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§1. Ú ó

¯¤±�,  �©�§�^u��mÚ�mCz�E,XÚ�ï¹. ò�Å©Û��

{Ú\� �©�§¥, Bk
�Å �©�§(Stochastic partial differential equation)

(SPDE). <�|^SPDEïák'|Ç!.¡ÄåÆ! ²%nÆÚë6Æ��Å�.,

Øä/��
wÍ�¤�, w«
SPDEéu<a@£g,y�Ú�¬y�Ä�5Æ�­

�5.

k'SPDE�VÇnØ�ïÄ©uþ­V70c�, �)ØÓa.�§�)��35!

��5±9)�5��¯K, Itô (1984), Rozovskii (1990), Ghanem (1999), Balan (2012)�

�
��[�?Ø. k'SPDE�ÚOíäïÄ, �)�§¥ëê�O¯K�, K©uþ­

V90c�Ð, �@�ïÄë�Hübner�(1993), HuebnerÚRozovskii (1995), �C�õcE

kNõÆö3?Ø(�Prakasa Rao (2000, 2003), ZhangÚLin (2008), Cialenco (2010)9Ù

¥�©z).

Prakasa Rao (2003)ïÄ
e�SPDE

dUε(t, x) = b(θ)(4Uε(t, x))dt+ εdWQ(t, x), (1.1)

Ù¥4 = ∂2/∂x2, Q´L2[0, 1]þWienerL§WQ(t, x)�Ø����f, θ����ëê, ε´

Z6�.

�Pεθ´dUε(t, x)3C[0, T ]þ�)�VÇÿÝ, Hübner�(1993)y²
{Pεθ}´ÛÉ�.

Ïd, ·�¡�.(1.1)�ÛÉSPDE.

∗úô�g,�ÆÄ7(LY14A010003)]Ï.
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��§(1.1)�)�3�, Ù)�±½Â�Xe/ª

Uε(t, x) =
∞∑
i=1

Uiε(t)ei(x),

Ù¥{ei(x), i ≥ 1}´�fQ���X, {Uiε(t), i ≥ 1}´Uε(t, x)�FourierXê. ÄuFourier

XêUiε(t)3�½�m«m[0, T ]þ�lÑ*ÿ, Prakasa Rao (2003)k/�BibbyÚSørensen

(1995)¤JÑ��{éëê¼êb(θ)�Ñ�O, ,��âC�θ = b−1(b(θ))�Ñëêθ��

Oþ. 3�¦b(θ) > 0ÚÙ¦Ð©^�e, y²
�FourierXê�lÑ*ÿ:ê(=��:

ê)ªuÃ¡�, θ�Oþ�f�Ü5ÚìC��5.

�©KÄuFourierXê3�½�m«m[0, T ]þ�ëY��;�, é�§¥�ëêθ�

��Ñ4�q,�Oþ(MLE), ¿3�½��K^�e(Ø�¦b(θ) > 0), y²
��Z6

�ε ↑ 0�, MLE�r�Ü5ÚìC��5.

§2. b�^��Ì�(J

é�§(1.1), ·�b½ëê�mΘ�Rþ�4«m, ý�θ0´Θ��S:, ¿�ÄAÏ

�����fQ = (I − ∆)−1, Ù¥I´ü �f, KQ�A���qi = (1 + (πi)2)−1 =:

(1 + λi)
−1, i ≥ 1, �A�A��þ�ei = sin(iπx), i ≥ 1. �E´d��X{e1, . . . , eN}�)

�f�m, UNε (t, x)´Uε(t, x)3�mEþ�ÝK, Kk

UNε (t, x) =
N∑
i=1

Uiε(t)ei(x),

Ù¥FourierXêUiε(t)÷ve�Ornstein-Uhlenbeck�§

dUiε(t) = −b(θ)λiUiε(t)dt+
ε√

λi + 1
dWi(t), 1 ≤ i ≤ N, (2.1)

�÷vÐ©^�

Uiε(0) = vi, vi =

∫ 1

0

1√
λi + 1

g(x)ei(x)dx, 1 ≤ i ≤ N.

�ε = 0�, �§(2.1)C¤Xe~�©�§

dUi0(t) = −b(θ)λiUi0(t)dt, 1 ≤ i ≤ N. (2.2)

5P 1 ±þnØ�ë�Rozovskii (1990)�0�.

y3, ·�5?ØÄuFourierXêUiε(t), 1 ≤ i ≤ N3�½�m«m[0, T ]þ�ëY�

�;�, �Ñk'�§(1.1)¥ëêθ��O¯K.
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Äk, dGirsanov½n(Girsanov, 1960), �§(2.1)éA�éêq,¼ê�

Liε(θ) =
1

ε

∫ T

0
[b(θ0)− b(θ)]λi

√
λi + 1Uiε(t)dWi(t)

− 1

2ε2

∫ T

0
{[b(θ0)− b(θ)]λi

√
λi + 1Uiε(t)}2dt. (2.3)

�âLaredo (1990)nØ�, 5y¯Ksup
θ∈Θ

Liε(θ)�)�3, Ïd, ·��¦��§(2.1)¥ë

êθ�4�q,�O(MLE), P�θ̂iε, KkXeÌ�(J.

½n 2.1 3þãb½^�e, ¿�

(I) é?�θ 6= θ0, b(θ) 6= b(θ0);

(II) é?�θ ∈ Θ, b(θ)�3k.�g�ê, P�b1(θ);

(III) �3Θþ�k.ÿÝµÚ¼êb2(θ)¦�

b1(θ1)− b1(θ2) =

∫ θ1

θ2

b2(α)µ(dα) é?¿ θ1, θ2 ∈ Θ;

(IV) �§(2.2)�)U θi0(t)÷v

0 <

∫ T

0
[U θi0(t)]2dt < +∞ a.s. é?¿ θ ∈ Θ,

K�Oþθ̂iε÷vr�Ü5, =k

θ̂iε → θ0 a.s. � ε→ 0�.

½n 2.2 3½n2.1�^�e, �Oþθ̂iε÷vìC��5

ε−1(θ̂iε − θ0)
D→ N(0, b−2

i ) � ε→ 0�,

Ù¥

b2i = λ2
i (λi + 1)b21(θ0)

∫ T

0
[U θ0i0 (s)]2ds.

½Â

θ̂ε =
( N∑
i=1

b2i θ̂iε

)/( N∑
i=1

b2i

)
.

Kdθ̂iε, 1 ≤ i ≤ N�Õá5, ´�±e½n.

½n 2.3 3½n2.1�^�e, k

θ̂ε → θ0 a.s. � ε→ 0�,

ε−1(θ̂ε − θ0)
D→ N(0, b−2) � ε→ 0�,

Ù¥b2 =
N∑
i=1

b2i .

《
应
用
概
率
统
计
》
版
权
所
有



186 A^VÇÚO 1n��ò

5P 2 �â±þ½n��, θ̂iε, 1 ≤ i ≤ NÚθ̂εÑ´θ�ìCÃ �O, �θ̂ε'z�

θ̂iε, 1 ≤ i ≤ Näk�����.

§3. ½n�y²

�y²½n2.1Ú½n2.2, Ik�Ñe�Ún.

Ún 3.1 ��ÿ¼êϕ(t)Úα(t), é,L > 0, ÷v

ϕ(t) ≤ α(t) + L

∫ t

0
ϕ(s)ds.

Kk

ϕ(t) ≤ α(t) +

∫ t

0
eL(t−s)α(s)ds. (3.1)

y²: ë�GihmanÚSkorohod (1972)Ö¥P.41y². �

e©¥, ·�P�§(2.1)!(2.2)�)©O�Uiε(t)ÚUi0(t).

Ún 3.2 3½n2.1�^�e, é?�ëY¼êf(x), k

lim
ε→0

∫ T

0
f(Uiε(t))dt =

∫ T

0
f(Ui0(t))dt a.s. (3.2)

é?�LipschitzëY¼êf(x), k

lim
ε→0

∫ T

0
f(Uiε(t))dWi(t) =

∫ T

0
f(Ui0(t))dWi(t) a.s. (3.3)

y²: d(2.1)�, é?��½�θ ∈ ΘÚ�êε1 6= ε2, k

Uiε1(t)− Uiε2(t) =

∫ t

0
(−b(θ)λi)(Uiε1(s)− Uiε2(s))ds+

∫ t

0

ε1 − ε2√
λi + 1

dWi(t),

K

sup
0≤t≤T

|Uiε1(t)− Uiε2(t)|2

≤ C1

{
sup

0≤t≤T

[ ∫ t

0
|Uiε1(s)− Uiε2(s)|ds

]2
+ sup

0≤t≤T

[ ∫ t

0
|ε1 − ε2|dWi(t)

]2}
≤ C2

{∫ T

0
[Uiε1(s)− Uiε2(s)]2ds+

[ ∫ T

0
|ε1 − ε2|dWi(s)

]2}
,
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Ù¥C1 = C1(θ, λi) > 0, C2 = C2(θ, λi, T ) > 0´k��~þ. Ïdd�ÅÈ©5���

E sup
0≤t≤T

|Uiε1(t)− Uiε2(t)|2

≤ C2

[ ∫ T

0
E sup

0≤s≤t
|Uiε1(s)− Uiε2(s)|2dt+

∫ T

0
(ε1 − ε2)2dt

]
= C2T (ε1 − ε2)2 + C2

∫ T

0
E sup

0≤s≤t
|Uiε1(s)− Uiε2(s)|2dt, (3.4)

qd(3.1), ·�k

E sup
0≤t≤T

|Uiε1(t)− Uiε2(t)|2 ≤ C2T (ε1 − ε2)2 +

∫ T

0
eC2(T−t)C2t(ε1 − ε2)2dt

≤ [C2T + C2T
2eC2T ](ε1 − ε2)2

=: M1(ε1 − ε2)2,

Ù¥M1 > 0�k��~ê. �

lim
ε1→ε2

sup
0≤t≤T

|Uiε1(t)− Uiε2(t)| = 0 a.s.

·���·���êε0, ¦�é?¿�ε ∈ (0, ε0)ÚëY¼êf(·), Uiε(t)Úf(Uiε(t))Ñ´k

.�. K�âÈ©k.Âñ½n, =�(3.2)¤á.

ef(x)´LipschitzëY¼ê, K�3~êL > 0, ¦�

|f(x)− f(y)| ≤ L|x− y| é?¿ x, y ∈ (−∞,+∞).

2g|^�ÅÈ©5�¿(Ü(3.4)�

E
∣∣∣ ∫ T

0
f(Uiε1(t))− f(Uiε2(t))dWi(t)

∣∣∣2 =

∫ T

0
E[f(Uiε1(t))− f(Uiε2(t))]2dt

≤ L2 ·
∫ T

0
E[Uiε1(t)− Uiε2(t)]2dt

≤ L2T · E sup
0≤t≤T

[Uiε1(t)− Uiε2(t)]2

≤ L2TM1 · (ε1 − ε2)2

=: M2(ε1 − ε2)2,

Ù¥M2 > 0�k��~ê. Ïd(3.3)�y. �

Ún 3.3 3½n2.1�^�e, �3k��~êM > 0¦�

lim
ε→0

sup
θ∈Θ

∫ T

0
[b(θ)− b(θ0)]Uiε(t)dWi(t) ≤M a.s.
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y²: Äkd½n2.1�^�(I), (II)ÚCauchy-SchwarzØ�ª, �

{∫ T

0
[b(θ)− b(θ0)]Uiε(t)dWi(t)

}2
=
{∫ T

0

∫ θ

θ0

b1(α)Uiε(t)dαdWi(t)
}2

=
{∫ θ

θ0

b1(α)

∫ T

0
Uiε(t)dWi(t)dα

}2

≤
∫ θ

θ0

b21(α)dα

∫ θ

θ0

{∫ T

0
Uiε(t)dWi(t)

}2
dα,

=k

E sup
θ∈Θ

{∫ T

0
[b(θ)− b(θ0)]Uiε(t)dWi(t)

}2
≤ E

∫
Θ
b21(α)dα

∫
Θ

{∫ T

0
Uiε(t)dWi(t)

}2
dα

=

∫
Θ
b21(α)dα ·

∫
Θ

∫ T

0
EU2

iε(t)dtdα.

qd(3.2)��

lim
ε→0

E sup
θ∈Θ

{∫ T

0
[b(θ)− b(θ0)]Uiε(t)dWi(t)

}2
≤
∫

Θ
b21(α)dα ·

∫
Θ

∫ T

0
EU2

i0(t)dtdα.

Ïd, 3½n2.1�^�e, �3k��~êM > 0¦�

lim
ε→0

sup
θ∈Θ

∫ T

0
[b(θ)− b(θ0)]Uiε(t)dWi(t) ≤M a.s. �

y3, ·�5y²½n2.1.

½n2.1�y²: Äkd(2.3), ·��òε2Liε(θ)©)¤üÜ©, 1�Ü©´�ÅÈ©

�, 1�Ü©´ÊÏÈ©�, =

ε2Liε(θ) = ε

∫ T

0
(b(θ0)− b(θ))λi

√
λi + 1Uiε(t)dWi(t)

− 1

2

∫ T

0
[b(θ)− b(θ0)]2λ2

i (1 + λi)U
2
iε(t)dt. (3.5)

dÚn3.3, �

lim
ε→0

sup
θ∈Θ

ε

∫ T

0
(b(θ0)− b(θ))λi

√
λi + 1Uiε(t)dWi(t) = 0 a.s. (3.6)

Ïd, ·��IéÊÏÈ©�?1?Ø.

½Â

Kiε(θ) =

∫ T

0
[b(θ)− b(θ0)]2U2

iε(t)dt.
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�â(3.2), é?��½�θ ∈ Θ, k

lim
ε→0
|Kiε(θ)−Ki0(θ)| = 0 a.s. (3.7)

|^½n2.1¥�^�(I)Ú(III)¿(ÜÚn3.2, ·����êε0ÚM¦�, é?¿θ1, θ2 ∈
ΘÚε ∈ [0, ε0], k

|Kiε(θ1)−Kiε(θ2)| ≤M |θ1 − θ2| a.s. (3.8)

ÏΘ´4«m, �âk�CX½n, é?¿�δ > 0, �3k��:θ1, . . . , θn¦�

Θ ⊂
n⋃
j=1
{θ : |θ − θj | < δ}.

(Ü(3.7)Ú(3.8), �í�

lim
ε→0

sup
θ∈Θ
|Kiε(θ)−Ki0(θ)|

≤ lim
ε→0

sup
1≤j≤n

|Kiε(θj)−Ki0(θj)|+ lim
ε→0

sup
|θ1−θ2|<δ

|Kiε(θ1)−Kiε(θ2)|

+ sup
|θ1−θ2|<δ

|Ki0(θ1)−Ki0(θ2)|

≤ 2Mδ a.s.

2dδ�?¿5, ·�k

lim
ε→0

sup
θ∈Θ
|Kiε(θ)−Ki0(θ)| = 0 a.s. (3.9)

,	, d½n�^���, θ0´5y¯K inf
θ∈Θ

Ki0(θ)���). Ó�, d(3.8)´y, Kiε(θ)Ú

Ki0(θ)Ñ'uθëY. Ïd, (Ü(3.5), (3.6)Ú(3.9)��, 5y¯Ksup
θ∈Θ

Liε(θ)�)θ̂iε÷v

lim
ε→0

θ̂iε = θ0 a.s. �

�e�, ·�5y²θ̂iε�ìC��5.

½n2.2�y²: ½Â

h(θ) =

∫ 1

0

{∫ θ0+γ(θ−θ0)

θ0

b2(β)µ(dβ)
}

dγ.

K3½n2.1�^�e, k

b(θ)− b(θ0) = [h(θ) + b1(θ0)](θ − θ0).

d(2.3), ·�q�òLiε(θ)©)�

Liε(θ) = [Aiε +Aiε(θ)][ε
−1(θ0 − θ)]−

1

2
[Biε +Biε(θ)][ε

−1(θ − θ0)]2, (3.10)
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Ù¥

Aiε = λi
√
λi + 1b1(θ0)

∫ T

0
Uiε(t)dWi(t),

Biε = λ2
i (λi + 1)b21(θ0)

∫ T

0
U2
iε(t)dt,

Aiε(θ) = λi
√
λi + 1

∫ T

0
h(θ)Uiε(t)dWi(t),

Biε(θ) = λ2
i (λi + 1)

∫ T

0
[h2(θ) + 2h(θ)b1(θ0)]U2

iε(t)dt.

e¡·�ò©Oéùo�?1?Ø.

Äk, �â�ÅÈ©¥%4�½n(ë�Mckean, 1969), k

Aiε
D→ N(0, b2i ) � ε→ 0�, (3.11)

Ù¥

b2i = λ2
i (λi + 1)b21(θ0)

∫ T

0
[U θ0i0 (s)]2ds.

qdÚn3.2��

Biε → b2i a.s. � ε→ 0�. (3.12)

y3, ·�5�Ä1n�Aiε(θ). 5¿�h(θ)�½Â¿|^Cauchy-SchwarzØ�ª, k

|Aiε(θ̂iε)|2 ≤ µ{[θ0, θ̂iε]}
∫

Θ

{∫ T

0
b2(β)λi

√
1 + λiUiε(t)dWi(t)

}2
µ(dβ),

Ïd, �ìÚn3.3�y²�{, ·���~êε0 > 0ÚM > 0¦�é?¿ε ∈ [0, ε0], k

E[Aiε(θ̂iε)]
2 ≤Mµ{[θ0, θ̂iε]}.

dÿÝµ�ëY5Ú½n2.1�(J, lim
ε→0

θ̂iε = θ0 a.s., ��

Aiε(θ̂iε)→ 0 a.s. � ε→ 0�.

|^Ó��E|, �±y²

Biε(θ̂iε)→ 0 a.s. � ε→ 0�.

-

θ̃iε = θ0 − εB−1
iε Aiε.

Kd(3.11)Ú(3.12)�, �ε→ 0�,

θ̃iε → θ0 a.s. Ú ε−1(θ̃iε − θ0)
D→ N(0, b−2

i ). (3.13)
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�âL(θ̂iε) = sup
θ∈Θ

Liε(θ) ≥ L(θ̃iε), ¿d(3.10)�í�

[(ε−1(θ̂iε − θ0))2 − (ε−1(θ̃iε − θ0))2] + 2AiεB
−1
iε [(ε−1(θ̂iε − θ0))− (ε−1(θ̃iε − θ0))]

≤ 2B−1
iε (Rε(θ̂iε)−Rε(θ̃iε)),

Ù¥

Rε(θ) = Aiε(θ)(ε
−1(θ0 − θ))−

1

2
Biε(θ)(ε

−1(θ0 − θ))2.

5¿�AiεB
−1
iε = −ε−1(θ̃iε − θ0), Kk

[(ε−1(θ̂iε − θ0))− (ε−1(θ̃iε − θ0))]2 ≤ 2B−1
iε (Rε(θ̂iε)−Rε(θ̃iε)).

�â±þy²��, �ε→ 0�, Rε(θ̂iε)→ 0 a.s.�Rε(θ̃iε)→ 0 a.s., l


|ε−1(θ̂iε − θ0)− ε−1(θ̃iε − θ0)| → 0 a.s.

Ïd, ε−1(θ̂iε − θ0)äkÚε−1(θ̃iε − θ0)�Ó�ìC©Ù. d(3.13), =�

ε−1(θ̂iε − θ0)
D→ N(0, b−2

i ) � ε→ 0�.
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Asymptotic Properties about MLE of the Parameter in

Some Singular Stochastic Partial Differential Equation

Zhang Caiya
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Hangzhou, 310015 )

In this paper, the singular stochastic partial differential equation with an unknown parameter and

a small noise is studied. The maximum likelihood estimator of the parameter based on the continuous

observation of the Fourier coefficients is proposed. The strong convergence and asymptotic normality of

the estimator are established as the noise tends to zero.
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tency, asymptotic normality.
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