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�üëêPareto©Ù�©Ù¼êÚVÇ�Ý¼ê©O�

F (t) = 1− θαt−α, f(t) = αθαt−(α+1), α > 0, θ > 0, t > θ, (1.1)

Ù¥α�/Gëê, θ�ºÝëê, w,�Ý¼ê(1.1)´üN4~�.

ÅÚO\Ä������Á�´�: b�km�Õá�¢�|, z�Á�|ks��p

Õá��¬, òùm�¢�|¥�¤k�¬Ó�Ý\Á�, �1�����¬Ñy�, P¹

���mT1:r:m:s, Ù¥r�¯k5½�¢�ª�����¬��ê, ¿£�¹���¬|3

S�R1 + 1�Á�|; �1�����¬Ñy�, P¹���mT2:r:m:s, q£�¹���¬

|3S�R2 + 1�¢�|; �daí, ��1r����¬Ñy��, P¹���mTr:r:m:s,

¿ò�{�¹���¬|3S�Rr + 1 (Rr = m − r − R1 − R2 − · · · − Rr−1)�¢�|£
�. w,, �s = 1, r = m, R = (R1, R2, . . . , Rr) = (0, 0, . . . , 0)�, TÁ������Á�;

�s = 1, R = (0, 0, . . . , 0,m−r)�,Á��½ê��Á�;�s = 1, R = (R1, R2, . . . , Rr)�,

¢��Åg��¢�.

�Ö��B, ·�PTi:r:m:s = Ti, i = 1, 2, . . . , r, -T = (T1, T2, . . . , Tr)L«�5g

Pareto©Ù(1.1)�ÅÚO\Ä������.

Ún 1.1 b�T1 ≤ T2 ≤ · · · ≤ Tr´��5goNT ∼ Pareto(θ, α)�Nþ�ms�

ÅÚO\Ä������, KlnT1 ≤ lnT2 ≤ · · · ≤ lnTr�w¤´5gVëê�ê©Ù

Exp(ln θ, α)�Nþ�ms�ÅÚO\Ä������. -Z =
r∑
i=1

(Ri + 1)s lnTi −ms lnT1,

KZ ∼ Γ(r − 1, α).

y²: �T ∼ Pareto(θ, α), Kw,klnT ∼ Exp(ln θ, α). ¤±, XJT1, T2, . . . , Tr´

5gT�ÅÚO\Ä������, @olnT1, lnT2, . . . , lnTr´5glnT�ÅÚO\Ä��

����.

�â�ê©Ù�²;C�

Y1 = ms[lnT1 − ln θ],

Y2 = (m−R1 − 1)s[lnT2 − lnT1],
...

Yr = (m−R1 − · · · −Rr−1 − r + 1)s[lnTr − lnTr−1],

(1.2)

´�, Y1, Y2, . . . , YrÕáÓ©ÙuExp(α).

du�ê©ÙExp(α)´��³ç©Ù, =Yi ∼ Γ(1, α), i = 1, 2, . . . , r, �â³ç©Ù

�k��\5��

r∑
i=2

Yi =
r∑
i=1

Yi−Y1 =
r∑
i=1

(Ri+1)s lnTi−ms lnT1 = Z ∼ Γ(r−1, α). � (1.3)
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§2. ëê�O

2.1 ëê�UMVUE

b�T1 ≤ T2 ≤ · · · ≤ Tr´��5gVÇ�Ý�(1.1)ª�Pareto(θ, α)©Ù�ÅÚO\

Ä������, Ùq,¼ê�

L(θ, α) = csr
r∏
i=1

f(ti)[1− F (ti)]
s(Ri+1)−1 = csrαrθ

sα
r∑

i=1
(Ri+1) r∏

i=1
t
−sα(Ri+1)−1
i , (2.1)

Ù¥c = m(m−R1 − 1)(m−R1 −R2 − 2) · · · (m−R1 −R2 − · · · −Rr−1 − r+ 1). éêq

,¼ê�

lnL(θ, α) = ln c+ r ln s+ r lnα+ sα
r∑
i=1

(Ri + 1) ln θ −
r∑
i=1

[sα(Ri + 1) + 1] ln ti,

ëêα, θ�4�q,�O�

α̂M = (Z/r)−1, θ̂M = T1,

Ù¥Z =
r∑
i=1

(Ri + 1)s lnTi −ms lnT1.

Ún 2.1 b�T1 ≤ T2 ≤ · · · ≤ Tr�Pareto(θ, α)©Ù�ÅÚO\Ä������,

�Oþα̂M´ëêα�4�q,�O, Kk (a)T1 ∼ Pareto(θ,msα); (b)�Oþα̂MÑl_³

ç©Ù, =α̂M ∼ Γ−1(r − 1, rα); (c) 2rα/α̂M ∼ χ2(2r − 2); (d)T1�α̂M�pÕá.

y²: (a) Ï�T1���gSÚOþ, ¤±§�VÇ�Ý¼ê�

g(t1) = msf(t1)[1− F (t1)]
ms−1 = msαθmsαt

−(msα+1)
1 ,

=T1 ∼ Pareto(θ,msα).

(b) �α̂M�©Ù¼ê�F (x), KdÚn1.1�

F (x) = P(α̂M ≤ x) = P
( r
Z
≤ x

)
= 1−

∫ r/x

0

αr−1

Γ(r − 1)
tr−2e−αtdt,

u´kF ′(x) = {(αr)r−1/[Γ(r − 1)]}x−[(r−1)+1]e−(αr)/x, ¤±α̂M ∼ Γ−1(r − 1, αr).

(c) ��ÅCþ2rα/α̂M�©Ù¼ê�

F (x) = P
(2rα

α̂M
≤ x

)
= 1− P

(
α̂M ≤

2rα

x

)
= 1−

∫ 2rα/x

0

(rα)r−1

Γ(r − 1)
t−[(r−1)+1]e−rα/tdt,

KkF ′(x) = {1/[2r−1Γ(r − 1)]}x(r−1)−1e−x/2, l
2rα/α̂M ∼ χ2(2r − 2).

(d) �â�ê©Ù²;C�(1.2), w,T1�α̂M´�pÕá. �
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�âëêθÚα�4�q,�Oθ̂MÚα̂M, ·�5�EθÚα�UMVUE. �

θ̂U =
(

1− Z

ms(r − 1)

)
θ̂M, (2.2)

α̂U =
r − 2

r
α̂M, (2.3)

Kθ̂U, α̂U©O�θ, α�Ã �O, �kVar (θ̂U) <∞, Var (α̂U) <∞.

¯¢þ, dÚn2.1��, T1�α̂M�pÕá, 
θ̂M = T1, l
θ̂M�α̂M�pÕá, =θ̂M

�Z�pÕá, u´k

E(θ̂U) = E
[(

1− Z

ms(r − 1)

)
θ̂M

]
=
[
1− 1

ms(r − 1)
E(Z)

]
E(θ̂M) = θ, ms >

1

α
. (2.4)

Var (θ̂U) = E(θ̂2U)− [E(θ̂U)]2 =
[
1− 2

msα
+

1

(msα)2(r − 1)

][ msα

msα− 2

]
θ2 <∞,

ms >
2

α
. (2.5)

E(α̂U) = E
(r − 2

r
α̂M

)
=
r − 2

r

∫ ∞
0

(rα)r−1

Γ(r − 1)
t−r+1e−rα/tdt = α, r > 2. (2.6)

Var (α̂U) = Var
(r − 2

r
α̂M

)
=
(r − 2

r

)2
Var (α̂M) =

1

r − 3
α2 <∞, r > 3. (2.7)

y3y², (θ̂U, α̂U)´(θ, α)�UMVUE.

¯¢þ, �âÅÚO\Ä������T1 ≤ T2 ≤ · · · ≤ Tr, �XeC�:

Y1 = ms lnT1,

Y2 = (m−R1 − 1)s[lnT2 − lnT1],
...

Yr = (m−R1 − · · · −Rr−1 − r + 1)s[lnTr − lnTr−1].

(2.8)

d�ê©Ù�²;C���, �ÅCþY1, Y2, . . . , Yr�pÕá, �Y1 ∼ Exp(ms ln θ, α), Y2,

Y3, . . . , Yräk�Ó©ÙExp(α), Ïdõ��ÅCþ(y1, y2, . . . , yr)�éÜVÇ�Ý�

f(y1, y2, . . . , yr, ln θ, α) = αr exp{−α(y1 −ms ln θ)} exp
{
− α

r∑
i=2

yi

}
,

�âÏf©)½n��,
(
y1,

r∑
i=2
yi

)
´õ��ÅCþ(ln θ, α)�¿©ÚOþ,=(T1, Z)´(θ, α)

�¿©ÚOþ.

duPareto©Ùx{Pareto(θ, α) : ∀ θ > 0, α > 0}´���, Ïd(T1, Z)�´(θ, α)��

�ÚOþ, l
��(T1, Z)´(θ, α)�¿©��ÚOþ. 2d(2.2), (2.3)ª��, �Oþθ̂U,

α̂U´�Å�þ(T1, Z)�¼ê, d(2.4), (2.5), (2.6), (2.7)��θ̂U, α̂U©O�ëêθ, α�Ã 

�O, �§����k., �âLehmann-Scheffe½n��, (θ̂U, α̂U)´(θ, α)�UMVUE.
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2.2 ëêα�Bayes�OÚPEB�O

�ëêθ�lÑ.�, Ùk�©Ù�

P(θ = θi) = λi, i = 1, 2, . . . , N, (2.9)

Ù¥N��½���ê, θi, λi�®�~ê, �
N∑
i=1

λi = 1.

�ëêα3θ = θi�^�e��Ýk�©Ù�

π(α|θi) =
ρβ

Γ(β)
αβ−1e−ρα, α > 0, i = 1, 2, . . . , N, (2.10)

Ù¥β, ρ��ëê, �kρ > 0, β > 0.

�âÚn1.19ª(2.9)Ú(2.10)��, ëêα���^�VÇ�Ý�

h(α|z, θi) ∝ f(z|α, θi)π(α|θi)P(θ = θi) ∝ α(r+β)−2e−(z+ρ)α,

¤±, α|z, θi ∼ Γ(r + β − 1, z + ρ).

�â^�©Ù�����Å�þ(θ, α)�k�VÇ�Ý�

π∗(θi, α) = π(α|θi)P(θ = θi) =
ρβ

Γ(β)
αβ−1e−ραλi, i = 1, 2, . . . , N, (2.11)

u´��(θ, α)�éÜ��VÇ�Ý�

h∗(θi, α|z) =
f(z|α, θi)π(α|θi)P(θ = θi)∫ ∞

0

N∑
i=1

f(z|α, θi)π(α|θi)P(θ = θi)dα

= λi
(z + ρ)r+β−1

Γ(r + β − 1)
αr+β−2e−(z+ρ)α.

l
���ÅCþα���©Ù�

fα|z(α|z) =
N∑
i=1

h(θi, α|z) =
(z + ρ)r+β−1

Γ(r + β − 1)
αr+β−2e−(z+ρ)α. (2.12)

b�é¡²���¼ê�

L(d, α) = (d− α)2,

Ù¥d = d(z)�Z���¼ê, ´ëêα��û¼ê, Këêα�Bayes�O�

α̂B = E(α|z) =

∫ ∞
0

αfα|z(α|z)dz =
r + β − 1

z + ρ
. (2.13)

XJ�ëê�3���¹, ·��^{¤��, æ^:�O{éëê?1�O, ?
�

�ëêα�PEB�O.
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yb��ëêβ®�, ρ��, (Z1, α1), (Z2, α2), . . . , (Zn, αn), (Zn+1 = Z,α)��GÕá

Ó©Ù��Å�þ, Z1, Z2, . . . , Zn´�*ÿ�k�Ó>�VÇ�Ý�{¤��, Zn+1��

c��, α1, α2, . . . , αnÚα�Ø�*ÿ�, �k�Ó�k�©Ù.

dÚn1.1Úª(2.11)ª��

E(Z) =

∫ ∞
0

∫ ∞
0

N∑
i=1

zf(z|θi, α)π(θi, α)dαdz =
r − 1

β − 1
ρ.

�Z���þ�, =Z = n−1
n∑
i=1

Zi, ^Z�OE(Z), u´��ëêρ��O�

ρ̂ =
β − 1

r − 1
Z. (2.14)

Ï�

En(ρ̂) = En
(β − 1

r − 1
Z
)

=
β − 1

r − 1
En(Z) = ρ,

Ù¥EnL«é�Å�þ(Z1, Z2, . . . , Zn)¦êÆÏ", ¤±�Oþρ̂�´�ëêρ�Ã �O.

òρ̂O�(2.13)ª¥�ρ, ��ëêα�PEB�O�

α̂E =
(r + β − 1)(r − 1)

(r − 1)z + (β − 1)z
. (2.15)

XJ�ëêβ, ρþ��, Ó��±æ^Ý�O�{��ëêβ�ρ��Oβ̂�ρ̂, 2^§

�O�(2.13)ª¥�β, ρ, Ò���ëêα�PEB�O.

§3. �O�`û5

½n 3.1 �α̂UÚα̂E©O�ëêα�UMVUEÚPEB�O, �r > 4, β > 2�, Kk

lim
n→∞

[MSE(α̂E)−MSE(α̂U)] < 0.

y²: Ï�

MSE(α̂E)−MSE(α̂U)

= E∗[(α̂E − α)2 − (α̂U − α)2]

= E∗[α̂
2
E − 2αα̂E + 2αα̂U − α̂2

U]

= Em[Eα(α̂2
E − 2αα̂E + 2αα̂U − α̂2

U)|(z1, z2, . . . , zn, z)]

= − [Em(α̂B − α̂U)2 − Em(α̂E − α̂B)2]

= (r + β − 1)2Em
( ρ− ρ̂

(z + ρ̂)(z + ρ)

)2
− Em

(r + β − 1

z + ρ
− r − 2

z

)2
.
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duZ1, Z2, . . . , ZnÚ(z, α)�pÕá, ��z�ρ̂Õá, �k

MSE(α̂E)−MSE(α̂U) ≤ (r + β − 1)2Em(ρ− ρ̂)2Em
( 1

z4

)
− Em

(r + β − 1

z + ρ
− r − 2

z

)2
,

Ù¥Eα,E∗ÚEm©OL«é�ÅCþα, �Å�þ(Z1, Z2, . . . , Zn, (Z,α))Ú(Z1, Z2, . . . , Zn,

Z)¦êÆÏ".

qÏ�

Em[(ρ̂− ρ)2] = Var (ρ̂) =
(β − 1

r − 1

)2
Var (Z)

=
(β − 1

r − 1

)2 1

n2

n∑
i=1

Var (Zi) =
(β − 1

r − 1

)2Var (Z)

n
,

d(2.11)��

E
( 1

α

)
=

∫ ∞
0

N∑
i=1

1

α
π∗(θi, α)dα =

ρ

β − 1
,

E
( 1

α2

)
=

∫ ∞
0

N∑
i=1

1

α2
π∗(θi, α)dα =

ρ2

(β − 1)(β − 2)
.

dÚn1.1��Z|α ∼ Γ(r − 1, α), ¤±

E(Z) = Eα[EZ(Z|α)] = Eα
(r − 1

α

)
=
r − 1

β − 1
ρ,

E(Z2) = Eα[EZ(Z2|α)] = Eα
(r(r − 1)

α2

)
=

r(r − 1)ρ2

(β − 1)(β − 2)
,

Var (Z) = E(Z2)− [E(Z)]2 =
(r − 1)(r + β − 2)

(β − 1)2(β − 2)
ρ2.

l
��

lim
n→∞

Em(ρ− ρ̂)2 = 0.

Ï�

Em
( 1

z4

)
= Eα

[
EZ

( 1

z4

∣∣∣α)] =
(β + 1)(β + 2)(β + 3)

(r − 2)(r − 3)(r − 4)ρ4
> 0.

w,

Em
(r + β − 1

z + ρ
− r − 2

z

)2
> 0.

¤±�r, β, ρ©OÀ�,ê�, e��ª

Em
(r + β − 1

z + ρ
− r − 2

z

)2
, (r + β − 1)2, Em

( 1

z4

)
©O�,�(½��ê, �ε, ÷v

0 < ε < Em
(r + β − 1

z + ρ
− r − 2

z

)2/
(r + β − 1)2Em(z−4),
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K�½�3��(½��êN , ���Nþ�N + 1½�uN + 1 (n > N)�, k

Em(ρ− ρ̂)2 < Em
(r + β − 1

z + ρ
− r − 2

z

)2/
(r + β − 1)2Em(z−4),

¤±k lim
n→∞

[MSE(α̂E)−MSE(α̂U)] < 0. �

§4. �O�ìC5

Ún 4.1 �Z1, Z2, . . . , Zn�5goNZ�{¤��, Z���þ�, ρ̂d(2.14)ª�

Ñ, Kk

En[(ρ̂− ρ)2] = o(n−1).

y²�þã.

½n 4.1 b�RE, RB©O�ëêα�PEB�OÚBayes�O�Bayesºx, �r > 5,

β > 2, ρ > 0�, Kk

RE −RB = o(n−1).

y²: d(2.13), (2.15)9�áSÚ�5)(2002, §3, Ún3.1)��, Ï�

E∗[(α̂E − α̂B)(α̂B − α)]

= E(Z1,Z2,...,Zn,Z){Eα[(α̂Eα̂B + αα̂B − α̂2
B − αα̂E)|Z1, Z2, . . . , Zn, Z]}

= E(Z1,Z2,...,Zn,Z)[α̂Eα̂B + α̂BE(α|Z)− α̂2
B − α̂EE(α|Z)] = 0,

¤±

RE −RB = E∗[(α̂E − α)2]− E∗[(α̂B − α)2]

= E∗[(α̂E − α̂B)2]

= (r + β − 1)2E∗
[( 1

z + ρ̂
− 1

z + ρ

)2]
= (r + β − 1)2E∗

[( ρ− ρ̂
(z + ρ̂)(z + ρ)

)2]
≤ (r + β − 1)2E∗

( 1

z4

)
E∗(ρ̂− ρ)2

≤ (r + β − 1)2
(β + 3)(β + 2)(β + 1)β

(r − 2)(r − 3)(r − 4)(r − 5)

1

ρ4
E∗(ρ̂− ρ)2

= o(n−1).

dd��, �n���ëêα�Bayesºx�±Cq�OPEB�O�Bayesºx. �

'uëêθ�Bayes�O, PEB�O, 9Ù`û5ÚìC5�±aq��.

《
应
用
概
率
统
计
》
版
权
所
有



1�Ï 4J_ Çp� Ák�: ÅÚO\Ä������eëê�O�`û5 143

§5. «m�O

3²;ÚO¥, dÚn2.1���ÅCþ2αZ ∼ χ2(2r − 2), b�ëêα��&Y²�

1− σ, K

P
(
χ2
1−σ/2(2r − 2) < 2αZ < χ2

σ/2(2r − 2)
)

= 1− σ,

u´��ëêα��&Y²�1− σ��&«m�(χ2
1−σ/2(2r − 2)

2Z
,
χ2
σ/2(2r − 2)

2Z

)
.

3BayesÚO¥, ëêα��ÅCþ, dª(2.12)��, §���©Ù�α|Z ∼ Γ(r + β −
1, z + ρ), -W = 2(Z + ρ)α, Kdo�Ú�5)(2011)��, 3Z®��^�e, �ÅC

þW�^�VÇ�Ý�

fW |Z(w|z) =
1

2(r+β−1)Γ(r + β − 1)
w(r+β−1)−1e−w/2,

=W |Z ∼ χ2(2(r + β − 1)). u´��ëêα��&Y²�1− σ��&«m�

(χ2
1−σ/2(2(r + β − 1))

2(z + ρ)
,
χ2
σ/2(2(r + β − 1))

2(z + ρ)

)
. (5.1)

XJëêα�k�©Ù¥��ëêβ®�, ρ��(Ù§�¹aq), ρ��Oþ�(2.14)ª,

u´��α��&Y²Cq�1− σ�PEB�&«m�(χ2
1−σ/2(2(r + β − 1))

2(z + ρ̂)
,
χ2
σ/2(2(r + β − 1))

2(z + ρ̂)

)
. (5.2)

§�Cq§Ýle�ê��[¼�.

§6. �Å�[

d(2.14)ª��, ρ̂´ρ�Ý�O, �âÝ�O�5�, w,, �ëêα�Bayes«m�O

��&Y²�1 − σ�, PEB�&«m��&Y²±o(n−1)�Âñ�ÝÂñu1 − σ. ·�

�n = 50, r = 10, ?1ê��[, 5`²PEB�&«m(5.1)CXëêα�Y².

b�Pareto©Ù�/Gëêα = 2, �ëêβ = 4, �&Y²1 − σ = 0.95. 3O�Åþ

æ^�Å�[��{)¤Pareto©Ù�, Nþn = 50, ��êr = 20�ÅÚO\Ä����

��, UìÚn1.1, ���ÅCþZ����¬Z1, �d�{�E50g, Ò���Z�, Nþ

�50���, Z1, Z2, . . . , Z50, ò��*	��\α�PEB�&«m(5.1), ��α����&

«m. 3O�Åþ­Eþã¢�100g, ��Z�Nþ�50�100���Úα�100��&«

m, 3O�Åþòëêα�ÙPEB�&«m�'X�[ã/Xe:
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i

ã1 PEB�&«m, Ù¥�^“|”L««m

lã1¥ÚO§��m�'X, 100�«m¥k93�«m�¹ëêα. �[(Jw«,

α�PEB�&«m�CXY²��93%, ù�α�Bayes«m�O��&Y²0.95�C. �

Xn, r�O�, �C0.95�§Ý¬�p. l
�ÏL§��«m�Ý5'�«m�O�°Ý.

þãAa«m�OÑÀ��Ó��&Y²0.95, 3?1ê��[�, '�§���&«

m�Ý, �Ý�á, «m�O�`. L1�ê��[(J(L¥�êiL«²;ÚO��&«

m�Ý~�PEB�&«m��Ý��).

L1 ê��[L

n β
«m�

r = 10 r = 15 r = 20 r = 25 r = 30

2 0.2265 0.0235 0.0079 0.0029 0.0007

50 4 0.0968 0.0141 0.0052 0.0019 0.0005

8 0.0467 0.0090 0.0038 0.0014 0.0004

2 0.2258 0.0213 0.0066 0.0027 0.0006

100 4 0.0908 0.0126 0.0050 0.0016 0.0004

8 0.0469 0.0090 0.0041 0.0014 0.0004

2 0.2165 0.0212 0.0077 0.0028 0.0007

200 4 0.0918 0.0135 0.0040 0.0019 0.0005

8 0.0458 0.0090 0.0040 0.0015 0.0004

lL1�±wÑ, �X{¤��Nþn�O�, «m�O�C�, �CzØ�: ¢�ª�

����¬��êré«m�O�K���, �Xr�O�, ²;ÚOÚPEB����&«

m��Ý�5��C. lL1¥Ó��±uy�ëêβ�Czé«m�Ok���K�.

dd��, PEB�«m�O�`u²;ÚO�«m�O.
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Optimal Property of Parametric Estimation under

Progressively First-Failure-Censored Samples

Liu Rongxuan Wu Gaoxiang Zhu Xianyang

(School of Mathematics and Physics, Jinggangshan University, Ji’an, 343009 )

Under the symmetric loss functions, by means of progressively first-failure-censored samples, the

paper studies the uniformly minimum variance unbiased estimation (UMVUE), Bayes estimation and

parametric empirical Bayes estimation (PEB) based on two-parameter Pareto distribution. According

to the code of mean squared error (MSE), the gradualism of parametric Bayes and PEB estimation is

investigated by applying risk function and by comparing the optimal property between UMVUE and PEB

estimations to obtain their convergence rate. Based on the same confidence level, parametric interval esti-

mation in classical and Bayes statistics is analyzed. A conclusion can be made that the precision of interval

estimation in Bayes statics is higher than that in classical statics by means of numerical simulation.

Keywords: First-failure-censored samples, Pareto distribution, parameters estimation, optimal

property, interval estimation.
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