U��

X̂x,c,π
t = x

S0
t Z

λ̂
t

Dν̂
t

,

éX̂x,c,π
t = x(S0

t Z
λ̂
t )/Dν̂

tA^Itôúª, 9Wittmuss (2010) (4.5)ª, k

dX̂x,c,π
t = X̂x,c,π

t−

(
− θν̂t dWt +

λ̂t − ν̂t
ν̂t

dMt +
(

(θν̂t )2 + ν̂t − λ̂t + rt + λ0 λ̂t − ν̂t
ν̂t

)
dt
)
.

q�âãLüCL§��Å�©�§k

dX̂x,c,π
t = X̂x,c,π

t− (σ(Yt)πtdWt + ((b(Yt)− r(Yt))πt + r(Yt))dt+ πtδ(Yt)dNt)

= X̂x,c,π
t− (σ(Yt)πtdWt + πtδ(Yt)dMt + ((b(Yt)− r(Yt) + λ0δ(Yt))πt + r(Yt))dt).

ÏL'�dWtÚdMt�, ��íÑπ̂t. �
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§4. � (

�©´3�.Ø(½µee, |^­è ÐÚéónØ?n
3Ó��k�¤Úªà

ãL�/e��`�¤Ý]ûü¯K, �©?Ø��.ØÓuWittmuss (2010)��.. ·

�?Ø��^¼êØ���¤k', �ÚªàãLk', ù'��Ä�¤
Ø�Äªàã

L�ÎÜ½|¢S, Ïdäk�½�nØ¿ÂÚ¢SA^d�. Äu�.Ø(½�¸, Ó�

�ÄÏäÏ��/e, |^éónØ?n�Ä��¤6ÚªàãL�^��`�¤ÚÝ]

üÑ¯Kk�?�ÚïÄ.
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Optimal Consumption and Portfolio with Ambiguity to

Markovian Switching

Yu Minxiu Fei Weiyin Xia Dengfeng

(School of Mathematics and Physics, Anhui Polytechnic University, Wuhu, 241000 )

This paper considers the problem of maximizing expected utility from consumption and terminal

wealth under model uncertainty for a general semimartingale market, where the agent with an initial

capital and a random endowment can invest. To find a solution to the investment problem we use the

martingale method. We first prove that under appropriate assumptions a unique solution to the investment

problem exists. Then we deduce that the value functions of primal problem and dual problem are convex

conjugate functions. Furthermore we consider a diffusion-jump-model where the coefficients depend on the

state of a Markov chain and the investor is ambiguity to the intensity of the underlying Poisson process.

Finally, for an agent with the logarithmic utility function, we use the stochastic control method to derive

the Hamilton-Jacobi-Bellmann (HJB) equation. And the solution to this HJB equation can be determined

numerically. We also show how thereby the optimal investment strategy can be computed.

Keywords: Knight uncertainty, portfolio, Markovian switching, dual theory, martingale method,

stochastic control.
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