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Abstract

This paper proposes a new type of random parameters AACD (RPAACD) models, which
extends the AACD model. Depending on the state of the price process, the RPAACD models seem
to be a valuable alternative to existing approaches and have the better overall performance. We
give the transition probability of the process. Moreover by employing the transition probability,
we obtain the probability properties of the RPACD model.
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§1. Introduction

High-frequency financial time series have become widely available during the past
decade or so. Engle and Russell (1998) developed the Autoregressive Conditional Duration
(ACD) model whose explicit objective is the modeling of times between events. Since its
introduction, the ACD model and its various extensions have become a leading tool in
modeling the behavior of irregularly time-spaced financial data, and open the door to
both theoretical and empirical developments. ACD models have been partly covered in
books such as Bauwens and Giot (2001), Russell and Engle (2010), Tsay (2002) and
Hautsch (2004). Recently, Pacurar (2008) reviews both the theoretical and empirical
work that has been done on ACD models. In this article we follow the line of work
originated by Engle and Russell (1998), where the durations between events (e.g., trades,
quotes, price changes) are the quantities being modeled. Moreover, regime-switching ACD
specifications have been introduced by Zhang et al. (2001) and recently extended by Meitz
and Terdsvirta (2006) to allow for smooth transition specifications. Hujer et al. (2002)

propose the Markov switching ACD model.
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However, in a great deal of research of ACD models, there is little work in the research
of the probability properties and its limitation is obvious. These ACD models don’t
show up the disturbance from the environment to the system. In practice, the model
parameters vary with the environment. The contribution of this paper is two-fold. First,
we propose a new type of random parameters AACD (RPAACD) models. It turns out
that flexible disturbance of the new impact function are necessary to model financial
durations appropriately. So the RPAACD model seems to be a valuable alternative to
existing approaches and has the better overall performance. Second, we get the probability

properties of the RPAACD model, and give rigorous proofs of the probability properties.

§2. The RPAACD Model

Let (Q,F,P) be a probability space. Throughout this paper, all random variables
and random vectors are assumed to be defined on this space. Let E = {1,2,...,e} be a
finite set, H denote o-algebra generated by all subsets of E, {Zi, k > 1} be an irreducible
and aperiodic Markov chain on (2, F,P) with state space (E, H).

Let xp = tx — t;_1 denote the time between two events occurring at time ¢;_; and
t, respectively. Engle and Russell (1998) proposed to specify the duration process based
on a dynamic parameterization of the conditional mean function ¢ = E(xp|Fr_1), where
Fi_1 denotes the filtration up to period k — 1. By defining ¢ as an i.i.d. random variable
with positive support, the ACD model is given by zp = ¥iek.

Hence, the specification of an ACD model includes (i) the choice of the functional form
for the conditional mean function 1y and (ii) the choice of an appropriate distribution for
€k-

The augmented autoregressive conditional duration (AACD) model was proposed by

Fernandes and Grammig (2006) in their seminal paper and is given by

T = YRk, (2.1)
Ui = w+ oy [len—1 — bl — cler—1 — b)]” + B, (2:2)

where w, «, 3, b, ¢ denote constants and w >0, a >0, 3> 0, |¢| < 1.
Here, we propose a new type of AACD model which nests a wide range of specifications

and is given by

Ui = w(Zk1) + A Ze- )P lek—1 — b = clen—1 = 0)]° + B(Zr—1)vi_1, (2.3)
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where for any ¢ € E, w(i), a(i), 3(i), b, ¢ denote constants and w(i) > 0, a(i) > 0, B(i) > 0,
le] < 1.

We call this random parameters AACD (RPAACD) models. And {(¢x, Zi),k > 1} is
called the derived sequence of the model (2.3). If E is a simple point set, the model (2.3)
reduces to the model (2.2).

The model (2.3) indicates that the model can be interpreted as a nonlinear model with
stochastic time-varying parameterization. The RPAACD model can better fit a system
influenced by environment. The new model has broad application prospect. Extensions of
this framework to the case of smooth transitions have been recently introduced by Meitz
and Terasvirta (2006). And extensions of this framework to the case of regime-switching
ACD model have been recently introduced by Hautsch (2006).

83. Properties of the RPAACD Model

In this paper, assume that the following three conditions hold

1. ef is an i.i.d. random variable with positive support and E(gx) = 1.

2. {4y, k > 1} is independent of ei; For any k > 1, Z is independent of ¢; and {Z,
k > 1} is independent of {e, k > 1}.

3. {ek, k > 1} have density function f(-) that is positive and lower semi-continuous.

In the following, we are interested in the limit behavior of the sequence {(vy, Z%),
k > 1} of the model (2.3).

Lemma 3.1 The process {(¢x, Zr), k > 1} is a homogeneous Markov chain.

The proof is similar to that of Lemma 2.1 of Hou et al. (2005).

Let

A —w(i) = B(i)xML/v
(z,y,i) = [y Og(i)xxﬁ( LA

and p be a Lebesgue measure on the space (R, B).

Lemma 3.2 The transition probability of the process {(¢, Zx),k > 1} is as fol-

lows:

Pl Ax i) =Py [ (o4 1 0D utdy)
eo>byeEA
+ / f(b—ifb(x,y,i))u(dy)]

1+c¢
eo<b,yeA
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For any n > 2,
PU((2,1), A x j)

1 .
- Z Pill-Plllg"'-Plnflj[ / f<b+ 17(1)(%?/1,2))/1((1?/1)
I, ln_1€E —C
co>by1€ER

+ / £ (b= 0, 0,1) ) e | / v

eo<by1€R e1>2b,y2€R

@(yl,y2,ll))ﬂ(dy2)+ / f(b—fﬂ@(yl,yQ,ll))M(dyz)]...

€1 <b,y2€R

[ / f(b + i(p(yn—%yn—ly ln—2))ﬂ(dyn—1) +
en_2>byn_1€R en2<byn_1€R
f(b - L‘I’(yn—2,yn—1,ln—2))/¢t(dyn—1)] [ / f(b 1 i C

1+¢
en—12b,yn €A

1
(I)(yn—lvymln—l)>ﬂ(dyn) + / f(b - mé(yn—lyynyln—l))ﬂ(dyn)]-
€n71<b,yn€A

Remark 1 Upon noting {Z;} is irreducible, then for any measure A on (E, H),
{Zy} is A-irreducible. Choose a suitable measure still denoted by A, which satisfies A {i} >
0,7 € E. Thus, we can induce a measure yu X A on (Rx E, B x H). And pu(A) > 0 implies
px ANAx{j}) >0, forany A€ B, jcE.

Lemma 3.3 The process {(¢y, Z),k > 1} is pu x A irreducible and aperiodic.

Proof Forall Ax{j}e€ BxH, uxAAx{j})>0. Fix any (z,7) € R x E, since
{Z,} is irreducible, there exists a positive constant ng such that

Pi(jn) >0 for all n > ng.

Then there exist k1, ko, ..., k,—1 such that Py, Py g, - Pk,_,; > 0.

By Lemma 3.2, we obtain
P™((x,4), A x j)

1 .
2 P’iklpk:lk:z e Pk?n—lj |: / f(b + T_C(I)(x?ybz))“(dyl)

€0>by1€ER
1 ) 1
+ / f(b - m‘l’(ﬂf,yl,l))ﬂ(dyl)} [ / f(b t1 .
eo<by1€ER e1>2by2€R
B o k)l + [ 1(b ) uld)|
) ) 1 —'— c ) )

e1<by2€R
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[ / f(b + %_C‘I’(ynﬁ,ynﬂ, k‘n72)>ﬂ(dyn—1) + /

en—22byn—1€ER en—2<byn—1€ER
1 1
b— — @ _,_,k:_>d_H (b
f( Tre (Yn—2,Yn—1, kn—2) ) p(dyn—1) Flo+1—
5n—12b,yneA

Bt o) i)+ [ (0 B b)) > 0.

5n71<b7yneA
Thus {(¢Yg, Zk),k > 1} is p x A irreducible.
By Lemma 4.1.6 of An and Chen (1998) and the preceding conclusion, we have the
process {(Yg, Zx), k > 1} is p x A aperiodic. O
Lemma 3.4 If K is a bounded set in R and p(K) > 0, then for any ¢ € E, K x{i}
is a small set of { (%, Zx), k > 1}. Tt follows that K x E is a small set of {(¢x, Zx), k > 1}.
Proof Let Ax{j} € Bx H, and ux A(A x {j}) > 0. By the proof of Lemma 3.3,

there exists a positive constant ng, such that for all n > ng there exist positive constants
ki,ks, ..., k,_1 such that Bklpkle e Pkn—lj > 0.
Thus, for all (z,7) € R x E,
P (1), A x j)

1 .
2 Pikzlpkilkz e Pkn—1j|: / f(b + TC(I)(:L" yl?l))/"(dyl)

e0>by1€ER
1 ) 1
+ / f(b - mq’(%yl,l))ﬂ(dyl)} [ / f(b t1 .
eo<by1€ER €1>2b,y2€R
B o k))uldi) + [ 1(b ) )auld)|
) M 1 + C ) )
81<b,y26R
|: / f(b + Lq}(yn—Q Yn—1 kn—Z)),Uf(dyn—l) +
1 _ C M M
en—22byn—1€ER en—2<byn—1ER
1 1
et ey ) P | R A (PR
8n712b7yn6/\
cI)(yn—l Yn kn—l))ﬂ(dyn) + / f(b - i(p(yn—l Yn kn—l))ﬂ(dyn)] .
) ) 1 + c M M
€n71<b,yn€A

Let

Walyr) = [ / f<b+ i<I>(y17l/2, k1)>u(dyz)

1—c
e1>2b,y2€R
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+ / f(b - 114_C<1)(y1,2/2,k1))u(dy2)}

e1<by2€R

[ / f(b + l%cq)(ynfz, Yn—1, k’an))M(dynfl)

en—22byn—1ER

1
+ / f (b - mq)(ynf% Yn—1, kn72)) :u(dynfl)]
en—2<byn_1€ER

I (et [T ) IS

1—
En—lzb,ynEA
1
+ / f(b - m‘p(yn—la Yn, kn—l))ﬂ(dyn)] .
5n—1<bayn€A

Obviously, for all y; € R™, Wa(y1) > 0.
el P (@0, 4% ) = inf PO((a,0), A x 5)
. 1 v
2 Piklpklkg "'Pknflj Zlél.[f{ |: / f<b+ E(p(x7y17z)>wl\(yl)lu(dyl)

eo>by1€ER

b [ (o ) Walatm)].

eo<by1€ER

Let

. 1 ; I/
H(K,A) = Inf [ / f<b+ li_cq)(%ylal))WA(yl)/‘(dyl)
e0>by1€ER

+ / f(b - 11+C<I>(9:, yl,i)>WA(y1)u(dy1)}-
eo<by1€ER

Obviously, H(K,A) > 0.
If H(K,A) = 0, moreover K is a bounded set, there exists z,, € K such that

lim[ / f(b+%_Cé(:cn,yl,iDWA(m)u(dm)

n—-+o00
e0>by1€ER
1 ~\ 57
b [ (o ) Walmatan)] = o
€0<b,y1€R

Since z,, € K is a bounded sequence, there exists x,, C x, such that klim T, = T0
—+00
€ R.
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Therefore, by Fatou lemma and the lower semicontinuity of f(-), we have

[ (e 20 Watutdn)

1—-c
co>by1ER
1 \
+ / f(b — m(ﬂxo, Y1, l))WA(yl)N(dyl)}
€0<b,y1€R
< [ lim f(b + Lé(w Y1 i))WA(yl)u(dyl)
= k-0 L—c MO0
e0>b,y1€ER
1 N\ 7
+ / f(b— mq)(l‘nkvylaz))WA(yl):u(dyl)}
co<by1ER
< i | F(b+ 1 ®nes 1,0) ) Wy sl
~ k—+oo 1-c e
co>by1 ER
1 N\ 7
+ / f(b - mq)(xnkaylv Z))WA(yl):U’(dyl)} =0.
€0<b,y1€R

This contradicts

[ / f(b + %(I)(-anylyi))WA(yl)ﬂ(dyl)

e0o>by1€ER

i / f<b_1ic‘p(%ylvi))WA(yl)u(dyl) > 0.

e0<b,y1€ER

Hence H(K,A) > 0.

Therefore inf  PM((x,4),A x j) > 0.
(2,i)e K x{i} ((z,7) 7)

By Lemma 4.1.8 of An and Chen (1998), we obtain K x {i} is a small set of {(¢,
Zy), k > 1}. It follows that K x E is a small set of {(¢x, Zx), k > 1}. O

Theorem 3.1 If for any i € E, E{a(i)[|eo — b| — c(e0 — b)]” + 5(4)} < 1 and there
exists an M € R such that w(i) < M, then {(Yx, Zx),k > 1} is geometrically ergodic

Markov chain and model (2.3) is adjoint geometrically ergodic.
Proof Let ¢(i) = E{a(i)[|eo — b — c(e0 — b)]" + B(7)}. Since ¢(i) < 1 for any i € E,
then there is a nonnegative constant p such that max o(i) < p < 1. Let g(y,u) = |y|,
S

d(AO)W — w(i)], Cy = ngc[w(z) + ¢(i)W]. Notice g(y,u) is a nonnegative measurable
1€
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function, B is a small set for {(¢x, Z;),k > 1}, C; > 0, and Cy > 0, then

E{g(brr1, Zrt1)|(or, Z1) = (2,0)}
= E{w(i) + (i) M|ex — b] — (e — b)]” + B(i)z}
= w(i) + ¢(i)z.

For any (z,7) ¢ B,

>
|
S
—~
~.
~—

E{g(hs1: Ziw1)| (k. Z1) = (2,4)} = pa* — [(p — 9(i))x

For any (z,i) € B,

E{g(Vh+1, Zo1)|(Yrs Z1) = (2,0)} = w(i) + p(i)2™

<w(i) + ()W < Cs.

By Theorem 4.1.12 of An and Chen (1998), {(¢k, Zi), k > 1} is a geometrically ergodic
Markov chain.

By the property of conditional probability and the already obtained result, note that
|E| is finite, model (2.3) is adjoint geometrically ergodic. O

84. Conclusion

In this work, we introduces a type of random parameters AACD (RPAACD) models.
The parameters of RPAACD models is driven by a hidden Markov chain. The RPAACD
models has a broader foreground. Moreover, we give the transition probability of the
process {(¢y, Zy), k > 1}. By the transition probability, we demonstrate the irreducibility
and aperiodicity of the process {(¢, Zx),k > 1} and construct the small set of the process
{(¥k, Zx),k > 1}. Finally, Lyapunov functional can be proposed, we give the proof of
geometric ergodicity of {(¢y, Zx),k > 1}. But whether the RPAACD models have good

statistical properties seems to be a promising direction for further analysis.
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