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§1. Ú ó

�Xy�êâ©ÛEâ�ØäuÐ±9O�Uå�¯�J,, DÚ�ëê�.®²Ø

U��÷v<��I¦. XÛmÿCþ�m�Ûª(�, ¤��ÆïÄ�#ÌK. 3ù«

�µe, í2�5�.ÚO\§��(¹A^¤�7,ª³. ùÏmNõ��5�.Ú§

�C���.®²¯�uÐå5
. Ù¥, �É'5��.��Ò´CXê�.(Hastie

ÚTibshirani, 1993)

Y = α0(U) +XTα(U) + ε, (1.1)

ùpT´=�$�, Y´�ACþ, α0(U)�α(U) = (α1(U), . . . , αp(U))T´'u�CþU�

��1wXê¼ê, X = (X1, . . . , Xp)
T´�Cþ, p´�u�u1���ê, 9ε´�ÅØ�.

l�§(1.1)¥�±wÑCXê�.#NXê�6u,
�Cþ.

L�A�cp, CXê�.®²3nØ9A^¥��
×�uÐ. 3nØ�¡, ÛÜõ

�ªÚ1w�^~^5�O�.(1.1). �Xê¼êkØÓ1wÝ�, FanÚZhang (1999)J

Ñ
��üÚÛÜõ�ª{5�OCXê�.. Cai�(2000)uÐ
ÛÜõ�ªEâ¿�

ïá
CXê�.�O�ìCnØ. Äu�^Cq, Huang�(2004)�Ñ
Xê¼ê�O

�ÂñÇ. Wang�(2008)?�Ú?Ø
�^CqCXê�.�{¿r§A^uCþÀJ
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þ. 'uùü«�{��õ�[0��ë�FanÚZhang (2008)±9Ù¥�©z. 3A^�

¡, CXê�.®²�2�^u7KOþ!)Ô��!�£�ÆÚ�¸ó§��¡. ~X,

HongÚLee (2004)�ÄCXê�.37KOþ�¡�A^; CedermanÚRao (2001)^CX

ê�.5ïÄISÀâ; ±9CaiÚTiwari (2000)rCXê�.^u�¸�Æ¯K�u�.

¯¢þ, Ø�Ù§�ëê�.¬;�“�ÝÁ�”�K�, CXê�.Úå
<��4�,

�.

þã©z¥¤J���O�{A�Ñ´Äu���¦{(��zí�²�Ú½\�í

�²�Ú). �,T�{N´ö��d§¤����OÑlìC��©Ù, �´du���

¦£8�Ø­è5¦�ù
�Oé�
É~�:(outlying points)�~¯a. Ó�, �Ø�

��l��©Ù�, ���¦�O��Ç¬²wü$. ��k��Ñþã¯K��À�{

Ò´¦^© ê£8(KoenkerÚBassett, 1978). C5, ®²kA �öæ^© ê�O�

{5ïÄCXê�.(1.1). ¦^ÛÜõ�ªCqEâ, Honda (2004)±9CaiÚXu (2008)©

OïÄ
ÕáêâÚ�mS�êâ�CXê�.© ê�O. Kim (2007)A^�^5Cq

Xê¼ê¿���
© ê�OCXê�.�ÂñÇ. ¦+ù
©zJø
¦^© ê�

{ïÄCXê�.�Ä�nØ, ,
§���Äü�A½© :þ��.�O¿�b��

ÅØ�3ù�AÏ© :�_\È©Ù��". Éù�g��éu, ·�u�ª�ØÓ©

 :�CXê�.(1.1)��O¿�º��ÅØ�3© :_\È©Ù��"ù�rb�.

�©�ÄCXê�.�ÛÜ\�|Ü© ê�O. ·�¦^ÛÜõ�ª5Cqz��

Xê¼ê. ÏL��z��\�|Ü© ê?v¼ê, ��
CXê�.�­è�O, ¿�

�Ñ
�Oþ�ÛÜBahadurL«±9ìC��5. d	, éÛÜ\�|Ü© ê�ÛÜ

���¦�O�ìC�é�Ç(ARE)?1
µ�. (Jw«ARE�î��6uØ�©Ù.

AO, �Ø��IO��©Ù�, ÛÜ\�|Ü© êA��ÛÜ���¦�OkXÓ�

��Ç. ,
, éu���Ø�©Ù, ÛÜ\�|Ü© ê'ÛÜ���¦�Oäk�p�

�Ç. æ^Monte Carlo�[5ü«�Oþ�5�, �[(JL²ÛÜ\�|Ü© ê�O

'ÛÜ���¦�­è. d	, ¢yïÄ�(Ø��nØ���.

§2. ÛÜ\�|Ü© ê�O

b�{Ui,Xi, Yi}ni=1´5gu�.(1.1)��X��Å��, ùpXi = (Xi1, . . . , Xip)
T.

ÏLTaylorÐª, Xê¼ê�±�ÛÜCq�

αj(U) ≈ αj(u) + α′j(u)(U − u), j = 0, 1, . . . , p, (2.1)

Ù¥U´u��S�?¿�:. éj = 0, 1, . . . , p, ½Âaj = αj(u)9bj = α′j(u).
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3���¦(Ls)µee, rajÚbj��O©OP�âjÚb̂j , K{(âj , b̂j)}pj=0��z

n∑
i=1

[
Yi − a0 − b0(Ui − u)−

p∑
j=1
{aj − bj(Ui − u)}Xij

]2
Kh(Ui − u), (2.2)

ùpKh(·) = h−1K(·/h), h > 0´I°±9K(·)´��Ø¼ê.

�§(2.2)¤�Ñ�ÛÜ���¦£8PkéõûÐ5�. ~X, ìC4�4�¿Â

þ�pÚO�Ç(FanÚGijbels, 1992)9gÄ?�>.K��(Fan, 1993). ,
, �Ø�©

Ùvkk����Ý�, ÛÜ���¦�OòØ2��(FanÚGijbels, 1996). �,Honda

(2004)±9CaiÚXu (2008)¦^ÛÜ© ê�OÛÜ���¦£85ïÄCXê�.¿�

y²
ÛÜ© ê'ÛÜ���¦�O�­è, �´ÛÜ© ê£8�U�N�Oþ3,

�ÕáA½© :�5�. �
?�Ú�÷ÛÜ© ê�O�5�, ·��Äª�ØÓ©

 :�ÛÜ\�© ê£8.

éu�½���êM , -τk = k/(M + 1)�1k�© :, k = 1, . . . ,M . @o, CXê

�.(1.1)�1τk�© ê�§�

Qτk(U,X) = cτk + α0(U) +XTα(U), (2.3)

Ù¥cτk = F−1
ε (τk)±9Fε(·)´ε�©Ù¼ê.

æ^ª(2.1)�Cq�{, ÛÜ\�|Ü© ê(Wcq)�O�

(
â∗0

T, b̂0, â
T, b̂ T

)T
= arg min

a∗0,b0,a,b

M∑
k=1

wk

{ n∑
i=1

ρτk
(
Yi − a0k − b0(Ui − u)

−XT
i a−XT

i (Ui − u)b
)
Kh(Ui − u)

}
, (2.4)

Ù¥ρτk(v) = τkv − vI (v ≤ 0), I(·)´«5¼ê, a∗0 = (a01, . . . , a0M )T, a0k = a0 + cτk ,

a = (a1, . . . , ap)
T, b = (b1, . . . , bp)

T±9wk ≥ 0´�X��÷v
M∑
k=1

wk = 1.

lL�ª(2.4)�±wÑÛÜ\�|Ü© ê£8´5guØÓ© :���z|Ü

8Iρ -¼ê, §éØÓ© :�8I¼ê?1\�²þ. ¯¢þ, ZouÚYuan (2008)�Ä


�Ý�({wk = 1/M}Mk=1)���5�.|Ü© ê�O¿��Ñ
�Oþ�ìC©Ù.

Kai�(2010)r�Ý�|Ü© ê�{í2��ëê�.þ. C5, Jiang�(2014)�Ñ
�

�5�.�\�|Ü© ê�O. �©?Ø��Ý��CXê�.|Ü© ê�O.

§3. ìCnØ

�
�BL«, ·�k�Ñ�
ÎÒL«. ½Âµj =
∫
ujK(u)du, vj =

∫
ujK2(u)du,

γnh = (nh)−1/2Úψτk(s) = τk − I (s ≤ 0). ¦ri(u) = α0(Ui) − α0(u) − α′0(u)(Ui − u) +

XT
i (α(Ui) − α(u) − α′(u)(Ui − u)), ε∗i,k(u) = εi − cτk + ri(u), τkk′ = min(τk, τk′) − τkτk′ ,
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t =
M∑
k,k′

wkwk′τkk′Úθ = γ−1
nh

{
(a∗0 − α∗0(u))T, (a − α(u))T, h(b0 − α′0(u)), h(b − α′(u))T

}T
.

ùpα∗0(u) = (α01(u), . . . , α0M (u))T�α0k(u) = α0(u) + cτk . ?�Ú, 4Uih = (Ui − u)/h,

Π(u) = E[XXT |U = u], C = diag(w1fε(cτ1), . . . , wMfε(cτM )), c̃ =
M∑
k=1

wkfε(cτk)ÚT´�

�M ×MÝ
, Ù1(k, k′)����wkwk′τkk′ . d	, -

D(u) = E

[(
C 0

0 c̃XXT

)∣∣∣U = u

]
, B(u) = E

[(
1 0

0 XXT

)∣∣∣U = u

]
,

Σ(u) = E

[(
T 0

0 tXXT

)∣∣∣U = u

]
,

±9Xi,k =
{
eT
k,X

T
i , Uih,X

T
i Uih

}T
, ùpek´1k����1Ù{���0�M��þ.

�
y²ÛÜ\�|Ü© ê�O�ìC5�, ·��Ñe�b�^�. ù
b�®

²�2�¦^uÛÜ���¦£8¥(�FanÚZhang, 1999; Cai�, 2000±9FanÚZhang,

2008�).

b� 1 �ÅCþU�3k.| Ω¿�Ù�Ý¼êfU (·)������ëY.

b� 2 3u ∈ Ωþ, Xê¼êα0(·)Úα(·)këY����ê.

b� 3 é¤k�u ∈ Ω, D(u)ÚB(u)�ÛÉ.

b� 4 fε(·)k.�Ø�u0, ±9Ù���êëY���k..

b� 5 Ø¼êK(·)´k.Ú�K�, ¿��3'u0é¡�;| .

b� 6 �3δ∗ > δ > 2, ¦�E‖Xi‖2δ
∗
<∞�knhδ/(δ−2) →∞.

3�ÑÛÜ\�|Ü© ê�O�ìC5��c, ·�k�ã�
7��Ún, Ù¥

Ún3.1ë�FanÚZhang (1999), Ún3.2�3.35
uCaiÚXu (2008).

Ún 3.1 �(X1, Y1), . . . , (Xn, Yn)´Õá��Å�þ, Ù¥Yi, i = 1, . . . , n´��

ê��ÅCþ. ?�Ú, ¦E|Y |s < ∞�sup
x

∫
|y|sf(x, y)dy < ∞, ùpfL«�þ(X, Y )�

éÜ�Ý. �K(·)´äkk.| ¿�÷vLipschitz^����k.�¼ê. b�éε <

1− s−1kn2ε−1h→∞, K

sup
x

∣∣∣ 1
n

n∑
i=1

[Kh(Xi − x)Yi − E{Kh(Xi − x)Yi}]
∣∣∣ = Op

(
{log(1/h)/nh}1/2

)
.

Ún 3.2 �Vn(∆)����þ¼ê¿�÷v:

(i) é?¿λ ≥ 1, −∆TVn(λ∆) ≥ −∆TVn(∆);

(ii) é0 < E <∞, sup
‖∆‖≤E

‖Vn(∆) + G∆−Bn‖ = op(1), ùpBn´���Å�þ÷v

‖Bn‖ = Op(1)±9G´����ÅÝ
;

(iii) ∆n´���Å�þ÷v‖Vn(∆n)‖ = op(1);

@o, ‖∆n‖ = Op(1)¿�∆n = G−1Bn + op(1).
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lθ�½Â�Yi − a0k − b0(Ui − u)−XT
i {a+ b(Ui − u)} = ε∗i,k(u)− γnhθTXi,k, u´

��z�§(2.4)�du

θ̂ = arg min
θ

M∑
k=1

wk

{ n∑
i=1

ρτk
(
ε∗i,k(u)− γnhθTXi,k

)
K(Uih)

}
.

é,�0 < E <∞, ½ÂΓE = {θ : ‖θ‖ ≤ E },

Vn(θ) = γnh
M∑
k=1

wk

[ n∑
i=1

ψτk
(
ε∗i,k(u)− γnhθTXi,k

)
Xi,kK(Uih)

]
Ú

Qnk(θ) =
n∑
i=1

{
ψτk
(
ε∗i,k(u)− γnhθTXi,k

)
− ψτk

(
ε∗i,k(u)

)}
Xi,kK(Uih).

Ún 3.3 e¦δ̂ = arg min
δ

n∑
i=1

wiρτk(Yi − δTXi), ùpwi > 0, Kk

∥∥∥ n∑
i=1

wiXiψτk(Yi − δ̂TXi)
∥∥∥ ≤ dim(X) max

i≤n
‖wiXi‖.

Ún 3.4 3b�1-6^�e, k

sup
θ∈ΓE

∥∥Vn(θ)− Vn(0)− E[Vn(θ)− Vn(0)]
∥∥ = op(1).

y²: lQnk(θ)�½Â�Vn(θ)− Vn(0) = γnh
M∑
k=1

wkQnk(θ)¿�5¿�

γnhQnk(θ) =
1

n

n∑
i=1

I(ε∗i,k(u) ≤ 0)Xi,kKh(Ui − u)

− 1

n

n∑
i=1

I(ε∗i,k(u) ≤ γnhθTXi,k)Xi,kKh(Ui − u)

= L1 − L2.

duL1ÚL2Ñ´ÕáÓ©Ù�ÅCþ�Ø¼ê¦È�Ú/ª, ¤±lÚn3.1�L1 =

E(L1) +Op
(

log1/2(1/h)/
√
nh
)
±9L2 = E(L2) +Op

(
log1/2(1/h)/

√
nh
)
. u´,

γnhQnk(θ) = γnhE[Qnk(θ)] +Op
(

log1/2(1/h)/
√
nh
)
.

ù�, Vn(θ)−Vn(0) = γnh
M∑
k=1

wkE[Qnk(θ)] +Op
(

log1/2(1/h)/
√
nh
)

= E[Vn(θ)−Vn(0)] +

op(1), =y. �

Ún 3.5 XJb�1-6�÷v, K∥∥E[Vn(θ)− Vn(0)] + fU (u)S(u)θ
∥∥ = op(1),

ùpS(u) = diag{D(u), c̃µ2B(u)}.
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y²: �âS�Ï"{K, k

E[Vn(θ)− Vn(0)]

= γnh
M∑
k=1

wkE[Qnk(θ)] = γnh
M∑
k=1

wkE[E(Qnk(θ) |U,X)]

= γnh
M∑
k=1

wk
n∑
i=1

{
Fε(cτk − ri(u))− Fε

(
cτk − ri(u) + γnhθ

TXi,k

)}
Xi,kK(Uih)

= − S∗n(u)θ + o(1),

Ù¥S∗n(u) = (nh)−1
M∑
k=1

wk
n∑
i=1

fε(cτk)Xi,kX
T
i,kK(Uih).

?�Ú, lÚn3.1�S∗n(u)
p→ E[S∗n(u)] = fU (u)S(u) +Op(h

2). u´,

E[Vn(θ)− Vn(0)]
p→ −fU (u)S(u)θ,

=TÚn¤á. �

Ún 3.6 3b�1-6^�e, �‖Vn(0)‖ = Op(1).

y²: Äk, ½Â

V ∗n (0) = γnh
M∑
k=1

wk
n∑
i=1

ψτk{εi − cτk}Xi,kK(Uih),

�5¿

Cov
(
ψτk(εi − cτk), ψτk′ (εj − cτk′ )

)
=

τkk′ , � i = j;

0, � i 6= j.

Ùg, ²L{ü��ê$��

Var (V ∗n (0))→ fU (u)diag(v0Σ(u), tv2B(u)) = O(1).

��, l

Vn(0) = γnh
M∑
k=1

wk
n∑
i=1

ψτk{εi − cτk + ri(u)}Xi,kK(Uih)

�

Var (Vn(0)− V ∗n (0) |U,X)

≤ M2

nh

n∑
i=1
Xi,kX

T
i,kK

2(Uih) max
k
{Fε(cτk + |ri(u)|)− Fε(cτk)} = op(1).

Ïd, Var (Vn(0) − V ∗n (0)) = op(1), ùL²Var (Vn(0)) = Op(1), =‖Vn(0)‖ = Op(1).

�

e¡½n�Ñ
ÛÜ\�|Ü© ê�O�BahadurL«.
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½n 3.1 3b�1-6^�e, k

θ̂ =
S−1(u)√
nhfU (u)

M∑
k=1

wk
n∑
i=1

ψτk(ε∗i,k(u))Xi,kK(Uih) + op(1).

y²: éu�½�τk ∈ (0, 1)Úλ ≥ 1, �

− θTγnh
n∑
i=1

ψτk
{
ε∗i,k(u)− λγnhθTXi,k

}
Xi,kK(Uih)

=
n∑
i=1

ψτk
{
ε∗i,k(u)− λγnhθTXi,k

}(
− γnhθTXi,k

)
K(Uih)

´��'uλ�O¼ê. Ïd,

n∑
i=1

ψτk
{
ε∗i,k(u)− λγnhθTXi,k

}(
− γnhθTXi,k

)
K(Uih)

≥
n∑
i=1

ψτk
{
ε∗i,k(u)− γnhθTXi,k

}(
− γnhθTXi,k

)
K(Uih).

þªV¹X

M∑
k=1

wk
n∑
i=1

ψτk
{
ε∗i,k(u)− λγnhθTXi,k

}(
− γnhθTXi,k

)
K(Uih)

≥
M∑
k=1

wk
n∑
i=1

ψτk
{
ε∗i,k(u)− γnhθTXi,k

}(
− γnhθTXi,k

)
K(Uih),

=−θTVn(λθ) ≥ −θTVn(θ). u´, Ún3.2�^�(i)÷v.

�e5, XJ¦Bn = Vn(0)ÚG = fU (u)S(u), KlÚn3.4Ú3.5�

sup
‖θ‖≤E

‖Vn(θ) + Gθ −Bn‖ = op(1)

¤á, ¿�dÚn3.6�‖Bn‖ = Op(1). ù�, Ún3.2�^�(ii)�÷v.

lÚn3.3�

‖Vn(θ̂)‖ ≤M dim(γnhXi,k) max
i≤n
‖γnhK(Uih)Xi,k‖

= O(1) max
i≤n
‖γnhK(Uih)Xi,k‖. (3.1)

é?¿ε̃ > 0Ú~êC > 0±9δ∗ > δ > 2, dMarkovØ�ªk

P
(

max
i≤n

∥∥∥K(Uih)Xi,k√
nh

∥∥∥ > ε̃n1/δ−1/2h−1/2
)
≤ nP

(∥∥∥K(Uih)Xi,k√
nh

∥∥∥ > ε̃n1/δ−1/2h−1/2
)

≤ CE‖K(Uih)Xi‖δ
∗

ε̃δ∗nδ∗/δ−1
.
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A^Cauchy-SchwarzØ�ª�

E‖K(Uih)Xi‖δ
∗ ≤

√
E|K(Uih)|2δ∗

√
E‖Xi‖2δ∗ .

Ï�

E|K(Uih)|2δ∗ =

∫ ∣∣∣K(Ui − u
h

)∣∣∣2δ∗f(Ui)dUi

= h

∫
|K(t)|2δ∗f(u+ ht)dt = O(h),

¤±

P
(

max
i≤n

∥∥∥K(Uih)Xi,k√
nh

∥∥∥ > ε̃n1/δ−1/2h−1/2
)
≤ O(

√
h)O(n1−δ∗/δ) = o(1). (3.2)

lb�^�69ª(3.2)�

max
i≤n
‖γnhK(Uih)Xi,k‖ = op(n

1/δ−1/2h−1/2) = op(1). (3.3)

��, (Üª(3.1)Úª(3.3)�‖Vn(θ̂)‖ = O(1)op(1) = op(1). Ïd, �âÚn3.2, k

θ̂ = G−1Bn + op(1) =
S−1(u)√
nhfU (u)

M∑
k=1

wk
n∑
i=1

ψτk(ε∗i,k(u))Xi,kK(Uih) + op(1),

=yT½n. �

e¡�½n�Ñ
ÛÜ\�|Ü© ê�O�ìC��5.

½n 3.2 3b�1-6^�e, k

√
nh

[(
â∗0 −α∗0(u)

â−α(u)

)
− µ2h

2

2

(
α′′0(u)

α′′(u)

)]
D→ N{0,Υ(u)},

ùp
D→L«�©ÙÂñ±9Υ(u) = v0f

−1
U (u)D−1(u)Σ(u)D−1(u).

y²: duS(u) = diag(D(u), c̃µ2B(u))´��[é�Ý
, ¤±l½n3.1�

√
nh

(
â∗0 −α∗0(u)

â−α(u)

)
= f−1

U (u)D−1(u)Wn(u) + op(1), (3.4)

Ù¥Wn(u) = γnh
M∑
k=1

wk
n∑
i=1

K(Uih)ψτk{εi − cτk + ri(u)}(eT
k,X

T
i )T.

PW#
n (u) = Wn(u)−W ∗

n (u), ùp

W ∗
n (u) = γnh

M∑
k=1

wk
n∑
i=1

K(Uih)ψτk{εi − cτk}(e
T
k,X

T
i )T.
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ù�, dWn(u)ÚW ∗
n (u)�½Â�

W#
n (u) = γnh

M∑
k=1

wk
n∑
i=1

K(Uih){I(εi ≤ cτk)− I(εi ≤ cτk − ri(u))}(eT
k,X

T
i )T.

u´,

E[W#
n (u) |U,X] = γnh

M∑
k=1

wk
n∑
i=1

K(Uih){Fε(cτk)− Fε(cτk − ri(u))}(eT
k,X

T
i )T

= γnh
M∑
k=1

wk
n∑
i=1

K(Uih)ri(u)fε(cτk){1 + op(1)}(eT
k,X

T
i )T.

��¡, ÏL{ü�Ý
$��

E[W#
n (u)]→

√
nh
µ2h

2

2
fU (u)D(u)

(
α′′0(u)

α′′(u)

)
+Op

(√
nhh2

)
. (3.5)

d	, -~aik = cτk − ri(u)Ú~bik = cτk , Kk

{ψτk(εi − cτk + ri(u))− ψτk(εi − cτk)}2 = I(λ∗ik < εi < λ#
ik),

ùpλ∗ik = min(~aik, ~bik)Úλ
#
ik = max(~aik, ~bik).

u´,

E
[
{ψτk(εi − cτk + ri(u))− ψτk(εi − cτk)}2K2(Uih)(eT

k,X
T
i )T(eT

k,X
T
i )
]

= E
[
{Fε(λ#

ik)− Fε(λ
∗
ik)}K2(Uih)(eT

k,X
T
i )T(eT

k,X
T
i )
]

= O(h3),

ùL²Var (W#
n (u)) = op(1).

,��¡, ��O��E[W ∗
n (u)] = 0±9Var [W ∗

n (u)]→ v0fU (u)Σ(u).

A^Cramér-Wold½n, �W ∗
n (u)÷v¥%4�½n, =

W ∗
n (u)

D→ N (0, v0fU (u)Σ(u)). (3.6)

Ïd, (Üª(3.4), (3.5)Ú(3.6)íÑT½n. �

�e5, ½Âα0(u)Úα(u)�ÛÜ\�|Ü© ê�O©O�α̂0(u) = M−1
M∑
k=1

â0kÚ

α̂(u) = â.

½n 3.3 3b�1-6^�e, k

√
nh
(
α̂0(u)− α0(u)− 1

M

M∑
k=1

cτk −
µ2h

2

2
α′′0(u)

)
D→ N

{
0, R1(M)

v0

fU (u)

}
±9

√
nh
(
α̂(u)−α(u)− µ2h

2

2
α′′(u)

)
D→ N

{
0, R2(M)

v0

fU (u)
Π−1(u)

}
,

Ù¥R1(M) = M−2
M∑
k=1

M∑
k′=1

τkk′f
−1
ε (cτk)f−1

ε (cτk′ )�R2(M) = t/c̃2.
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y²: d½n3.1�

γ−1
nh (â0k − α0k(u)) =

f−1
U (u)√
nhfε(cτk)

n∑
i=1

ψτk(ε∗i,k(u))K(Uih) + op(1).

u´,

γ−1
nh

(
α̂0(u)− α0(u)− 1

M

M∑
k=1

cτk

)
=
f−1
U (u)

M
√
nh

M∑
k=1

f−1
ε (cτk)

n∑
i=1

ψτk(ε∗i,k(u))K(Uih) + op(1).

aqu½n3.2�y²�

1√
nh

M∑
k=1

f−1
ε (cτk)

n∑
i=1

ψτk(ε∗i,k(u))K(Uih)

D→ N
(µ2h

2MfU (u)

2

√
nhα′′0(u), v0fU (u)M2R1(M)

)
.

Ïd, α̂0(u)�ìC��5¤á.

Ón,

γ−1
nh (α̂(u)−α(u)) =

(c̃Π(u))−1

√
nhfU (u)

M∑
k=1

wk
n∑
i=1

ψτk(ε∗i,k(u))XiK(Uih) + op(1)

±9

1√
nh

M∑
k=1

wk
n∑
i=1

ψτk(ε∗i,k(u))XiK(Uih)
D→ N

(µ2h
2

2
c̃Π(u)fU (u)

√
nhα′′(u), tv0fU (u)Π(u)

)
.

ù�, dþãüª��¼�α̂(u)�ìC��5. �

l½n3.3éN´wÑ, ÛÜ\�|Ü© ê�O´
√
nhÂñ�. ¿�-<¯ç�´½

n3.3¤���Ø �ÛÜ���¦�O��Ó, �´���Ý
%ØÓ, �ZhangÚLee

(2000)é�.(1.1)�ÛÜ���¦�O�Ø ���.

§4. �`�ÀJ

�§(2.4)L²ÛÜ\�|Ü© ê�O�6u© :�êMÚ�­{wk}Mk=1. ZouÚ

Yuan (2008), Kai�(2010)±9Jiang�(2014)�ÑXÛÀJ���`�Mk�ïÄ. ,
,

Ï~¦^����ê�M , ~XM = 9U
¼�|Ü© ê�O�d3k�5. Ó�, ¦^

���M�, Ø=k�UØ¬Jp�Oþ�k�5
��¬O\�.�O��m.

d½n3.3�, Xê¼ê�O����v0f
−1
U (u)Π−1(u)R2(M), �­�ÀJA�¦Ù�

���. duv0, f−1
U (u)ÚΠ−1(u)þØ�9wk, Ïd�I��zR2(M)5ÀJ�­=�. e

¡·�æ^aqu©Bradic�(2011)��{5ÀJ�`�­. Pw = (w1, . . . , wM )TÚΓ´
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��M ×MÝ
¿�1(k, k′) �þ���´τkk′ . ÛÜ\�|Ü© ê�O��`�

­wopt
+ �±ÏL)Xe�g5y¯K

wopt
+ =

min wTΓw,

s.t. fTw = 1,
0 ≤ w <∞

5O�, ùpf = (fε(cτ1), . . . , fε(cτM ))T.

L1 �M = 11�, ØÓØ�©Ùe�`�ÀJ

© : 1/12 2/12 3/12 4/12 5/12 6/12 7/12 8/12 9/12 10/12 11/12

t(3) 0.00 0.05 0.11 0.13 0.14 0.14 0.14 0.13 0.11 0.05 0.00

e(2) 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

B(1, 3) 0.88 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.01 0.02 0.07

G(3, 2) 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.09 0.05 0.05 0.06

N (0, 1) 0.19 0.09 0.07 0.06 0.06 0.06 0.06 0.06 0.07 0.09 0.19

Cauchy 0.00 0.00 0.00 0.05 0.30 0.30 0.30 0.05 0.00 0.00 0.00

Laplace 0.00 0.00 0.00 0.00 0.27 0.45 0.27 0.00 0.00 0.00 0.00

Mixture 0.00 0.15 0.12 0.10 0.09 0.09 0.09 0.10 0.12 0.15 0.00

LogN (0, 1) 0.63 0.31 0.05 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00

ÏL)þã�g5y¯K, L1�Ñ
�«Ø�©Ù3M = 11���`�. ù
Ø�

©Ù�): ��©ÙN (0, 1), gdÝ�3�t©Ùt(3), Beta©ÙB(1, 3), Gamma©ÙG(3, 2),

ëê�2��ê©Ùe(2), éê��©ÙLogN (0, 1), ·Ü��©ÙMixture 0.1N (0, 25)+

0.9N (0, 1), Laplace©ÙLaplace±9Cauchy©ÙCauchy.

lL1¥, éN´wÑØÓØ�©Ù¤I��k��`�ê±9�© :¤éA��

���. �Ø�©Ù´e(2)�, �I�1�© :; LaplaceÚLogN (0, 1)©Ù©OI�3�

Ú4�© :; B(1, 3)ÚCauchy©ÙI�5�© :; t(3)ÚMixture©ÙI�9�© :; 


éuN (0, 1)ÚG(3, 2)©Ù5`, ¤k�11�© :ÑI�. du�
���u0, �éu¦

^�Ý�5`, æ^�`��wopt
+ U
k�~�O�þ. d	, éØÓ© :D�ØÓ��

�U
¦­��© :é�Oþ�)���^, Ó��U
~�g�© :E¤�K�.

§5. ìC�é�Ç

�
ü«�Oþ�k�5, �!u�ÛÜ\�|Ü© ê�ÛÜ���¦�Oα(u)�

ìC�é�Ç(ARE). ·�rα̂Wcq(u)Úα̂Ls(u)�A�½Â�α(u)�ÛÜ\�|Ü© 

ê(Wcq)�OÚÛÜ���¦(Ls)�O. ÏLO�ìCþ�Ø�MSE5ÿþ§��k�5.
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lZhangÚLee (2000)��α̂Ls(u)�ìCMSE�

MSELs(h, u) = E‖α̂Ls(u)−α(u)‖2

=
µ2

2‖α′′(u)‖2

4
h4 +

σ2v0

fU (u)
tr
{

Π−1(u)
} 1

nh
,

ùptr(·)L«Ý
�,±9σ2´ε���. ÏL��zMSELs(h, u), ��ÛÜ���¦£

8��`I°�

hLs
opt(u) = n−1/5

[ σ2v0tr
{

Π−1(u)
}

µ2
2‖α′′(u)‖2fU (u)

]1/5
. (5.1)

d½n3.3�α̂Wcq(u)�ìCMSE�

MSEWcq(h, u) = E‖α̂Wcq(u)−α(u)‖2

=
µ2

2‖α′′(u)‖2

4
h4 +

v0R2(M)

fU (u)
tr
{

Π−1(u)
} 1

nh
.

u´, ÛÜ\�|Ü© ê£8��`I°�

hWcq
opt (u) = n−1/5

[v0R2(M)tr
{

Π−1(u)
}

µ2
2‖α′′(u)‖2fU (u)

]1/5
. (5.2)

½n 5.1 �n → ∞�, ÛÜ\�|Ü© êÚÛÜ���¦�Oα(u)�ìC�é

�Ç�

ARE(u) =
MSELs

{
hLs

opt(u), u
}

MSEWcq
{
hWcq

opt (u), u
} → (R2(M)σ−2)−4/5.

y²: rhLs
opt(u)ÚhWcq

opt (u)©O�\MSELs(h, u)�MSEWcq(h, u)¥, ,�dARE(u)

�½Â=�T½n. �

L2 ØÓØ�©Ù�ìC�é�ÇARE(u)�

Ø�©Ù ìC�é�ÇARE(u)�

M = 5 M = 9 M = 11 M = 13 M = 19 M = 29 M = 99

N (0, 1) 0.93 0.97 0.97 0.98 0.99 0.99 0.98

t(3) 4.06 4.10 4.12 4.12 4.12 4.12 4.12

Laplace 2.74 2.88 2.90 2.92 2.95 2.99 3.01

Mixture 5.39 5.45 5.45 5.47 5.47 5.47 5.47

LogN (0, 1) 26.52 37.57 41.27 44.16 50.62 57.25 72.99

l½n5.1�±wÑ, ARE(u)î��6uØ���©Ù. L2�Ñ
�
~�Ø�©

Ù�ARE(u)�. dL¥�ÚO(J�±uy, ÛÜ���¦�O3Ø��ÑlN (0, 1)�
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kX�Z�O. ¿�, 3N (0, 1)©Ù�, ÃØM����, ARE(u)þ�Cu1. ùL²Û

Ü\�|Ü© ê�O�ÛÜ���¦�O�~�C. ,
, éuÙ§�o«©Ù5`,

ÛÜ\�|Ü© ê�O'ÛÜ���¦�OkX�p��Ç, =��ARE(u)�, cÙ

LogN (0, 1)©Ù��Ç��� ê�±þ. Ø
LogN (0, 1)©Ù	, éu�Ó©Ù
ØÓ

�M�, ARE(u)�A���ÃA. ù`²¦^����M��¦^����M�¤���

ÛÜ\�|Ü© ê�OØ¬����.

§6. I°ÀJ

3ÛÜõ�ªCqnØ¥, I°«úX~��O�Ø �­��Ú. ¦+·�®²í

�Ñ
ÛÜ\�|Ü© ê�O��`nØI°(5.2)ª, ,
duTª¥�3XNõ��

þ, ��¦^ù��`nØI°hWcq
opt (u)�~(J. e¡·�0����À�{5ÀJI°.

l(5.1)ªÚ(5.2)ª�

hWcq
opt (u) =

(
R2(M)σ−2

)1/5
hLs

opt(u) (6.1)

¤á. Ïd,·�æ^þã'X5O�ĥWcq
opt (u). äN5`,Äk¦^�
�3�I°ÀJO

K5ÀJĥLs
opt(u), ~XAkaike&EOK(AIC), Bayes&EOK(BIC), ��Ø¢OK(CV)Ú

2Â��Ø¢OK(GCV)�. �©¦^Cai�(2000)JÑ�õ­��Ø¢OK(MCV)5À

JĥLs
opt(u). ÙÄ�g�´^�Ý�n − qm (q = 1, . . . , Q)�Q�fS��O��Xê¼ê,

,�Äu�O��.5O�e���Ý�mÜ©��ÚýÿØ�. �`I°´ÏL��

zQ�f��²þýÿØ�

APE(h) = Q−1
Q∑
q=1

APEq(h)

5���, ùpAPEq(h) = m−1
n−qm+m∑
i=n−qm+1

{
Yi − α̂0(Ui)−

p∑
j=1

α̂j(Ui)Xij

}2
.

3O�¥, ·�¦^Q = 4Úm = b0.1nc, Ù¥bscL«Ø�Ls����ê.

Ùg, �Eσ2ÚR2(M)��O. ¯¢þ, lR2(M)�L�ª�, O�R2(M)�Ø%´�

Ofε(F
−1
ε (τk)). �e5, ?Øσ2Úfε(F

−1
ε (τk))��O.

(i) ¦^ª(2.2)��α̂0(u), α̂1(u), . . . , α̂p(u)¿O�í�

ε̂i = Yi − α̂0(Ui)− α̂1(Ui)Xi1 − · · · − α̂p(Ui)Xip.

(ii) O���σ2��Oσ̂2 = (n− p− 1)−1
n∑
i=1

ε̂2
i .

(iii) �ε̂1, . . . , ε̂n���τk© :��F
−1
ε (τk)��OF̂

−1
ε (τk).

(iv) ¦^�ëê�Ý¼ê�Ofε(s), =f̂ε(s) = (nb)−1
n∑
i=1

K((s − ε̂i)/b), Ù¥b > 0´

I°±9K(·)´�KØ¼ê.
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(v) òF̂−1
ε (cτk)�\�f̂ε(s)¥�f̂ε(F̂

−1
ε (τk)).

�©¦^GaussianØ¼ê�ÀJI°

b = 0.9 min
{

sd(ε̂1, . . . , ε̂n),
IQR(ε̂1, . . . , ε̂n)

1.34

}
× n−1/5,

ùpsd(·)ÚIQR(·)©O�L��IO�Úo© êmå.

��, �â(6.1)ª��ĥWcq
opt (u).

§7. Monte Carlo�[

ù�!A^Monte Carlo�[�{5µdÛÜ\�|Ü© ê�O�k���5�.

·�æ^KoenkerÚPark (1996)�S:S��{5O�ÛÜWcq�O. 3���[L§¥,

EpanechnikovØ¼êK(z) = 0.75(1− z2)I(|z| < 1)�¦^.

�ÄXe�.

Y = α0(U) + α1(U)X1 + α2(U)X2 + ε,

ùpα0(u) = exp(2u− 1), α1(u) = 8u(1−u)Úα2(u) = 2 sin2(2πu); �CþUÑl[0, 1]þ�

þ!©ÙU ∼ U [0, 1], ¿��(X1, X2)�pÕá, Ù¥X1ÚX2Ñl�'Xê�2−1/2�IO

��©Ù. ¯¢þ, þã�.9Ù�Cþ�)¤L§�©Cai�(2000)�Ó. ·��Äo«

ØÓ�Ø�©Ù, §�´��©ÙN (0, 1), gdÝ�3�t©Ùt(3), ·Ü��©ÙMixture

0.1N (0, 25) + 0.9N (0, 1)±9Laplace©ÙLaplace.

�
µd�Oþ�k���5�, ·�O�α̂j(·)�þ�Ø�²��(RASE), Ù½Â�

RASEj =
{ 1

ñ

ñ∑
l=1

{α̂j(ul)− αj(ul)}2
}1/2

, j = 0, 1, 2,

ùpα̂j(·)´ÛÜ\�|Ü© ê(Wcq)½ÛÜ���¦(Ls)�O9{ul = 0.02(l−1)+0.02 :

1 ≤ l ≤ ñ = 49}´�X��:.

ã1�Ñ
��Nþn = 400¿�Ø�©Ù�N (0, 1)9Mixture�;.êâ8, ¦^Û

Ü\�|Ü© êÚÛÜ���¦[ÜXê¼ê��/. �
µdM��K�, ·��

�Ñ
M = 5, 11Ú99��ÛÜ\�|Ü© ê�OXê¼ê�[Ü­�. lã1�(a), (c)

Ú(e)¥, �±wÑ�Ø��ÑlN (0, 1)�, ÛÜ\�|Ü© ê�ÛÜ���¦éý¢X

ê¼ê�[ÜA���Ð; Ó�, M = 5, 11Ú99�ÛÜ\�|Ü© ê�OéXê¼ê�

[Ü�vk����O. ,
, lã1�(b), (d)Ú(f)¥�±uy�Ø��ÑlMixture�,

ÛÜ���¦�Oéý¢Xê¼ê�[Ü²w�'ÛÜ\�|Ü© ê�OLy�

�; Ó���wÑ, M = 99��ÛÜ\�|Ü© ê[Üvk²w/¥yÑ'M = 5Ú

M = 11��Ð. ù�y¢
c©�(J, ¦^����M�Ø�½U
¼����`�O.
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(a) α̂0(u) with normal error
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(b) α̂0(u) with mixture error
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(c) α̂1(u) with normal error
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(d) α̂1(u) with mixture error
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(e) α̂2(u) with normal error
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(f) α̂2(u) with mixture error

ã1 ��;.êâ8�Xê¼ê�O

�M = 9¿�Ø�©Ù�Mixture�, ��ÛÜ���¦�OÚÛÜ\�|Ü© ê

�O�Ä�5�. ·�)¤1000��Å��¿?1500g��ÅÄ��O. Ó�, z�g�

�ÅÄ�À����Nþ�n = 500. ²L500g�­E�[, ÛÜ\�|Ü© êÚÛÜ

���¦�O{α̂j(u)}2j=0�[Ü­�£±3ã2¥. lTã¥é²w/wÑ, ÛÜ\�|Ü
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(a) α̂0(u) with Ls estimate
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(b) α̂0(u) with Wcq estimate
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(c) α̂1(u) with Ls estimate
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(d) α̂1(u) with Wcq estimate
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(e) α̂2(u) with Ls estimate
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(f) α̂2(u) with Wcq estimate

ã2 �[500g�Xê¼ê�O

© ê�O�[Ü­���'ÛÜ���¦�Ä. ù�(JL²ÛÜ\�|Ü© ê�O

�­½¿��O���Cý¢�.

ã3�Ñ�´M = 9, ��Nþ�n = 400Ún = 800�, o«ØÓØ�©Ù(N (0, 1),

Mixture, t(3)ÚLaplace)�500g�[RASEÚO(J. ã3¥�o�fãéAXo�ØÓ�

Ø�©Ù. Ù¥z�Ìfã�Ñ�´��Nþ�n = 400Ún = 800�, z��Xê¼ê

�500g�[RASEþ�. Ó�, f�Ú�^NÚ��Ú�^N©OL«�´ÛÜ\�|Ü

© ê�OÚÛÜ���¦�O�RASEþ�. lã3�±wÑ�kN (0, 1)Ø�©Ù�, z

��Xê¼ê�ÛÜ\�|Ü© ê�ÛÜ���¦�O�RASEþ��C; ,
éuÙ

§­�Ø�©Ù5`, ÛÜ\�|Ü© ê�O�z�Xê¼êkX���RASEþ�.
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�RASEþ�¬Åì~�.

§8. ¢yïÄ

�!¦^ÛÜ\�|Ü© ê�{5©Û�l1994c1�1F�1995c11�31Fm�

�¸êâ8. ·�ïÄT��ÏmSz±Ê�À/ÔY²�Ò�o<ê�m��p'X.

�Ò�o<ê�éê���ACþ(Y ), ±9�Cþ�)��z1Y²(X1), ��z�Y

²(X2)Ú®�Y²(X3). ·�æ^Xe�CXê�.5©Ûù�êâ8:

Y = α0(u) + α1(u)X1 + α2(u)X2 + α3(u)X3 + ε,

Ù¥uL«�m¿�IOz3[0, 1]«mþ. I�`²�´ù�êâ8Ú�.®²�FanÚ

Zhang (1999)¤u�.

·�©O¦^ÛÜ\�|Ü© ê(Wcq)�ÛÜ���¦(Ls)5[Üþã�.. 3?

1ÛÜWcq£8�,·���
M = 5, 11, 21�Xê¼ê�O.duùn�M��Wcq�O

�~�q, Ïde©=JøM = 11��O�(J. Uì16!0���{, ·���ŵopt
+ =

(0.00, 0.25, 0.01, 0.00, 0.17, 0.09, 0.08, 0.17, 0.00, 0.00, 0.22)T±9ĥWcq
opt = 0.37.
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(b) α̂1(u)
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(c) α̂2(u)
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(d) α̂3(u)
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ã5 ��Ñ:ã9Ò�o<êéê�ýÏ�O

ã4£±Ñ
�O�Xê¼ê/G. lã¥�±�ß/uy¤k�OÑ�Xê¼êÑ

��mCz¿�ÛÜLs�ÛÜWcq�O�oNª³Ä���. d	, ã5(a)�Ñ
[Ü�­

�/GŶ = α̂0(u) + α̂1(u)X1 + α̂2(u)X2 + α3(u)X3, ùpXi´Xi�þ�.
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�e5, ·�<�/£Ä168Ú134��ACþ�*ÿ�(ã5(a)¥�“o”)5?ØÛÜ

Wcq£8�­è5. äN5`, ·�r168Ú134��ACþ�*ÿ�l(5.94, 5.07)£¤

��4à��/(7.94, 4.07), ,�¦^ÛÜLsÚWcq5­#[Üù�êâ8, �
«©r§

�©OP�RLs�RWcq. ã5(b)�Ñ
[Ü­��/G. ã4ü«
Xê¼ê��O(J.

lã¥�±wÑÉùü�<E4à��K�, ÛÜLsu)
²w�Cz, 
ÛÜWcq�O

A�vu)�oUC. Ïd, ¢y(ØL²ÛÜWcq'Ls£8�­è.

d	, ·��'�
�©��{�ÛÜ© ê�{�«O, XkI��éX�ö.
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Local Weighted Composite Quantile Estimating for

Varying Coefficient Models

Xie Qichang

(School of Economics, Shandong Institute of Business and Technology, Yantai, 264005 )

Lü Xiumei

(School of Finance, Chongqing Technology and Business University, Chongqing, 400067 )

A generalization of classical linear models is varying coefficient models, which offer a flexible approach

to modeling nonlinearity between covariates. A method of local weighted composite quantile regression is

suggested to estimate the coefficient functions. The local Bahadur representation of the local estimator

is derived and the asymptotic normality of the resulting estimator is established. Comparing to the local

least squares estimator, the asymptotic relative efficiency is examined for the local weighted composite

quantile estimator. Both theoretical analysis and numerical simulations reveal that the local weighted

composite quantile estimator can obtain more efficient than the local least squares estimator for various

non-normal errors. In the normal error case, the local weighted composite quantile estimator is almost

as efficient as the local least squares estimator. Monte Carlo results are consistent with our theoretical

findings. An empirical application demonstrates the potential of the proposed method.

Keywords: Varying coefficient models, asymptotic normality, asymptotic relative efficiency, local

weighted composite quantile estimating.
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