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Abstract

In this paper, we present a logarithm representation of operator scaling stable random fields
which in particular contains a class of Log-fractional stable motion {Aiog(z), z > 0}, and investigate
the related sample paths regularity.
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8§1. Introduction

Self-similar processes, first studied rigorously by Lamperti (1962) under the name
“semi-stable”, are processes that are invariant under suitable transformations of time and
scale. There has been an extensive literature on self-similar processes. We refer the
reader to Samorodnitsky and Taqqu (1994) for studies on Gaussian and stable self-similar
processes and random fields, and to Embrechts and Maejima (2002) for an overview of
self-similar processes in the one-dimensional case d = 1.

Unfortunately, the classical notion of self-similarity, defined for a field {X (z)},cgra on
R? by

{X ()} gens Z {a" X (@)} g

for some H € R, is isotropic, that is variant under rotation of the underlying parameter
space. In many applications, for example the modeling of fractured rock, however, random
fields should have an anisotropic nature in the sense that they have different geometric
characteristic in different directions. For this reason, an increasing interest has been paid
in defining a suitable concept for anisotropic self-similarity. Many authors have developed
techniques to handle anisotropy in the scaling.
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A model of anisotropic self-similar random field is the class of operator scaling random

fields introduced by Biermé et al. (2007). These fields satisfy the following scaling property

(X(a"2)} pepe Z (X (2)} pepe (1.1)

for some matrix E whose eigenvalues have a positive real part. With this definition,
note that if £ = I, the identity matrix, then (1.1) is just the well-known self-similarity
property. The authors present a moving average and a harmonizable representation of

stable operator scaling random fields which are defined, respectively, as follows:

X (z) = / (p(z — )T~V — (=)= V*) 2 (dy), zeRL0<a<2,0<H<}S
]Rd
(1.2)
and

X,(z) = Re / (@Y — Dp(y) Y W,(dy), zeR 0<a<?2, (1.3)
Rd

where Z,(dy) denotes an independently scattered symmetric a-stable (Sa.S) random mea-
sure on R¢ with Lebesgue control measure A%, and W, (dy) denotes a complex isotropic
SaS random measure with Lebesgue control measure (Samorodnitsky and Taqqu, 1994;
p.281). We refer the reader to Biermé et al. (2007; Theorem 3.1, Theorem 4.1) for the
explicit definitions of (1.2) and (1.3). Biermé and Lacaux (2009) subsequently investigate
the sample paths regularity of operator scaling a-stable random fields.

However, it is obvious that the representation (1.2) is not well defined when we are
taking into account the case H = ¢/a. Thus in this paper we discuss this case and analyze
related sample paths regularity properties.

The paper is organized as follows. In Section 2, we recall and fix some notations and
notions about operator scaling random fields. In Section 3, we prove the existence of loga-
rithm representation of operator scaling random fields which was called the Log-operator
scaling random fields. In Section 4, we analyze the related sample paths properties.

Throughout this paper, we adopt the following notations.

Z denotes the equality of all finite dimensional marginal distributions.

We denote My(R) the matrix with order d x d.

et = {F € My(R): the eigenvalues of E have positive real part}.

Let g = trace(E), where E € My(R).

For any E € My(R), let us define

minE - i Re(A 5 maxE — Re(A y
Pmin(£) Aéfql;?]s)a e(M)]) Pmax(E) Aéf‘qﬁf%)(’ e(M)])

where Re represents real part of a complex number.
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For any real a > 0, a” denotes the matrix

af = exp(Eloga) = 3 M.
k=0 k!

The constant C' with or without indexes will denote different constants (depending

on the indexes) whose values are not important.

§2. Preliminaries

Now let us recall and fix some notations and notions about operator scaling random
fields.

Definition 2.1 Let E € e*. A function p defined on R? is a (R?, E))-pseudo norm,
if it satisfies the three following properties:

(a) p is continuous on R?;

(b) p is strictly positive on R\ {0};

(c) p is E-homogeneous, i.e. p(afz) = ap(x), Vo € RY, VYa > 0.

Remark 1  The existence of (R?, E)-pseudo norm for any matrix £ € et is proved

in Biermé et al. (2007) or Lemarié-Rieusset (1994).

Let us recall some classical properties of the pseudo norm. First, let us introduce the

anisotropic sphere S¥(p) for the (R, E)-pseudo norm p defined by

SE(p) = {o € R% p() = 1}.

The following result can be found in Meerschaert and Scheffler (2001).

Proposition 2.1 For all z € R%\{0}, there exists a unique couple (r,0) € R x
SE(p) such that = r0. Moreover S¥(p) is a compact of R? and the map

(r,0) — = =rP0

is a homeomorphism from R*. x S¥(p) to R4\ {0}.

Remark 2  Since p(x) = p(r¥0) = rp(#) and p(f) = 1, we can get r = p(z). Then
it follows from Meerschaert and Scheffler (2001) that for a given (R?, E)-pseudo norm p, we
can write any x € R4\ {0} uniquely as x = p(z)¥¢(z), where £(z) € S (p). Furthermore,
we have p(z) = p(—z) and {(x) = —4(—x).

The term of pseudo norm is justified by the fact that these functions satisfy the

triangular inequality which can be get from the following proposition.
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Proposition 2.2 (Clausel and Vedel, 2011)  Let p be (R?, E)-pseudo norm. Then
(a) there exists a constant C' > 0 such that for all 2,y € RY,

p(z+y) < Clp(z) + p(Y));

(b) there exists a constant C’ > 0 such that for all z € R?,

1

@Pl(x) < p2(z) < C'pa(2).

The following result gives bounds on the growth rate of any (R, E)-pseudo norm in

terms of the euclidian norm || - ||.

Proposition 2.3 (Biermé and Lacaux, 2009)  Let p be (R?, E)-pseudo norm. There
exist strictly positive constant Ci(p), Ca(p), C3(p), Cs(p) depending only on the pseudo
norm p such that

(a) for all € R? with ||z|| <1 or ||z||g < 1, one has

Cr(p) |||/ Pmin B (1 + [ log ([l )~/ Pmin(F)
< p(@) < Cap) ]| /PmE) (1 + | log (||| )]) 4/ Prmex (B

(b) for all x € R? with ||z|| > 1 or ||z||g > 1, one has

C3(p)HxH1/Pmax(E)(1 + HOg(H$H)’)_d/pmaX(E)
< p(z) < Calp) 2P B (1 -+ |logy ] ) /omin ).

The following proposition provides an integration in polar coordinates formula which

play an important role in the proof of existence of random integral.

Proposition 2.4 (Biermé et al., 2007) For a given (R?, E)-pseudo norm p, there
exists a unique finite Random measure ¢ on S¥(p) such that for all f € L*(RY, dz), we

have

_ [T Egy -1
y f(w)dw/o /SOE(p) f(r®0)o(dd)ri dr.

Corollary 2.1 (Biermé et al., 2007)  For a given (R%, E)-pseudo norm p, let 5 € R
and suppose that f : R? — C is measurable such that |f(x)| = O(p(z)?), then

(a) if B > —¢q, then f is integrable near 0;

(b) if B < —q, then f is integrable near infinity.

Definition 2.2 A scalar valued random field is called operator scaling if there

exists a matrix F € e and H > 0 such that

(X (aP2)}pepe Z {0 X (2)} ena.
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Remark 3 The matrix F and the real H are respectively called an exponent (of
scaling) or an anisotropy and a Hurst index of the field. In general, the couple (H, E) of
an operator scaling random field is not unique.

We shall need the following definition which is introduced in Biermé et al. (2007).

Definition 2.3 Let 7 be a (R?, E)-pseudo norm and 3 > 0. A function o(z) is
called (7, 8, F)-admissible if it satisfies the following three properties:

(a) o(z) is continuous on R?;

(b) ¢(x) is strictly positive on R\ {0};

(c) For any 0 < A < B, there exists a positive constant C' > 0, such that, for A <
lyll < B,

7(x) < 1= ez +y) — oy)| < Or(x)’.

Remark 4  As can be seen from Biermé et al. (2007), if a function ¢(x) is (7, 5, E)-

admissible, then 8 < ppin(F).

8§3. Log-Operator Scaling Random Fields

In this section we extend the moving average representation to the case H = ¢/«
and derive its basic properties. We first give sufficient conditions such that the integral
representation exists. Then we can define Log-operator scaling stable random fields.

Throughout this section we choose two fixed (R¢, E)-pseudo norm ¢ and 7 with
Ee{Ee€ect: pnm(E) > 1}

Theorem 3.1 Let 5 > 1 (< pmin(E)). Let ¢ be a (7,3, E)-admissible function.
Then for any 0 < o < 2 and 1 < g/a < 3, the random field

Xola) = [ (0wl =) = log ol ) Za(d)

exists and is stochastically continuous.
Before proceeding, we need some preparations.

Lemma 3.1 (Embrechts and Maejima, 2002) Let 0 < a <2, A € R% If

/ f(@)odz < oo,
A

then a stable integral
1) = [ f@)iZa(o)

can be defined in the sense of convergence in probability.
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Lemma 3.2 (Samorodnitsky and Taqqu, 1994) Let f;, j = 1,2,..., f be non-
random functions. Let X; = [pa fj(2)Za(dx), j = 1,2,..., and X =[5, f(2x)Za(dz).
Then

lim X, = X, a.e.

Jj—00
if and only if
fim [ 17)(a) ~ f(@)|" Za(dz) = 0.

Jj—00
Proof of Theorem 3.1  First we prove the existence of random integral. Let us

recall that X, (z) exists if and only if
Ig(x) = /Rd |log p(z — y) — log p(—y)|*dy < occ.
Noting that we can always choose a sufficiently little Ry, such that for all 7(y) < Ry,
[log 7(—y)| < Cir(—y) ™", (3.1)
hence by C inequality and (b) of Proposition 2.2, we have

|log o(x —y) —logp(—y)|* < Ca(]log™ ¢(z — y)| + [log® p(—y)|)
< C3(|log® 7(x — y)| + [log® 7(—y)I). (3.2)

For fixed = € R?\{0}, it is obvious that
/ |log® 7(x — y)|dy < oo.
T(y)<Ry
By (3.1) and Corollary 2.1, since o < ¢, we can conclude that

/ | log® 7(—y)|dy < / I (—y)|*dy < .
T(y)<R1 T(y)<R1

Therefore by (3.2), we have
/ |log p(x — y) —log p(—y)|"dy < oco.
T(y)<R1

In the case that y is sufficiently close to x, we can prove similarly that |logp(x —y) —

log o(—y)
It remains to show that for some sufficiently large Ry = Ra(z) > 0, we have

|* is integrable.

/ |log p(z —y) —log p(—y)|“dy < oo.
T(y)>R2
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Through a change of variable, we know that
/ | log p(z — y) — log p(—y)|*dy < o0,
‘r(y)>R2
holds if and only if
/ | log (z +y) — log p(y)|*dy < oco.
7(y)>Ra
Since 7(y) > Ra, ¢(y) > 0 and ¢ is (R, E)-pseudo norm, we have
Pz + 1) = p(e®) (W) "z + 0(y)""y) = e(W)e(e(y) "z + o(y)~y).
Again by o(p(y) Fy) =1 and ¢ is (7, B, E)-admissible, we can find Cy > 0 such that
lele(y) P+ o(y) Py) — 1] < Cur(p(y) Fa)? = Cap(y) Pr(x)”.
Obvious that we can always choose sufficiently large Ro, such that for all 7(y) > Ra,

Cap(y) Pr(z)’ <

)

N

thus we have

ele) Pz +o(y) Py > <. (3.3)

| =

Now by (3.3) and mean valued theorem we can get that for all 7(y) > Rs,

[log p(x + y) — log ()| = |log e((y) " + o(y)~Fy)|
= |log p(¢(y) "z + ¢(y)"y) — log 1]
< Cslo(e(y) Pz + o(y)"y) — 1

< Cop(y) "r(x)".

(
(

By (b) of Proposition 2.2, we can get ¢(y)™” < C7(y)~?, and hence we have

[log p(z + y) — log (y)|* < Crr(y) P27 (). (3.4)

Therefore by Corollary 2.1, since q/a < 3, we have
/ [log p(z — y) —log p(—y)|*dy < .
7(y)>Ra
Consequently, we obtain that the random field

Xo(z) = /Rd(log o(x —y) —logp(—y))Za(dy)
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exists.

Let us now show that X, () is stochastic continuous. Since X, (z) is a SaS-random
field, it follows from Lemma 3.2 that X, (z) is stochastically continuous if and only if, for
all zo € RY,

/d|10gg0($0+x—y)—log¢(x0—y)]ady—>0, as x — 0.
Through a Chaﬁge of variables, this holds if and only if
[o(x) = /Rd |log p(x — y) —log p(—y)|*dy — 0, as x — 0.
Since ¢ is (Rd, E)-pseudo norm, ¢ is continuous on R?, so we have that for all y € R¢,
|log o(z —y) —log p(—y)|* — 0, as x — 0.
We can split |log p(x — y) — log ¢o(—y)|* into three parts:
|log o(z —y) —log p(—y)|* = [log p(x — y) — log p(—y)|*L-(y)<r,
+ [log p(x — ) = log o(=y)|*[1 R, <r(y)<ro
+logp(z —y) —log o(=y)|*1r(y)>R,
=10+ I+ I3
The first term I is dealt with as follows. By (a) of Proposition 2.2, we have

yir(@—y) <R} C{y:7(y) <C(R1+7(2))},

and hence for o/ > a which is sufficiently close to @ and 7(z) < 1, we have

sup/ [log p(z — y)|*'dy = Sup/ | log o (y)|*'dy
7(x)<1 J7(y)<R1 7(x)<1J7r(z—y)<R1

< sup | log ¢ (y)|* dy

T(x)<1 /T(y)SC(RHT(ﬂC))

< sup |log ¢(y)|* dy.

1@<t /T(y)SC(R1+1)
Noting that we can always choose a sufficiently little R, such that for all 7(y) < R,

[log 7(—y)| < Cr(~y) ",
then by (b) of Proposition 2.2 and Corollary 2.1, since o/ < g, we have

/ | log ¢(y)|* dy
7(y)<C(R1+1)

< / |log ¢(y)|* dy +/ |log ¢(y)|* dy
T(y)<R R<7(y)<C(R1+1)
<c[ iy [ | log ()| dy < co.
T(y)<R R<7(y)<C(R1+1)
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This implies that

sup / |log p(z — y)|*'dy < oo,
r(@)<1 Jr(y) <R

and hence we obtain that {|log¢(z — y)|*}+(z)<1 is uniformly integrable. Consequently,

applying Vitali dominated convergence theorem, we have

/ |log p(xz — y) — log p(—y)|“dy — 0, as =z — 0. (3.5)
T(y) <Ry
For the term I, it is obvious that
/ |log p(z —y) — log p(—y)|“dy — 0, as x — 0. (3.6)
R1<7(y)<R2
Now we deal with the term I3. By (3.4), we have

[log p(z — y) — log (=)L ()= ry < Cat(=y) P11 (p)>Ry-

Therefore by fT(y)> Ry T(—y)*ﬂady < oo and Lebesgue dominated convergence theorem,
we have
/ |log o(z —y) — log p(—y)|*dy — 0, as x — 0. (3.7)
7(y)>Re
Then from (3.5), (3.6) and (3.7), we deduce that X, (x) is stochastic continuous. O

According to this theorem, we can define Log-operator scaling random fields.
Definition 3.1 Let 8 > 1 (< pmin(E)), ¢ be (R4, E)-pseudo norm, and (7, 3, E)-
admissible. Then for 0 < o < 2, 1 < g/a < B, we define Log-operator random fields

X, (x) as follows:

Xy(z) = /Rd(log o(r —y) —log p(—y)) Za(dy).

Remark 5 It is worth mentioning that Log-operator scaling random fields extends
the definition of Log-fractional stable motion {Ajog(x),z > 0} (cf. Samorodnitsky and
Taqqu, 1994; Section 7.6) which was defined as follows:

Alog () :/ log ny;yHZa(dy), l<a<2.

Log-operator scaling random fields have stationary increment and operator scaling.

Theorem 3.2 Under the condition of Theorem 3.1, the random field X, () has
the following properties:

(a) Operator scaling, that is, for any ¢ > 0, the random field X, (x) satisfies the
following property

(X (P2)} gepa Z {1 X p(2)} penas
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(b) Stationary increments, that is, for any h € RY, the random field X, (z) satisfies
the following property

<z
{Xo(z+h) — Xp(h) brera = {Xp(2) }pera
Proof (a) For any fixed z1,22,...,2), € R?, and t1,ts, ... tp €R, ¢ >0, if we can
show that
P P N
z:lthso(CExj) = letjcq/ Xo(j),
J:

then we can get the conclusion. By a change of variable together with o(cfz) = cp(x)
and Z,(cdz) £ ¢/ Z,(dz), we can get that

3 X)) = [ |3 tog plePs — ) ~logol—)Za(dy)

P
= » 231 ti(logp(cPx — cP2) —log p(—cP2)) Za(dy)
j:

4 cq/o‘/]R i ti(logp(z — z) —log p(—2)) Zn(dz)

d j=1

P
= il 2 X (@s),
j:

and the proof is completed.
b) For any fixed 1,22, ...,2, € R%, and t1,ta,...,t, € R, h € R?, if we can show
Yy p P
that

> 15Xy + ) = Xol1) £ 34, X, (),

then we can get the conclusion. By a change of variable, we get

5 15X +1) = o) = 3 t5( [ Q0+ =) ~ logiolh — ) Z(ay))
Jj=1 j=1 R4
= [ ti0ogp(a; + b —3) ~log e(h — 1) Zaldy)
L[ 32 tillog pla; — 2) ~ log (~))Za(d)
R4 j=1
= ZT:thw(xj)7

and the proof is completed. O
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84. Holder Critical Exponent of Log-Gaussian Operator
Scaling Random Fields

In this section, we are interested in the smoothness of the sample paths of Log-
Gaussian operator scaling random fields. Through this section, we fix £ € e, with
1 < a1 < ay < -+ < ap denoting the real parts of the eigenvalues of E. Following
Meerschaert and SchefHler (2001; Section 2.1), let Vi, Va, ..., V), be spectral decomposition
of R? with respect to E. Fori =1,2,...,p, let us define W; = V; & Vo @ V; and W = 0.
Observe that Elw, has 1 < a; < ag < --- < a; as real parts of the eigenvalues.

Definition 4.1 (Biermé et al., 2007) Let v € (0,1). A random field {X ()}, cpa is
said to have Holder critical exponent v whenever it satisfies the following two properties:

(a) For any s € (0,7), the sample paths of random fields {X (x)},cgae satisfy almost
surely a uniform Holder condition of order s on any compact set, that is, for any compact

set K C R%, there exists a positive random variable A such that for all z,y € K,
[ X(z) = X(y)| < Allz —y|°.

(b) For any s € (v,1), almost surely the sample paths of random field {X (z)},cpd

fail to satisfy any uniform Holder condition of order s.
Proposition 4.1 (Biermé et al., 2007) Let {X(z)},cpe be a Gaussian random
field with stationary increments.

(a) Let v € (0,1), and assume that

v = sup{s > 0;E((X(z) — X(0))*) = opayjo(llz*)},

then, for any s € (0,), any continuous version of random field {X (z)},cga satisfy almost
surely a uniform Holder condition of order s on any compact set.

(b) If moreover
v = inf{s > 05 [|z[|** = oj-0(E(X (z) — X (1))},

then any continuous version of random field {X (z)},cpe¢ admit v as the Holder critical

exponent.

Definition 4.2 (Biermé et al., 2007) Let S?! be the Euclidean unit sphere. A
real-valued random field {X (z)},cge admits y(u) as directional regularity in v € S~ if

the process { X (tu) }+er admits v(u) Holder critical exponent.
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Let us investigate sample paths properties for (F, ¢/2)-Log-Gaussian operator scaling

random field.

Theorem 4.1 Let §>1 (< a1),1<¢q/2 <. Let X, be Log-Gaussian operator
scaling random field given by Definition 3.1. Then any continuous version X, admits
q/(2a,) as Holder critical exponent. Moreover, for any ¢ = 1,2,...,p, if u € (W; \ Wi;_1)N

S4-1 the random field X, admits ¢/(2a;) as directional regularity in the direction u.

Proof By Remark 2, we can write any z € R¥\ {0} uniquely as z = 7(z)?¢(z) for
a given (R?, F)-pseudo norm 7(z), where £ € SF (7). Observing that X,,(0) = 0, hence we
define

(@) = E[(X(0) = X, = [ [logo(o =) = logol—y)Pdy.
Thus by the (E, ¢/2)-operator scaling of X, it is straightforward to see that
20\ _ 2
Io(x) = 7(2) T, (E(x)).

As in the proof of Theorem of 3.1, since S¥(7) is a compact of RY, we have that F?O(:L') is
continuous and positive on the z € S§'(7). Thus for all § € SF(7), 0 <m < T'2(0) < M.
Let u € (W; \ W;_1) N 891 with 1 < i < p. According to Proposition 2.3, for [t|

small enough,
C1L(T)EM% (1 + |log |[t]|) % < 7(tu) < Co(7)|E|Y% (1 + | log |t]|)¥/%.
Thus we have
mCq ()2 (1 + log [#]) /% < T2 (tu) < MOJ(r)|t9/*(1 -+ | log )"

Therefore by Proposition 4.1, X, admits ¢/(2a;) as directional regularity in the directional
u e (W; \ Wi_1) NS4,

Since q/(2a,) is Holder critical exponent of X, in any u € (W, \ Wp_1) N S%71, it
follows from this that for any s € (¢/(2ap), 1) almost surely the sample paths of X, fail to
satisfy any uniform Hoélder condition of order s. Again by Proposition 2.3, we know that

for |z| small enough,
7(x) < Ca(7)l|]| Y/ (1 + [og(|l[)))/ .
Then for |z| small enough, we have

T (x) < MO3(7) 2| (1 + [ og(|l[|)[)*/“.
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Therefore according to Proposition 4.1, it follows that any continuous version of X, sat-
isfies almost surely a uniform Holder condition of order s < ¢/(2a,) on any compact set.

Then X, admits ¢/(2a,) as Holder critical exponent. O

The authors proved in Biermé and Lacaux (2009) that harmonizable operator scaling
stable random fields share many properties with Gaussian operator scaling random fields.
In particular, they have locally Holder sample pathes and critical directional Holder ex-
ponent depending on the directions. However, for stable laws (a € (0,2)), Log-operator
scaling random fields do not have the same behavior with Gaussian operator scaling ran-

dom fields as we see in this section. The following theorem turn out this fact.

Theorem 4.2 Let f>1(<a1),0<a <2, 1<gqg/a<f. Let {X(x)},cgpe be
Log-operator scaling random fields given by Definition 3.1. Then, any modification of the

random field {X (z)},cgra are almost surely unbounded on every open ball.

Proof For any open ball U, let U* = U N Q% be a dense sequence in U. Noting
that ¢ is a (RY, E)-pseudo norm, then for any y € U, we have

AU y) & sup |log p(x — y) — log p(—y)| = +oo,
xeU*

and hence fRd f(U*,y)*dy = +00. Again by necessary condition for sample boundedness
(cf. Samorodnitsky and Taqqu, 1994; Theorem 10.2.3), we obtain that any modification of
the random field {X (x)},cra are almost surely unbounded on every open ball and hence

conclude the proof. O
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