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Abstract
Let f, be a non-parametric kernel density estimator based on a kernel function K and a
sequence of independent and identically distributed random variables taking values in R?. The
goal of this article is to extend the large deviations results in He and Gao (2008), i.e., to prove

large deviations for the statistic sup |fn(x) — fu(—2)|.
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§1. Introduction and Main Results

Let {X;,i > 1} be a sequence of independent and identically distributed (i.i.d.) ran-
dom variables taking values in R? on probability space (Q,.%#,P) with density function f.

Let K be a measurable function. The kernel density estimator of f is defined by

fn(x)ziffc(x_&), z e R, (1.1)

an

where {a,,n > 1} is a bandsequence, that is, a sequence of positive numbers sastifying

d

na,

an — 0, nal — oo, — +00 as n — oo. (1.2)

log an*

The limit properties for the kernel density estimator were studied widely, for re-
cent references on this we refer to He and Gao (2008), Gao (2003), Giné and Guillou
(2001), Diallo and Louani (2013), Louani (1998) and references therein. The statistic

sup |fn(z) — fn(—x)| was used to test the hypothesis that the density function f(x) is
z€ER
symmetric about 0. He and Gao (2008) studied moderate deviations and large deviations
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(cf. Dembo and Zeitouni, 1998) for sup |f,(x) —fn(—2)| of the density f in case d =1 by
z€R4
the empirical approach. One could ask whether or not the large deviations results hold

for sup |fn(z) — fn(—2)| in general. In this article, we give an affirmative answer to these,
zeRd
i.e., we establish large deviations for sup |f,(z)— fn(—z)| under certain conditions by the
z€RY
empirical approach (cf. Giné and Guillou, 2001; Talagrand, 1996; Gao, 2003; He and Gao,

2008).
As usual, we denote by [lgllec = sup |g(a)] and [lgll, = (/.

T
z€R4
mum norm and the L,-norm of g respectively. The following assumptions will be used in

€Rd |g(z)[Pdx)'/? the supre-

this article.

(A1) f is continuous and symmetric and

lim f(z)=0. (1.3)

T—00

(A2) K(z) = P(Jax +b|), where P(-) is a bounded real function of bounded variation,

a is an m x d matrix, and K (z) is integrable:
| K (x)|dx < 400.
Rd

(A3) f is differentiable and
sup | /()] < oo. (1.4)

By Nolan and Pollard (1987), the class of functions

F = {K("”_');xeRd,aneRg\{O}}

an

is a bounded measurable VC class of functions( cf. Gao, 2003). It is clear that if (A2)
holds, then for any p > 1, || K|, < co and

o(t) = /Rd(exp{tK(z)} —1)dz < 0 for any ¢ > 0. (1.5)

Theorem 1.1 Let K be nonnegative, f(0) = 0 and assumptions (A1), (A2) and
(A3) hold. Then, for any A\ > 0,

Jim 108 P(u() = fu(= e > 2 = =T, (16)
where

J(A) = inf sup {t)\ — f(x) /Rd (exp{tK(z)} + exp{—tK(z)} — 2)dz}. (1.7)

z€R? tcR
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§2. Large Deviations

Let p be any probability measure on (S, ¢) and let P = [] p; be the product proba-
€N
bility measure of p; = p, i € N. Let € : SN+ S, i € N, be the coordinate functions. The

following lemma is taken from Giné and Guillou (cf. Giné and Guillou, 2001; Gao, 2003).

Lemma 2.1 Let % be a measurable uniformly bounded VC class of functions and

let 02 and U be any numbers, such that o > sup Var p(g), U > sup ||g||ec, and 0 < o <
geEF geEF
U/2. Then, there exist constants C' and L depending only on the characteristic (4, v) of

the class %, such that the inequality

> (9(&) ~ Eg(&))| > 1)

P( sup
i=1

geF

t
<Lexp{ — —log

tU
' (" L s o))

is valid for all

tZC(Ubgg+wﬁbngg). (2.1)
g g

The following pointwise principle is an extension of He and Gao (2008) by Gértner-

Ellis theorem (Dembo and Zeitouni, 1998).

Proposition 2.1 Let K be nonnegative, f(0) = 0 and assumptions (Al), (A2)
and (A3) hold. Assume ¢(t) < oo for all ¢ > 0. Then, for any = € R?, we have that for
any closed set F' C R,

timsup = log P((fu(x) — fu(~2)) € F) < — inf L. (Y, (2.2)

d
n—oo MNay

and for any open set G C R

timinf — og P((fa(2) — fu(~2)) € G) 2 — inf Lu(), (2.3)

n—o0 ’]’L(Ln

where

Jz(X) = sup {t)\ — f(=x) ( /Rd(exp{tK(z)} +exp{—tK(z)} — 2)dz) } (2.4)

teR

Proof We show Proposition 2.1 by using the Gértner-Ellis Theorem. By the defi-

nition of ¢, we have that

e = @(Jt]) < o0,  teR.
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Since X;, i > 1 are independent and identically distributed, it is easy to get

W(t) = E(exp{tnag(fa(z) = fu(=2))})
(E(ow {0 (27) - (522D
= {ag /Rd exp {t(K(z) - K(z - ::)) }f(x - anz)dz}n.

Without loss of generality, we always assume that x # 0, since when x = 0, the

proposition is obvious.

First, we assume that K has a bounded support. Since a, — 0 as n — oo, the

supports of K(z — 2z /a,) and K(z) have an empty intersection for n large enough, so
v (1) = {afb f(x = anz)dz + a (/ (exp{tK(2)} —1)f(z — anz)dz>
R4 Rd

+ai/Rd (exp{ —tK(z— 2)} - 1)f(x—anz)dzr.

For (A3), f(z — anz) = f(z) + O(al|z]) (cf. Rudin, 2004: page 113, Theorem 5.19) as

n — oo uniformly with respect to x, therefore,
o (t) = |1+ ai( /R (exp{tK ()} = 1)(f(2) + Olai|21)dz)
+ad /Rd (exp{ - tK(z - Z)} - 1) (f(z)+ O(afl|z]))dzr
= [1 +al f(x) /]R (exp{tK(2)} + exp{—tK(2)} — 2)dz + O(a,%d)]n.

So

U,.(t) = lim —log (1) = f(x) /Rd(exp{tK(z)} + exp{—tK(z)} — 2)dz,

n—00 na

also the limit is uniform with respect to z and ¢.

Now, we drop the condition of bounded support,
v (1) = {afl/ flz —apz)dz + aﬁ(/ (exp{tK(z)} —1)f(z — anz)dz)
R¢ R
2x n
d _ AN _ d
+ ap, /Rd (exp{ tK(z an)} 1>f(x anz)dz + ana}

= [1 + al f(x) /Rd(exp{tK(z)} + exp{—tK(z)} — 2)dz + O(a*?) + a a}n,
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where

a= /Rdexp {t(K(z) - K(z - Z:))}f(l’ —apz)dz

- flx —apz)dz — / (exp{tK(z)} — 1) f(z — anz)dz

R4 R4

_/Rd (exp{ _tK<Z_(21:)} —1>f(:1:—anz)dz.

By the conditions of the theorem, for any € > 0, for n large enough, || < Me(2exp{tKop}
+ 4), where M = || f||oo, Ko = sup K(z). Therefore, @ = o(1) as n — oo, it is uniform to
x and t. Hence we get :

U, (t) = lim Ld log U™ (t) = f() /Rd(exp{tK(z)} + exp{—tK(z)} — 2)d=.

n—o0 nag

Since W, (t) is differentiable with respect to t € R, Application of Géartner-Ellis theorem
yields (2.3) and (2.4) immediately. O

Lemma 2.2 Let assumptions (Al) and (A2) hold. For any 0 < ¢ < 1, let By, 1,
k=1,2,...,l,, be l, cubes with side length da,, such that {B, .,k = 1,2,...,l,} is a
1, -1

covering of [—a ', a1]? and

I, > 2%0a2)"4 + 1.

Take z, 1 € By, 1 <k <lp, n>1. Then, for any € > 0,

1
lim limsup—dlogP( sup  sup |fpi(x) — fop(—2)] > 5) = —o0, (2.5)

=0 pnooo MNay 1<k<lp 2€Bp i

where fn,k(JU) = fn(x) - fn(zn,k)a fn,k(_fE) - fn(_ﬁ) - fn(_zn,k)'
Proof we use Lemma 2.2 in Gao (2003) to see that for any n € (0,¢), there exists
dp > 0, such that for any § < g and for any = € B, 1,

[T () () (1 ()~ (2 gy

< 4a | f]lson-

Now, take U = 4[| K ||so, 02 = 4al|| f||oon, then by Lemma 2.1, for n large enough,

P sup  sup |fu(@) = funk(—2) = E(fas(e) = fus(—2))| = )

1<k<ln E€By i

d

nale | Koo
< Lyesp{ gy (14 Al
= MO R oL %\ T LI flor

which implies (2.5) by letting n — 0. O
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Lemma 2.3 Suppose that (A1) and (A2) hold. Then for any ¢ > 0,

lim sup L 7 log P( sup |frn(z) = frn(—2)] > E) = —00. (2.6)

n—00 na

Proof For any n € (0,¢), there exists ng > 0, such that, for n > nyg,

xg[—(i;llp?agl]d /]Rd (K<xa_ny) N K<_Z; y))Zf(y)dy < nad.

Now, let us take U = 2||K||o0, 02 = aln, it follows from Lemma 2.1 that for any n large

enough,
(- sup  [fal@) = ful—2) — E(ful@) = ful—2))| = &)
l"%[—an ,an ]d
d d
ena enal || Ko
< Dosp { — g (14 1K)
e G 1 7 I Gy oy
Therefore,
. 1
lim sup — log P( sup |fn(x) = fo(—2x)| > 6)
n—oo NGy eg[—ap,an1]d
e[| Koo
< g (14 My
2Kl 0\ T 2Ly
Letting n — 0, we get (2.6). O

Lemma 2.4 Let K be nonnegative, and let (Al) and (A2) hold. Then for any
A >0,

sup inf {t)\ U, (t)} = 1nf sup{tA — ¥,(¢)}. (2.7)
tcR z€R4 4 teR

Proof Set M = ||f||~ and let
G(t,y) =tA— y/ (exp{tK (2)} + exp{—tK(z)} — 2)dz.
Rd

Then G : R x [0, M] — R satisfies the property that for ¢ fixed, G(t,y) is convex as a
function of y, and for y fixed, G(¢,y) is concave as a function of ¢. It follows from the

minimax theorem (cf. Sion, 1958) that

sup inf G(t,y) = inf supG(t,y),
teR y€[0,M] ye(0,M] ter

that is, (2.7) holds. O
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Lemma 2.5 Let K be nonnegative, and let (A1) and (A2) hold. Set

h(t) = /Rd(exp{tK(z)} —exp{—tK(2)})K(z)dz.
Then, for A > 0,

J\) = TN/ M) — M /R d(exp{h_l()\/M)K(z)} + exp{—h"*(\/M)K(2)} — 2)dz,

where M = ||f|lco and h™! denotes the inverse of h. In particular, J is continuous on
[0, 00).
Proof It is trivial that h is strictly increasing on [0, c0) and h(0) = 0, tlim h(t) = oo,
—00

hence, h~! exists, and it is strictly increasing and continuous on [0, 00). Let
G(t,y) =t\— y/ (exp{tK(z)} + exp{—tK(z)} — 2)dz, teR, yel0,M].
R4
Then, 0G(t,y)/0t = X\ — yh(t), and so
G(h (N y), if 0;
sup Glt.y) = (h=(My),y) y#
teR +00 it y=0.

Since
G(h' (M) ) = sup Glt,) = sup {tr—y [ (exp(t ()} +exp(~tK ()} ~2)dz} (28
t>0 t>0 R4
is decreasing with respect to y € [0, M|, we have

J\) = inf supG(t,y) = G(h*(\/M), M).
y€[0,M] +>0

In particular, J is continuous on [0, 00). O

Proof of Theorem 1.1 Now we prove (1.6). The proof of Theorem 1.1 comes
from that of Theorem 1.2 in Gao (2003). For sake of convenience, we give a complete

proof here. First, for any = € R?, by Proposition 2.1, we have
. 1
liminf 275 108 P(If() = fal=)lloe > A)
. 1
> limind o Tog P fu(x) — fu(=) o > ) 2 ~Je(A).

Hence
NN
liminf 77 108 P(1fn() = fa(=)lloo > A) 2 =T ().
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To prove the reverse inequality, we note

—max{ s [fu@) - fala), swp [fale) — ful)]}
z€[—ay',an']? v¢|—an"an']

and

sup [ fu(®) = fo(=2)]

z€[—ant,a; )4

< max { sup |fur(@) = far(=2) |+ |falzr) = Fa(—2za0)l}.

1<k<ln \peB,

by Lemmas 2.2 and 2.3, we have that for any 0 < & < A\/2,

limsup% log P(||frn(:) = fa(=)]lco > A)

n

= hmsup—logP( sup |fu(z) — fu(—2)| > A)

n—00 an

z€[—ay, ,an 1%

1
< hmhmsup—log (P( max sup | frok(x) = for(—2)] Ze)

+P( max lfn(an) Fu(=znk)] >)‘_€))

1<k<
1
— lim li —1 P< - A— ) 2.9
s limsup - log P | max |fr(znk) = fa(=2nk)| > A —¢ (2.9)

On the other hand, by the Chebyshev’s inequality,

P( max | fu(znn) — fu(— 2] >)\—5)

1<k<ly,
<l max {exp{—nay (A —e)t}} V7 (t) (2.10)

Now, Combining (2.9) and (2.10) we get

. 1
lim sup — 1og P(|lfa() = fa(~)lloo > A) < ={ (A= &)t = sup W, (1)}
n—oo MNdp zeRd
Then, by Lemma 2.4,
) 1
limsup —=log P([[ f(-) = fu(=)llec > A) < =J(A —¢).
n—oo Nap,
Therefore, by the continuity of J,
. 1
limsup —=10g P([| fu() = fu(=)llec > A) < =J(A). 0
n—oo MNAp,
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