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Á �

�©b�I�]�Ñlê¼�eL§({¡MSP). TL§U�Ð/�N7K½|�Ø­½5. |

^ê¼�eL§�5�, ¦ÑI�]�d�L§�A�¼ê, |^¯�Fp�C�(FFT)�{, �Ñ


ê¼�eL§eA«7Kû)¬�½dúª. ©¥�(J��±A^uÙ§�7Kû)¬½d¥, ´

L
7Kû)¬�½dnØ.

'�c: ê¼�eL§, A�¼ê, ¯�Fá�C�, ½d.

Æ�©aÒ: O211, F830.

§1. Ú ó

Cc5, duÉ²L�¥z�7Kgdz, 7KM#�Ï�K�. �¥7K½|×�u

Ð, 7K½|¥yÑc¤�k�ÅÄ5. 7Kû)�½d���
c¤�k�]Ô. 3½d

¥I�]��d��.åX�'­���^. ¯¤±�, Í¶�Black-Scholes (B-S)d��

.(BlackÚScholes, 1973), du��^��õ,   �Ø�÷v, ��þ�7KÚOêâL

²B-S�.�¢S�/�3XÚ �, Ïd, ÁãU?B-S�.¦Ù�¢S�/�Î, ù´C

c57KêÆ�.ïÄ�­:. Merton (1976)Äg3B-S�.¥Ú\EÜPoissona, òa

*Ñ�.A^u�¦d��.¥. �XVasicek (1977)ÚCox�(1985)òB-S�.¥�~|

Çí2��Å|Ç�/, Heston (1993)rÅÄÇ?1í2, �Ñ
�ÅÅÄÇe"EÅ�

wª).

3½d�µeþ<�Øä�Ïé��U�Ð�x7K½|ÃõØ­½5��.. <

�3ØÊ/}Á^#��.5O�{ü�B-S�.. Hou�(1998)<JÑ5�)ê¼L§!

�ê¼L§�Ãõ�ÅL§�A~�ê¼�eL§, ïá
ê¼�eL§�nØµe, ¿

òÙA^�üèØ!�x!7KXÚ�+�, ¤õ/)û
üèØ�]�©ÙH{5��

X�²;JK(Hou, 2002; Hou�, 2003). CÏ, Ñy
�a#��ÅL§, ¡�Webê¼

�eL§({P�WMSP), §5
ué��üS�ïÄ. WMSPdGao�(2009)ÄkJÑ,

¿òWMSPA^3��­�5üSþ(Gao�, 2011), �X, Liu�(2011)lnØµe�¡?

∗I[ó§EâïÄ¥%m�Ä7(CNERC-EOMI-2013-012)!S �g,�ÆÄ7�8(1408085MKL84, 1308085M

F93)!¥
p�Ä��ï�Ö¤;�]7(JZ2014HGBZ0190)ÚI[?�Æ)M#M�Ôö�8(201310359066)]Ï.
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�ÚïÄ. WMSP´��Xa�ê¼�eL§, ¿�am��mS�3�½Ù�e&E

�^�e´�pÕá�. nØþ, WMSP�µeºX
õa·�¤���ÅL§, XlÑ

�mê¼ó, QL§, �ê¼L§�, ,	, ��)Aa#�L§, XLiu�(2011)J��{

üWMSP, �WMSP, º¡�WMSP�.

�(Ω,F ,P)����VÇ�m, (E,Ξ)´��Polish�m, X ′ = {X ′t}, 0 ≤ t < τ´½Â

3(Ω,F ,P)þ��uE¥�më�4��ÅL§. �
½Â�B·�3G��mE¥O\

���á:b,¦E = E∪{b}�¤��#�Polish�m,¿rL§*Ü��ÅL§X = {Xt},
0 ≤ t <∞, Ù¥

X =

X ′, 0 ≤ t < τ ;

b, τ ≤ t <∞.
(1.1)

½Â 1.1 (Gao�, 2011) �ÅL§Y = {Yt}¡�äkk�)·τ�ê¼�eL§
(MSP), e�3�Å�mS�{τn}n≥0, ¦�0 = τ0 ≤ τ1 ≤ · · · ≤ τn ≤ · · · , lim

n→∞
τn = τ . ¿

�{Yτn}|¤ê¼ó.

ê¼�eL§3üèØ, ��Ø97KXÚ¥kX2��A^, �Y = {Yt}�ê¼�
eL§, ½ÂXn={Yτn}, Tn= τn+1−τn, n= 0, 1, . . ., K{Tn}����ÅCþS�. (X,T )

dê¼�eL§Y��(½. Ó�, e½ÂYt = Xn, τn ≤ t < τn+1, KYd(X,T )��(½.

�
�Ð/òê¼�eL§A^u�©�7Kû)¬�½d¥, y3é½Â1.1?1­#£

ã.

½Â 1.2 �X={Xt}t≥0��ëY.�ê¼L§, ��3��K�ü�S�{τn}n≥0

�Ê�, ½Âlt = n, eτn ≤ t < τn+1, ¡Y = {Yt}�ê¼�eL§, XJ

Yt = Xlt , (1.2)

ùp{lt}E�Ê�, {Xt}t≥0¡�ê¼�e, lt¡��Å�m. ¯¢þ. XJ·�rtw�´F

~�m, Klt�w�´�Ö�m, §£ã
�Ö¹Ä��Å5. ^ê¼�eL§��û)¬

�½dµe. û)¬�nØd�U��C½|d�. y3í2úª(1.2)¥½Â�ê¼�e

L§, ½Â

Yt = Xlt , (1.3)

ùp{Xt}t≥0�ëY�ê¼L§, �ÅCþ{lt}�Ê�, ��ÅL§{Xt}t≥0Õá, �÷ve

¡��Å�§:

lt =

∫ t

0
νsds, ys ≥ 0, (1.4)

�E[lt] = t, ùp�ÅL§νs¡��mC�Ç. ¡úª(1.4)½Â��eL§�2Â�ê¼�

eL§. �©ïÄ�I�]��d�Ò´Ñlù��2Âê¼�eL§.

�©Ì��én«7Kû)¬�½d¯K?1ïÄ. äN¯KXe: 1�Ü©, |^¯

�Fá�C��{, �ÑîªÏ��½dúª; 1nÜ©91oÜ©, 3lÑ��e, ïÄ


��p�9ÅÄÇp��½d¯K. ��, o(�©�Ì�ïÄSN9ò�ïÄ���.
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§2. MSPeîªÏ��½d¯K

��¦d�L§St÷ve¡��§:

St = S0
exp rt

E[expYt|ν0]
expYt, (2.1)

ùpr�Ãºx|Ç. S0L«Ð©����¦d�, Y = {Yt}�½Â1.2¤ã�ê¼�eL

§. St�éê¼êln(St)�A�¼êΨ�

Ψ = E[exp(iθ lnAt)|A0, ν0]

= exp(iθ(rt+ lnA0)
ϕ(iΦx(θ); t, ν0)

ϕ(−iΦx(−θ); t, ν0)iθ
. (2.2)

ùpΦx�X�A��ê, e�ÅL§{Xt}�Normal-Inverse-Gaussian (NIG)L§, Xt ∼
NIG(a, b, 1, δ), LévyÿÝ

π(dx) = ebx
δa

π|x|
K1(a|x|)dx,

KXt�A��ê�

Φx(θ) = −iδ[
√
a2 − b2 −

√
a2 − (b+ iθ)2].

ùpKa(x)�Bessel¼ê, ëêa, b, δ�Barndorff-Nielsen (1997). ϕ�lt�A�¼ê, e�νt

�CIRL§(Carr�, 2003), =÷ve¡��Å�©�§:

dνt = κ(η − νt)dt+ λ
√
νtdBt,

ùpBt�IOÙK$Ä, ��IOÙK$ÄWtÕá. Klt�A�¼ê�L«�

ϕCIR = E[iult|ν0] =
exp(κ2ηt/λ2 + 2ν0ui/(κ+ γ coth(γt/2)))

(cosh(γt/2) + κ sinh(γt/2)/γ)2κη/λ2
,

ùpγ =
√
κ2 − 2λ2ui. (Üþãúª, �±¦ÑNIG-CIR.2Â�eL§°Ä�I�]�

�éê¼ê�A�¼ê.

ÏLA�¼ê, (ÜCarrÚMadan (1999)©¥J��¯�Fá�(FFT)�{, �±�Ñ

îªwÞÏ��½dúª. �β�¦�¦d�L§St�β�Ý�3��~ê. Ï~�β =

0.75. �ln(nK) = k, 3Xt�ltÕá��¹e, ke¡�O�úª:

c(At, nK, T ) =
exp(−βk)

π

∫ +∞

0
exp(−iνk)ρ(ν)dν, (2.3)

ùp

ρ(ν) =
exp(−rτ)E[exp(i(ν − (β + 1)i) lnAt)]

β2 + β − ν2 + i(2β + 1)ν

=
exp(−rτ)Ψ(ν − (β + 1)i, T )

β2 + β − ν2 + i(2β + 1)ν
, (2.4)

ùpτ = T − t.
3Xt�ltØÕá��¹e, ¦ê¼�eL§�A�¼êI�/Ïe¡�·K.
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·K 2.1 ê¼�eL§Yt�A�¼ê�

φYt(θ) ≡ E[eiθYt ] = E[−l(t)Φx(θ)] = L l(t)(Φx(θ)),

ùpEÚE©OL«ÿÝPÚQe�Ï", #�E��VÇÿÝQ´'uVÇÿÝPýéëY

�, ½ÂXe:
dQ

dP

∣∣∣
t

= Mt(θ),

Ù¥Mt�

Mt(θ) = exp(iθYt + l(t)Φx(θ)).

y²: �
y²ù�·K, Äky²Mt´P-�, 'u{(Yt, l(t)) : t ≥ 0})¤�σ�. Ä

k½ÂCþZtXe:

Zt = exp(iθXt + tΦx(θ)).

E|Zt(θ)|k�, Ï�

E|Zt(θ)| ≤ exp(tΦx(θ)).

éu0 ≤ s < t,

E[eiθ(Xt−Xs)+Φx(θ)(t−s)|Ft] = e−Φx(θ)(t−s)+Φx(θ)(t−s) = 1.

¤±Zt´'uFt�E��P-�. éu?¿�½�t ≥ 0, l(t)´Ê�, d�`Ê�½n�,

Mt = Zl(t)´�.

E[eiθYt ] = E[eiθYt+l(t)Φx(θ)−l(t)Φx(θ)]

= E[Mt(θ)e
−l(t)Φx(θ)]

= E[e−l(t)Φx(θ)]

= L l(t)(Φx(θ)). � (2.5)

·K 2.2 (Duffie�, 2000) XJ�mC�Çν(t)´��¼ê, K'ult�.Ê.dC

�L l(t)(λ)�éêE´��¼ê. =

L l(t)(λ) = E[e−λl(t)] = exp(−b(t)ν0 − c(t)).

��¼ê�A�¼ê�/ª�Ð´dDuffie�(2000)�Ñ�, Duffie�(2003)òÙ(J

í2�E���/.

e¡ÏLAÏ�~f5í�ØÕá�/eÏ��½dúª, d¯�Fp�C�{, '

�´¦Ñê¼�eL§�A�¼ê. �Äù��~f, �ê¼�e�Xt = Wt; �mCzÇ
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νt´CIRL§,

Xt = Wt,

ν(t) = κ(η − ν(t))dt+ λ
√
ν(t)dBt, (2.6)

E[dWtdBt] = ρdt.

d·K2.1, ê¼�eL§Yt = Xl(t)�A�¼ê�L§l(t)�.Ê.dC�:

φYt(θ) ≡ E[eiθYt ] = L l(t)

(1

2
θ2
)
,

Ù¥θ2/2´�eWt�A��ê. #�ÿÝQ½ÂXe:

dQ

dP
= exp

(
iθYt +

1

2
θ2

∫ t

o
ν(s)ds

)
.

ê¼�eL§Yt�A�¼ê�

φYt(θ) = exp(−b(t)ν0 − c(t)),

Ù¥(bt, ct)÷ve¡��©�§|:b
′
t =

θ2

2
− (κ− iθλρ)bt −

λ2

2
b2t ,

c′t = κηbt.
(2.7)

¦)�§|, ��§|�)�
bt =

θ2(1− e−δt)

(δ + κ− iθλρ) + (δ − κ+ iθλρ)e−δt
,

ct =
κη

λ2

[
2 ln

(2δ − (δ − κ+ iθλρ)(1− e−δt))

2δ
+ (δ − κ+ iθλρ)t

]
,

(2.8)

ùpδ2 = (κ− iθλρ)2 + θ2λ2.

��ê¼�eL§�A�¼ê�L�ª�, dúª(2.3), (2.4)�¦�¤IwÞÏ��

d�úª. Ón, îªwOÏ��½dúª��±��.

§3. MSPe��p��½d¯K

37K½|þ, ���~­���ºxÏ�´�¦�ê�ÅÄ�Ø(½5. 
)Å

ÄÇCzÚ+n�'ºx´�~­��, Ï�ÅÄÇ´Ý]ûü���­��û½Ï�.

�ÏXd, �
éÀÅÄÇºx, 
l¯ÅÄÇ�'�´�±�¯��ÝFÃO�. ÅÄ

Çû)¬´�aAÏ�7Kû)¬, §�I�]�´ïá3�¦d�ÅÄÇ�Ä:�þ.
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ÅÄÇû)¬Ï~�): ÅÄÇ(��)p�!ÅÄÇ(��)Ï�!þµºÅÄÇ(��)p

�!Corridor��p�9��ÏÀ(Ï�)�. XCBOEu1�3�Ï�IOÊ�500��Ï

À, NYSEu1�AXE��ÏÀ�.

ÅÄÇû)¬�Ú\���r?
Ý]ö�ºxéÀ9]�|Ü+n, ¿�®²¤�


Ï�Úy n´ö�ÊH�n´óä. �XÅÄÇû)¬��´FÃÊ9, l¯ÅÄÇ

û)¬�nØïÄ�Øä��\. �õê�©zÑ´ïá3ëY���Ä:þ�, 
�!

�SN´ïá3lÑ���Ä:þ, ïÄê¼�eL§e, ��p��½d¯K.

��p�´¯õp��¬��«, §´�°�ÏÜ�, ÂÃÄu,]��ê�¢SC

�. T]��ê�±´IÊ500½´NASDAK�ê�, Ü�ï�l\¾��¼��ÂÃ�

ûu��Ü�ÏS¢y�]��êÅÄÇ�ÑÜ�\¾�v½�ÅÄÇ�õ�, �G��

��½�ü ¦ê�d���¦È, =

payoff = M(σ2
R −Kvar),

ª¥, M�¶Â�7, σ2
R�¢S��, Kvar���p���Ïd�.

3\½��p��Ü��c, V�¬²(¢S���O��ª, lÑ���¹e�¢

S��^σ2
R(0, N, T )L«, 3lÑ���¹e, Ï~ke¡O�úª: Pst = ln(St/S0), ½

Â¢S��σ2
R�

σ2
R =

AF

N

N∑
i=1

(sti − sti−1)2, (3.1)

ùp�Sti´31ig*ÿ�mti���¦d�, o�kNg*ÿ. AFczÏf, XJ��ª

Ç´z���´F, b�zck252U��´Uê, KAF = 252; XJ´z±���ªÇ�

{, KAF = 52, XJU��{, KAF = 12, ±daí. ·�b�3�©¥´�ålÑ*

ÿ, 4 = ti − ti−1�~ê. ti = i4t (i = 1, 2, . . . , N). N�*ÿgê, T�Ü��ÏF.

3ºx¥5ÿÝe, �¦d�St÷ve¡��§,

St = S0 exp[rt+ Yt],

ùpYt�ê¼�eL§.

K��p�(variance swap)��Ïd�½ÂXe:

Kvar = E[σ2
R]. (3.2)

e¡·�/Ïust,T = sT − st�A�¼ê5O��Ïd�.

φt,T = E[exp(iθst,T )] =

∫ ∞
−∞

eiθsq(t,T )ds,

ùpq(t,T ) = P(st,T ∈ [s, s+ ds)). K

Kvar =
AF

N

N∑
i=1

E[(sti−1,ti)
2] = −AF

N

N∑
i=1

∂2φti−1,ti

∂θ2

∣∣∣
θ=0

, (3.3)
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lþ¡�úª�±wÑ, �¦��p���Ïd�, ��¦Ñsti−1,ti�A�¼ê=�.

φti−1,ti(θ) = eiθr∆E[exp(iθ(Yti − Yti−1))|Ft],

��eL§9�Å�mC�Ç÷vúª(2.6)�, ¦ÑA�¼ê�L�ª�

φti−1,ti(θ) = exp[α(∆,Φx(θ))− a(∆,−β(∆,Φx(θ)))νt − b(∆,−β(∆,Φx(θ)))], (3.4)

ùp

a(h, ν) =
νe−hκ

1 + ν[λ2/(2κ)](1− e−hκ)
,

b(h, ν) =
2κη

λ2
ln
(

1 + ν
λ2

2κ
(1− e−hκ)

)
,

α(∆,Φx(θ)) = −κ
′η

λ2

[
2 ln

(
1− δ − κ′

2δ
(1− e−δ∆)

)
+ (δ − κ′)∆

]
,

β(∆,Φx(θ)) = − 2Φx(θ)(1− e−δ∆)

(δ + κ′) + (δ − κ′)e−δ∆
,

(3.5)

ùpδ2 = (κ′)2 +2Φx(θ)λ2, κ′ = κ− iθλρ,y3ò¤¦�A�¼ê9Wt�A��êΦx(θ) =

θ2/2�\úª(3.4)����p���Ïd�:

Kvar = −AF
N

N∑
i=1

∂2φti−1,ti

∂θ2

∣∣∣
θ=0

. (3.6)
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ã1 ��p���Ïd�

þãÀ�Xeëêéþãúª?1�[(eÓ):

κ = 3.46, r = 0.05, T = 1, ν0 = 0.14, θ = 0.009.
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§4. MSPeÅÄÇp��½d¯K

ÅÄÇp���þ´���6uI�]�ò5�¢SÅÄÇ��ÏÜ�, ¦aqu�

�p�. ^ML«¶Â�7, ^σR(0, N, T )L«lÑ��e�¢SÅÄÇ. ^KvolL«ÅÄ

Çp���Ïd�. KÅÄÇp���Ï|G¼ê�

(σR(0, N, T )−Kvol)M.

ùp�¢SÅÄÇ�O��ªXe:

σR(0, N, T ) =

√
AF

N

N∑
i=1

(sti − sti−1)2. (4.1)

e¡, ·�5í�ÅÄÇp�(volatility swap)��Ïd�, ½ÂXe:

Kvol = E
[√

σ2
R

]
=
AF

N

√
N∑
i=1

E[(sti−1,ti)
2]. (4.2)

·�ò|^à¼ê�5�(BroadieÚJain, 2008), 5)ûÅÄÇp��ú²�Ïd�¯K,

éuà¼êf(x) =
√
x, §3x0:���TaylorÐm�

√
x =
√
x0 +

x− x0

2
√
x0
− (x− x0)2

8x
3/2
0

+ f (3)(ξ)
(x− x0)3

3!
,

ùpf (3)(ξ)�¼êf(x)3ξ, ξ ∈ (0, x0):�n��ê. þ¡�TaylorÐm3|x − x0| ≤ x0S

Ñ´Âñ�. y3b�x = σ2
R, x0 = E[σ2

R], dJensenØ�ªE
[√

σ2
R

]
≤
√

E[σ2
R], ·�ke

¡�ªf √
σ2
R ≈

√
E[σ2

R] +
σ2
R − E[σ2

R]

2
√
E[σ2

R]
−

(σ2
R − E[σ2

R])2

8E[σ2
R]3/2

. (4.3)

éþªü>¦Ï", �

E[
√
σ2
R] ≈

√
E[σ2

R]−
E(σ2

R − E[σ2
R])2

8E[σ2
R]

3
2

. (4.4)

=

Kvol ≈
√
Kvar −

Var (σ2
R)

8K
3/2
var

. (4.5)




Var (σ2
R) =

λ2e−κT

2κ3T 2
[(2e2κT − 4κT eκT − 2)(ν0− η) + η(2κT e2κT − 3e2κT + 4eκT − 1)]. (4.6)

�(Üúª(4.5), (4.6)·��±��MSPeÅÄÇp���Ïd�.
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ã2 MSPeÅÄÇp���Ïd�

§5. ( å �

�©�Ì�SN´ê¼�eL§µeeA«7Kû)¬�½d¯K, äN�)îªÏ

��½d, ��p�9ÅÄÇp��½d¯K. ÏL¦Ñ�ÅCþ�A�¼ê, |^¯�F
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Pricing Derivatives under a Markov Skeleton Process
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In this paper, it is assumed that the underlying is a Markov skeleton process (abbreviated MSP):

this process can be better reflecting the instability of the financial market. Using the properties of Markov

skeleton process, the characteristic function of the price process is given, combined with fast Fourier

transform (FFT) method, the pricing formula of derivatives under the Markov skeleton process is given.

The results of this paper can be applied to price other financial derivatives, and it enriching the pricing

theory of financial derivatives.
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