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§1. Ú ó

3ÚOÅìÆS¥, ~~I�?1�{5UÐ��µd, 
lÚO¿Âþ5`Ò´u

�ØÓ�{�ýÿØ���O´ÄkwÍ�É, ÒI��Eu�ÚOþ. 
ÚOþ��

E, I��OýÿØ��Oþ���. ���y(Cross-Validation, {P�CV)´�«{ü!

¢^�êâ­^�{, �2�A^u�½�{�ýÿØ�(Prediction Error)�O. ¢SA

^¥���y�kõ«/ª, �X©z[1]�nã©Ù¥¤J���)IOKò���y,

RLT (Repeated Learning-Testing)���y, MCCV (Monte-Carlo CV)�. 3ù
���

y¥, IO2ò���y�éO�þ��, �3©aÆS�{��.ÀJ¯K¥äkÀJ�

��5(�©z[2]). Ïd, 3�.ÀJ, �{5Uéì�¯K¥2ò���ykAO�d�.

�
Jp�O�°Ý, 3O�þNNe, <��ÄéÓ�����õg�Åy©, ­E

?1õg2ò���y. ­E¢�´ÚO¥�����O±9?1b�u��cJ. 'X,

��kK��´5×2���yu��{. [3][4]3ïÄü��{�5Uéì�, ­E
5g

IO2ò���y, 
zg���yÑ´ÏL�ÅrÔö8�©�2°
?1�, Ù©¥¡

�5×2���y�{. ±5g���y�(J¼�ýÿØ���O9Ù����O, ��

ÏL�[¢�y²
Ù�{'Ù§�{k�Ð�5U. AO/, [5]òêâ8þï/©�o

°, z�°¤�¹���ê���Ó, ¿�z�aO3z°êâ8¥��ê����Ó, ,

�òo°¥�?ü°üü(Ü, òÙ¥p�Ö8�ü�|Üw�éêâ8��g�©, ù

��±��3|êâ8��©, 3z�|êâ8��©þ��gIO�2ò���y, ,�

ò3|���y��O²þå5��éýÿØ���O, [5]rù«���y¡�|¬3×2�
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��y. ��, [5]3¬�¡©Û¿�Ñ
|¬3×2���y�O���, ¿y²
Äu|¬

3×2���yu��5U�©z[3][4]�Ñ�5×2���yu��', �%k���O�þ,

¿�êâ��©�ª�±�Ð/²ï©aêâ���aO. ,
, ©z[5]¥¿vk�Ñ|

¬3×2���y��°[���L�ª. ¿�·�5¿�ÃØ´5×2���yu�¥��

�������O, �´|¬3×2���yu�¥�����Å�O, ÑØ´Ù���Ã 

�O, �´����OÐ�q��K�u��5U. @o, ýÿØ��|¬3×2���y�

O���´ÄÚKò���y�O�����Ø�3Ã �OQ?

Äud, �©�Ñ
ýÿØ��|¬3×2���y�O������°[�L�ª, ¿

�dy²Ù��Ø�3Ï^(é¤k©ÙÑ·^�)Ã �O.

§2. ýÿØ��|¬3×2���y�O

�l©ÙF¥��Nþ�n���8�Dn = {ξ1, ξ2, . . . , ξn}, ξj = (xj , yj). xj´Ñ\

�þ, yj´ÑÑCþ. XJf = A(Dn)L«3êâ8DnþÔöd�{A�£�ýÿ¼ê, �

�¼êL(f(x), y) L«ýÿ�*ÿ�m�É�Ýþ(Ù¥L(f(x), y)�±´ëY�(X²��

�), ��±´lÑ�(XL(f(x), y) = I[f(x) 6= y], =0-1��)), @o�{(�.)�ýÿØ

�½Â�

µ , PE(A(Dn)) = Eξ[L(A(Dn), ξ)],

ùp, ξ v F .

¤¢|¬3×2���y´�òêâDnþ!/©������Ø���o�f8, P�

Lj , j = 1, 2, 3, 4, ,�üü(Ü, |¤3|6�ØÓ�|Ü: {(L1, L2), (L3, L4)}, {(L1, L3),

(L2, L4)}, {(L1, L4), (L2, L3)}. 3z�|þ���IO�2ò���y, ��r3|2ò��

�y�(J?1²þ, =�|¬3×2���y, äN/:

µ̂3×2 ,
1

3

3∑
i=1

µ̂(i) =
1

6

3∑
i=1

2∑
k=1

µ̂
(i)
k ,

ùp, µ̂3×2L«�´ýÿØ��|¬3×2���y�O, µ̂
(i)
k �1i|, 1kò���y¤�

��ýÿØ���O, µ̂(i) = (1/2)
2∑

k=1

µ̂
(i)
k . �rµ̂3×2L«����¡þ�, k

µ̂3×2 ,
1

3

3∑
i=1

1

n

n∑
j=1

e
(i)
j , (2.1)

Ù¥, e
(i)
j = L(A(D

(i)
n ), ξj), D

(i)
n �1i|�Ôö8.

�
?�Ú�\©Û|¬3×2���y��O, �±e�PÒ: �I = {1, 2, . . . , n}�
êâ8Dn��I8, Si = {I(1)i , I

(2)
i }, i = 1, 2, 3´éDn�I8�1ig�©, =�¦é?¿

�ik, I
(1)
i ∩ I

(2)
i = Φ, I

(1)
i ∪ I

(2)
i = I, ��¦z�I

(1)
i ÚI

(2)
i �¹��I�ê�Ó(ùpob

�n�4��ê).
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§3. µ̂3×2���

�i = i′, i, i′ = 1, 2, 3�, P

Cov (e
(i)
j , e

(i)
j′ ) =


σ2 j = j′, j, j′ ∈ I;

ω j 6= j′, j, j′ ∈ I(k)i , k = 1, 2;

γ j ∈ I(k)i , j′ ∈ I(3−k)i , k = 1, 2.

d�, dui = i′, �Ä�´��IO2ò���y��O3���¡þ����, ·�¤�

�b��©z[6]��. �©z[6]¥���y�òêK = 2�, Ôö8����n/2, σ2´d

�ÿÁ�~����ý���; ω´ÿÁ�~�¬S���, ´d�Ó�Ôö8
���;

γ´ÿÁ�~�¬m���, ´d2ò���y�ÿÁ8ÚÔö8p�Úå�.

�i 6= i′, i, i′ = 1, 2, 3�, P

Cov (e
(i)
j , e

(i′)
j′ ) =



σ∗ j = j′, j, j′ ∈ I;

ω∗ j 6= j′, j, j′ ∈ {I(k)i ∩ I
(k′)
i′ }, k, k

′ = 1, 2;

γ∗ j ∈ {I(k)i ∩I
(k′)
i′ }, j

′∈{I(3−k)i ∩I(3−k
′)

i′ }, k, k′=1, 2;

τ∗ j ∈ {I(k)i ∩I
(k′)
i′ }, j

′∈{I(k)i ∩I
(3−k′)
i′ }∪{I(3−k)i ∩I(k

′)
i′ }, k, k

′=1, 2.

d�, i 6= i′, Cov (e
(i)
j , e

(i′)
j′ )�Cov (e

(i)
j , e

(i)
j′ )ØÓ, Cov (e

(i)
j , e

(i)
j′ )´Ó|SØÓ���m��

��, 
Cov (e
(i)
j , e

(i′)
j′ )´ØÓ|�ü���m����. d�, du?¿ü|êâ��©ä

k|¬�A5,ü|�m�Ôö8kn/4����Ó, σ∗A�σ2ØÓ,§L«Ôö8kn/4�

���Ó, 
ÿÁ�~�Ó�����; Ó��, ω∗L«3z�¬þÿÁ�~ØÓ����

�; γ∗L«�´Ôö8kn/4����Ó�, 1i|�ÿÁ�~jÑy31i′|�Ôö8¥, 


1i′|�ÿÁ�~j′Ñy31i|�Ôö8�ü|�m�ÿÁ�~����; τ∗K´1i|�

ÿÁ�~jÑy31i′|�Ôö8¥, 
,�|i′�ÿÁ�~j′%vkÑy31i|�Ôö8

�����.

·K 3.1 |¬3×2���y�O����

Var (µ̂3×2) =
1

3n
σ2 +

n− 2

6n
ω +

1

6
γ +

2

3n
σ∗ +

n− 4

6n
ω∗ +

1

6
γ∗ +

1

3
τ∗. (3.1)

y²: |¬3×2���y�O����

Var (µ̂3×2) =
1

9n2

3∑
i,i′=1

n∑
j,j′=1

Cov (e
(i)
j , e

(i′)
j′ ).

P|¬3×2���y����þ�e′ = (e
(1)
1 , . . . , e

(1)
n , e

(2)
1 , . . . , e

(2)
n , e

(3)
1 , . . . , e

(3)
n ),Ke�

���Ý
keã�¬(�:
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ã1 |¬3×2���y���þ����Ý


ù�, |¬3×2���y�O����±��

Var (µ̂3×2) =
1

9n2

{ 3∑
i=1

[
nσ2 + n

(n
2
− 1
)
ω +

n2

2
γ
]

+
3∑
i=1

∑
i′ 6=i

[
nσ∗ + n

(n
4
− 1
)
ω∗ +

n2

4
γ∗ +

n2

2
τ∗
]}

=
1

3n
σ2 +

n− 2

6n
ω +

1

6
γ +

2

3n
σ∗ +

n− 4

6n
ω∗ +

1

6
γ∗ +

1

3
τ∗.

y.. �

�[¢� 1 |¬3×2���y�O���

�ξ= (X,Y ), P(Y = 1) =P(Y = 0) = 1/2, X|Y = 0∼N(0, I10), X|Y = 1∼N(1, 2I10).

¦^©aä��©aì, �Ä���ên = 64, 128, 256, 512, 1024�, |¬3×2���y�

�¥ÔÜ©��z.

64 128 256 512 1024

τ*
γ*
ω*
σ*
γ
ω

σ
2

n

V
a
r(

µ̂
3

 x
 2
)

0
.0
0
0
0

0
.0
0
1
0

0
.0
0
2
0

ã2 |¬3×2���y�O���¥σ2, ω, γ, σ∗, ω∗, γ∗, τ∗ÔÜ©Óo���ÎGã
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lã2�±wÑ, Ø
σ2�	Ù§8Ü©�oÚé|¬3×2���y�O�����

z´Ø��Ñ�, K=�Äσ2
�ÑÙ§8Ü©¬é|¬3×2���y�O���E¤

é�� �. ,	, �X���ên�O\, �±uyσ2Åì~�, ¿�éo����zl

53.2%ü$�42.5%, 
Ù§8Ü©�,��X���ê�O\
~�, �´Ù§8Ü©�

oÚéo����z%3O\.

§4. Äu|¬3×2���y�ýÿØ��O����Ï^
Ã �OØ�3

3ÚOÅìÆS¥, ��ØéoN�©Ù/ª�?Ûb½, ¤±, ´ÄU��ýÿØ

��O������Ï^(é¤k©ÙÑ·^�)Ã �OÒ�©k¿Â. NõÆöÑÁã

é�ù����Ã �O, X©z[7]Ò�ÑKò���y��ýÿØ��O����ü�

�O, �ùü��O½ö´L�½ö´j�
ù���, ÑØ´���Ã �O. ��©

z[6]y²
, 3IO�Kò���y�/e, Ø�3Ù���Ï^Ã �O. ¤¢�Ï^

(universal)3©z[6]¥��oN©ÙÃ', �é{`Ò´·^u¤k©Ù. ��Ø��©Ù

ÚäNÆS�{�½�, éKò���y5`´Ä�Ø�3���Ã �O? ©z[8]Ò�

Ñ
Kò���y��ýÿØ��O������A�´Ã ��O, �ù�(Ø��Ñ

�6uäN�ÆS�{ÚØ��©Ù.

@o3|¬�¢���e, 3×2���y�O����Ã �O´Ä�Ø�3Q? Ä

k·�¢��y
©z[3][5]¥�Ñ����OÑØ´Ã �O. ©z[3]�Ä�´5×2�

��y, §r5×2���yw¤´IO2ò���y�{ü­E, Pzg2ò���y��

����S2
i = (µ̂

(i)
1 − µ̂(i))2 + (µ̂

(i)
2 − µ̂(i))2, i = 1, 2, . . . , 5, K5×2���y����O

�(1/5)
5∑
i=1

S2
i , �
Ú|¬3×2���y����'�, ·�r©z[3]¥���U�3×2,

P�V̂ar 2(µ̂3×2) = (1/3)
3∑
i=1

S2
i . ©z[5]ïÄ�´|¬3×2���y, éù�����O§

Ó��Ä
|S��Ú|m��, �Ñ
������Å�O, P�V̂ar 1(µ̂3×2) = (1/6)

·
3∑
i=1

2∑
k=1

(µ̂
(i)
k − µ̂3×2)

2. ±þ�PÒ�¿Â�12!�Ó.

�[¢� 2 |¬3×2���y�O���Ú§�ü��O

�ÄÚ�[¢�1�Ó���, ©aìE,´©aä, �ù�·��Ä���þn =

40, 60, 80, 100, 120, 140, 160, 180, 200, 500, 1000�, |¬3×2���y�O�ý¢��Ú§

�ü��O�.

lã3�±wÑ, w,ùü��OÑØ´|¬3×2���y����Ã �O, üöÑ

�u|¬3×2���y�ý¢��. ©z[5]¥�Ñ��Å�O�'�����O5`�Ð

:, ��OØ�. ±e, ·�5y²|¬3×2���y�O���Ø�3é¤k©ÙÑ·^
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�Ã �O.

n

V
a
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a
n
c
e

n

V
a
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a
n
c
e

n

V
a
ri
a
n
c
e

40 120 200 500 1000

0
0
.0
0
2

0
.0
0
4

0
.0
0
6

0
.0
0
8

varTrue
varE1(1/6)
varE2(1/3)

ã3 ã¥����L«�´|¬3×2���y�O�ý¢��, �

!/��L«�´©z[5]¥�Ñ����Å�OV̂ar 1(µ̂3×2),

�n�/��´��������OV̂ar 2(µ̂3×2)

b�|¬3×2���y�O�����OV̂ar (µ̂3×2)�±^e��TaylorÐªL«:

V̂ar (µ̂3×2) = α0 +
∑
α1(i, j)e

(i)
j +

∑
α2(i, j, i

′, j′)e
(i)
j e

(i′)
j′

+
∑
α3(i, j, i

′, j′, i′′, j′′)e
(i)
j e

(i′)
j′ e

(i′′)
j′′ + · · · . (4.1)

Ó©z[6]�©Û, �`²�O�Ã 5, =�`²Var (µ̂3×2) = E(V̂ar (µ̂3×2)), c[

*	Var (µ̂3×2), §Ø�¹�i, jÃ'�~ê�, Kα0 = 0, e�é?¿�i, jkE(e
(i)
j ) = µ,


Var (µ̂3×2)¥Ø�¹µù��, KAkα1(i, j) = 0. Ón, �±íÑ3V̂ar (µ̂3×2)�L�

ª¥Ø
e
(i)
j e

(i′)
j′ �XêØ�0	, Ù{��0. Ø��V̂ar (µ̂3×2)�L�ª�: V̂ar (µ̂3×2) ,∑

i,j,i′,j′
W ii′
jj′e

(i)
j e

(i′)
j′ , ùÚ·���r����Ow¤´ýÿØ���g.�*:���.

·K 4.1 éVar (µ̂3×2)��OØ�3Ï^(é¤k©ÙÑ·^�)Ã �O.

y²: ��5`,�©ÙÃ'����Oæ^aquÝ�O�/ª,��|¬3×2��

�y�O�����O�V̂ar (µ̂3×2) ,
∑

i,j,i′,j′
W ii′
jj′e

(i)
j e

(i′)
j′ , é?¿�i, j, i = 1, 2, 3, j = 1, 2,

. . . , n, �E(e
(i)
j ) = µ.

E(V̂ar (µ̂3×2)) =
∑

i,j,i′,j′
W ii′
jj′E(e

(i)
j e

(i′)
j′ )

=
∑

i=i′,j,j′
W ii
jj′E(e

(i)
j e

(i)
j′ ) +

∑
i6=i′,j,j′

W ii′
jj′E(e

(i)
j e

(i′)
j′ ).
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�ªm>1�Ü©�∑
i=i′,j,j′

W ii
jj′E(e

(i)
j e

(i)
j′ ) =

3∑
i=1

∑
j=j′∈I

W ii
jjE(e

(i)
j )2 +

3∑
i=1

2∑
k=1

∑
j∈I(k)i

∑
j′ 6=j,j′∈I(k)i

W ii
jj′E(e

(i)
j e

(i)
j′ )

+
3∑
i=1

2∑
k=1

∑
j∈I(k)i

∑
j′∈I(3−k)

i

W ii
jj′E(e

(i)
j e

(i)
j′ )

= (σ2 + µ2)
3∑
i=1

n∑
j=1

W ii
jj + (ω + µ2)

3∑
i=1

2∑
k=1

∑
j∈I(k)i

∑
j′ 6=j,j′∈I(k)i

W ii
jj′

+ (γ + µ2)
3∑
i=1

2∑
k=1

∑
j∈I(k)i

∑
j′∈I(3−k)

i

W ii
jj′ ,

�ªm>1�Ü©�∑
i6=i′,j,j′

W ii′
jj′E(e

(i)
j e

(i′)
j′ ) =

3∑
i=1

∑
i′ 6=i

∑
j=j′∈I

W ii′
jj E(e

(i)
j e

(i′)
j )

+
3∑
i=1

∑
i′ 6=i

2∑
k=1

2∑
k′=1

∑
j∈{I(k)i ∩I

(k′)
i′ }

∑
j′ 6=j,j′∈{I(k)i ∩I

(k′)
i′ }

W ii′
jj′E(e

(i)
j e

(i′)
j′ )

+
3∑
i=1

∑
i′ 6=i

2∑
k=1

2∑
k′=1

∑
j∈{I(k)i ∩I

(k′)
i′ }

∑
j′∈{I(3−k)

i ∩I(3−k′)
i′ }

W ii′
jj′E(e

(i)
j e

(i′)
j′ )

+
3∑
i=1

∑
i′ 6=i

∑
j,j′∈ o.w.

W ii′
jj′E(e

(i)
j e

(i′)
j′ )

= (σ∗ + µ2)
3∑
i=1

∑
i′ 6=i

n∑
j=1

W ii′
jj

+ (ω∗ + µ2)
3∑
i=1

∑
i′ 6=i

2∑
k=1

2∑
k′=1

∑
j∈{I(k)i ∩I

(k′)
i′ }

∑
j′ 6=j,j′∈{I(k)i ∩I

(k′)
i′ }

W ii′
jj′

+ (γ∗ + µ2)
3∑
i=1

∑
i′ 6=i

2∑
k=1

2∑
k′=1

∑
j∈{I(k)i ∩I

(k′)
i′ }

∑
j′∈{I(3−k)

i ∩I(3−k′)
i′ }

W ii′
jj′

+ (τ∗ + µ2)
3∑
i=1

∑
i′ 6=i

∑
j,j′∈ o.w.

W ii′
jj′ .

�r(σ2 + µ2), (ω + µ2), (γ + µ2), (σ∗ + µ2), (ω∗ + µ2), (γ∗ + µ2), (τ∗ + µ2)c�Xê�A

/P�a, b, c, a′, b′, c′, d′�k

E(V̂ar (µ̂3×2)) = a(σ2 + µ2) + b(ω + µ2) + c(γ + µ2) + a′(σ∗ + µ2)

+ b′(ω∗ + µ2) + c′(γ∗ + µ2) + d′(τ∗ + µ2)

= (a+ b+ c+ a′ + b′ + c′ + d′)µ2 + aσ2 + bω + cγ

+ a′σ∗ + b′ω∗ + c′γ∗ + d′τ∗.
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�¦�E(V̂ar (µ̂3×2)) = Var (µ̂3×2), KL¦z��c�Xê��, ù���e���ª|:

a+ b+ c+ a′ + b′ + c′ + d′ = 0,

a = 1/(3n),

b = (n− 2)/(6n),

c = 1/6,

a′ = 2/(3n),

b′ = (n− 4)/(6n),

c′ = 1/6,

d′ = 1/3.

²wkþã�ª|Ø¤á, K`²Äu|¬3×2���y�ýÿØ��O���vké¤

k©ÙÑ·^�Ã �O. y.. �

§5. (Ø�Ð"

ù�©ÙÌ�©Û
�CJÑ�|¬3×2���y�ýÿØ��O���, ¿3|¬

�½Âe, �â�
�±�É�Ä�b�, �±�Ñ|¬3×2���y�����°[�L

�ª. ��, ·�ÄudL�ªy²
|¬3×2���y���Ø�3é¤k©ÙÑ·^

�Ã �O. ���½äN�ÆS�{ÚØ��©Ù�, ´Ä�3Ã �OÒI��\©

Û.

�?�Ú,´Ä��±�EÑ|¬m×2���y? Ú|¬3×2���y�',|¬m×2

���yk�o`:Ú":? |¬m×2���y���´Ä�Ø�3é¤k©ÙÑ·^

�Ã �O? ù
¯KÑ´·�?�ÚïÄ���.
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Variance of Estimator of the Prediction Error Based on

Blocked 3×2 Cross-Validation
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Wang Yu Wang Ruibo Li Jihong
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This paper studies the variance of blocked 3×2 cross-validation estimator of the prediction error

recently proposed in the literature. A more accuracy representation of the variance is provided and the

main theorem shows that there exists no universal (valid under all distributions) unbiased estimator of

the variance.

Keywords: Blocked 3×2 cross-validation, unbiased estimator, variance of estimator of the predic-

tion error.
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