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§1. Ú ó

äãT´��vk£´�ëÏã, éu?¿ü�º:σ 6= t ∈ T , �σt´ë�σ�t��

�´», ´»σt¥¹k�>êP�d(σ, t), ¡�σ�t�ål. �T´��±o��º:�ÛÜ

k��Ã�äã. éuT¥�?¿ü�º:σ, t, XJσ´?3l�º:o�t���´»þ,

KP�σ ≤ t. ·�^σ ∧ tL«Ó�÷vσ ∧ t ≤ t�σ ∧ t ≤ σ�lo���º:. éuTþ

�?�º:t, |t|L«oÚt�m�ål. ��º:XJÙ��º:�ål�n, K¡Tº: 

u1n�þ. LnL«T�1n�þ¤kº:�fã, Lm
nL«T�¹kln��m��¤kº

:�fã, AOT (n) = Ln
0L«T�¹kl0�(�)�n��¤kº:fã. XJäãT��

º:kN���º:, Ù¦º:kN + 1���º:, ·�¡dä�Cayleyä, P�TC,N .

éuCayleyäTC,Nþ�z��º:t, 3§�e��ÑkN���º:, ·�¡ùN�º:

�t�f�, t�ùN�º:�I�. é∀ t ∈ TC,N , P1t�t�I�. �©·�Ì�ïÄ��

äTC,2 (�ã1), �
�B, ·�òTC,2{P�T2. éu��äþ?�º:t, Pt
1, t2�t�ü

�f�.

�{Ω,F ,P}��VÇ�m, {Xt, t ∈ T2}�½Â3{Ω,F ,P}þ�ä�I�ÅL§, �A

�T2�fã, PXA = {Xt, t ∈ A}, ^|A|L«A¥º:��ê, xAL«XA�¢y.

ä�I�ÅL§´Cc5uÐå5�VÇØ���#�ïÄ��. Guyon (2007)½Â
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ã1 ��äTC,2

½nÚìCþ©5(AEP). YangÚYe (2007)ïÄ
àgä�I��àgê¼ó�r�ê½

nÚìCþ©5(AEP). HuangÚYang (2008)ïÄ
��k.ä�Iê¼ó�r�ê½n

ÚìCþ©5(AEP). �¡È, ¥IÚ�	(2012)ïÄ
ä�Iê¼ó��d½Â.

�©�8�´�Ñ��äþ©|ê¼ó½Â�lÑ/ª, ,�ïÄ§�ü��d5�,

��, ·��Ñ3��ä�¹e, ä�Iê¼óÒ´�aAÏ�©|ê¼ó.

§2. Ì�(J

½Â 2.1 (��äþ©|ê¼ó) �T2���ä, {Xt, t ∈ T2}´½Â3VÇ�m
{Ω,F ,P}þ3S = {1, 2, . . . , N}¥����ÅCþ8Ü, �p = {p(x), x ∈ S}´Sþ�VÇ
©Ù, P = (P (y1, y2 |x))´½Â3S × S2þ���ÅÝ
(÷vP (y1, y2 |x) ≥ 0, ∀ y1, y2, x
∈ S, 9

∑
y1

∑
y2

P (y1, y2 |x) = 1, ∀x ∈ S). XJé∀n ≥ 0, k

P
(
XLn+1 = xLn+1 |XT (n)

= xT
(n))

=
∏

t∈Ln

P (xt1 , xt2 |xt), (2.1)

9

P(Xo = x) = p(x), ∀x ∈ S, (2.2)

K¡{Xt, t ∈ T2}�äkÐ©©Ùp��ÅÝ
P3S¥�����äþ©|ê¼ó.

5P 1 d½Â2.1��©�Ñ���äþ©|ê¼ó´Guyon (2007)¥3��G�

�m�����äþ©|ê¼ó�lÑ/ª.

½n 2.1 �T2���ä, S = {1, 2, . . . , N}��k�G��m, {Xt, t ∈ T2}�½Â
3VÇ�m{Ω,F ,P}þ3S¥����ÅCþ8Ü, K±en^�d:

(i) {Xt, t ∈ T2}´3S¥�����äþ©|ê¼ó;

(ii) é∀n ≥ 1�∀xT (n) ∈ ST (n)
, k

P
(
XT (n)

= xT
(n))

= p(xo)
∏

t∈T (n−1)

P (xt1 , xt2 |xt); (2.3)
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(iii) é∀n ≥ 1, 9t, t1, t2, . . . , tn ∈ T2, ti ∧ t1 ≤ t, �ti ∧ t2 ≤ t, 1 ≤ i ≤ n, k

P(Xt1 = y1, Xt2 = y2 |Xt = x,Xt1 = xt1 , . . . , Xtn = xtn)

= P(Xt1 = y1, Xt2 = y2 |Xt = x)

= P (y1, y2 |x), x, y1, y2 ∈ S, (2.4)

9

P(Xo = x) = p(x), ∀x ∈ S. (2.5)

y²: (i)=⇒(ii) d(2.1), (2.2)9^�VÇ�¦{úªk

P
(
XT (n)

= xT
(n))

= P
(
Xo = xo, X

L1 = xL1 , XL2 = xL2 , . . . , XLn = xLn
)

= P(Xo = xo)
n∏

i=1
P
(
XLi = xLi |XT (i−1)

= xT
(i−1))

= p(xo)
n∏

i=1

∏
t∈Li−1

P (xt1 , xt2 |xt)

= p(xo)
∏

t∈T (n−1)

P (xt1 , xt2 |xt),

u´(2.3)¤á.

(ii)=⇒(iii) b�(2.3)¤á, w,(2.5)¤á, e¡·�y(2.4)¤á.

(a) �N��¢ê, t, t1, t2, . . . , tn ∈ T (N)÷vti ∧ t1 ≤ t, �ti ∧ t2 ≤ t, i = 1, 2, . . . , n,

�ùn+ 1�º:þØ��º:, d(2.3)�

P(Xt1 = xt1 , Xt2 = xt2 , Xt = xt, Xt1 = xt1 , . . . , Xtn = xtn)

=
∑

xo,xi1 ,xi2 :i
1,i2∈T (N+1)\{t1,t2,t,t1,...,tn}

p(xo)
∏

i∈T (N)

P (xi1 , xi2 |xi)

= P (xt1 , xt2 |xt)
∑

xo,xi1
,x

i2
: i1,i2∈T (N+1)\{t,t1,. . . ,tn}
i1∧t1≤t, i1∧t2≤t

i2∧t1≤t, i2∧t2≤t

p(xo)
∏

i∈T (N)

i1∧t1≤t, i1∧t2≤t

i2∧t1≤t, i2∧t2≤t

P (xi1 , xi2 |xi), (2.6)

9

P(Xt = xt, Xt1 = xt1 , . . . , Xtn = xtn)

=
∑

xo,xi1 ,xi2 :i
1,i2∈T (N+1)\{t,t1,...,tn}

p(xo)
∏

i∈T (N)

P (xi1 , xi2 |xi)

=
∑

xo,xi1
,x

i2
: i1,i2∈T (N+1)\{t,t1,. . . ,tn}
i1∧t1≤t, i1∧t2≤t

i2∧t1≤t, i2∧t2≤t

p(xo)
∏

i∈T (N)

i1∧t1≤t, i1∧t2≤t

i2∧t1≤t, i2∧t2≤t

P (xi1 , xi2 |xi), (2.7)

d(2.6)9(2.7)�(2.4)¤á.
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(b) �t, t1, t2, . . . , tnùn+ 1�º:¥k����º:, d(2.3)�

P(Xt1 = xt1 , Xt2 = xt2 , Xt = xt, Xt1 = xt1 , . . . , Xtn = xtn)

=
∑

xi1 ,xi2 :i
1,i2∈T (N+1)\{t1,t2,t,t1,...,tn}

p(xo)
∏

i∈T (N)

P (xi1 , xi2 |xi)

= P (xt1 , xt2 |xt)
∑

x
i1

,x
i2

: i1,i2∈T (N+1)\{t,t1,. . . ,tn}
i1∧t1≤t, i1∧t2≤t

i2∧t1≤t, i2∧t2≤t

p(xo)
∏

i∈T (N)

i1∧t1≤t, i1∧t2≤t

i2∧t1≤t, i2∧t2≤t

P (xi1 , xi2 |xi), (2.8)

9

P(Xt = xt, Xt1 = xt1 , . . . , Xtn = xtn)

=
∑

xi1 ,xi2 :i
1,i2∈T (N+1)\{t,t1,...,tn}

p(xo)
∏

i∈T (N)

P (xi1 , xi2 |xi)

=
∑

x
i1

,x
i2

: i1,i2∈T (N+1)\{t,t1,. . . ,tn}
i1∧t1≤t, i1∧t2≤t

i2∧t1≤t, i2∧t2≤t

p(xo)
∏

i∈T (N)

i1∧t1≤t, i1∧t2≤t

i2∧t1≤t, i2∧t2≤t

P (xi1 , xi2 |xi), (2.9)

ù�Ek(2.4)¤á.

(iii)=⇒(i) é∀ t ∈ Ln, n ≥ 0, d(2.4)9^�VÇ�¦{úª�

P
(
XLn+1 = xLn+1 |XT (n)

= xT
(n))

= P
(
Xt1 = xt1 , Xt2 = xt2 , X

Ln+1\{t1,t2} = xLn+1\{t1,t2} |XT (n)
= xT

(n))
= P

(
Xt1 = xt1 , Xt2 = xt2 |XT (n+1)\{t1,t2} = xT

(n+1)\{t1,t2})
·P
(
XLn+1\{t1,t2} = xLn+1\{t1,t2} |XT (n)

= xT
(n))

= P(Xt1 = xt1 , Xt2 = xt2 |Xt = xt)P
(
XLn+1\{t1,t2} = xLn+1\{t1,t2} |XT (n)

= xT
(n))

= · · ·

=
∏

t∈Ln

P (xt1 , xt2 |xt),

u´(2.1)¤á. ½ny.. �

½Â 2.2 (BenjaminiÚPeres, 1994, ä�Iê¼ó) �T´�ÛÜk��Ã�ä, S

= {1, 2, . . . , N}��k�G��m, {Xt, t ∈ T}�½Â3VÇ�m{Ω,F ,P}þ3S¥���
�ÅCþ8Ü, �p = {p(x), x ∈ S}´Sþ�VÇ©Ù, Q = (Q(y |x))´½Â3S × Sþ�
�=£Ý
. XJé∀n ≥ 1, 9t, t1, t2, . . . , tn ∈ T , ti ∧ t ≤ 1t, 1 ≤ i ≤ n, k

P(Xt = y |X1t = x,Xt1 = xt1 , . . . , Xtn = xtn)

= P(Xt = y |X1t = x)

= Q(y |x), x, y ∈ S, (2.10)
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9

P(Xo = x) = p(x), ∀x ∈ S, (2.11)

K¡{Xt, t ∈ T}�äkÐ©©Ùp�=£Ý
Q3Sþ���ä�Iê¼ó.

Ún 2.1 (�¡È, ¥IÚ�	, 2012) �T��ÛÜk��Ã�ä, S = {1, 2, . . .,
N}��k�G��m, {Xt, t ∈ T}�½Â3VÇ�m{Ω,F ,P}þ3S¥����ÅCþ8
Ü, Ke�Qã´�d�:

(1) {Xt, t ∈ T}´d½Â2.2½Â�ä�Iê¼ó;

(2) ∀xT (n) ∈ ST (n)
, k

P
(
XT (n)

= xT
(n))

= p(xo)
∏

t∈T (n)\{o}
Q(xt |x1t).

5P 2 XJT���äT2, K{Xt, t ∈ T2}�äkÐ©©Ùp�=£Ý
Q�ä�I
ê¼ó⇐⇒ ∀xT (n) ∈ ST (n)

, k

P
(
XT (n)

= xT
(n))

= p(xo)
∏

t∈T (n−1)

Q(xt1 |xt)Q(xt2 |xt). (2.12)

y²: eäT���ä, K

∏
t∈T (n)\{o}

Q(xt |x1t) =
∏

t∈T (n−1)

Q(xt1 |xt)Q(xt2 |xt),

2dÚn2.1���5P¤á. �

½n 2.2 �{Xt, t ∈ T2}´d½Â2.1½Â���äþ©|ê¼ó, Ù�ÅÝ
P =

(P (y1, y2 |x)), x, y1, y2 ∈ S,XJ�3=£Ý
Q = (Q(y |x)), x, y ∈ S,¦�P (y1, y2 |x) =

Q(y1 |x)Q(y2 |x), K{Xt, t ∈ T2}´ä�Iê¼ó, Ù=£Ý
�Q. �L5, �{Xt, t ∈ T2}
´d½Â2.2½Â�ä�Iê¼ó, Ù=£Ý
Q = (Q(y |x)), x, y ∈ S, K{Xt, t ∈ T2}´�
�äþ©|ê¼ó, Ù�ÅÝ
P = (P (y1, y2 |x)), Ù¥P (y1, y2 |x) = Q(y1 |x)Q(y2 |x),

x, y1, y2 ∈ S.

y²: d½n2.1�(i), (ii)95P2�í��½n. �

ïÄ��äþ©|ê¼óØ=k�p�nØ¿Â, Ó��äk�Ð�A^d�. ~X,

Guyon (2007)|^XeêÆ�.ïÄ
��\ÿ�O�Ç¯K, PXi���\ÿi�O�

Ç, 2n�I���\ÿn�#4f�, 2n+ 1�Î4f�, -X1�Ð©��\ÿ�O�Ç, Ð

©©Ù�v, Ké∀n ≥ 1, k X2n = α0Xn + β0 + ε2n;

X2n+1 = α1Xn + β1 + ε2n+1,
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Ù¥α0, α1 ∈ (−1, 1), β0, β1 ∈ R, (ε2n, ε2n+1) ∼ N2(0,Γ), Γ = σ2
(

1 ρ

ρ 1

)
, σ2 > 0,

ρ ∈ (−1, 1). Guyon (2007)¥½Â�3��G��m�����äþ©|ê¼ó´þã�

.�í2, �©ïÄ�lÑ/ª��äþ©|ê¼ó´Guyon (2007)¥3��G��m�

����äþ©|ê¼ó�A~.
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Equivalent Properties of Bifurcating Markov Chains

Indexed by a Binary Tree

Dang Hui

(Department of Mathematics, Shanghai Jiao Tong University, Shanghai, 200240 )

Yang Weiguo

(Faculty of Science, Jiangsu University, Zhenjiang, 212013 )

In this paper, we give the discrete form of the definition of bifurcating Markov chains indexed by a

binary tree, and then study the equivalent properties of it. Finally, we prove that tree-indexed Markov

chains are bifurcating Markov chains indexed by a binary tree in certain situation.

Keywords: Binary tree, bifurcating Markov chains, tree-indexed Markov chains.
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