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§1. Ú ó

ºxnØÌ�´?n�x¢Ö²E¥��Åºx�., ���©�ëY�m�.Úl

Ñ�m�.. lÑºx�.�J{L§½Â�

U(k) = u+ ck − S(k), k = 0, 1, 2, . . . ,

Ù¥u���k = 0��Ð©J{, c�ü �mSÂ���x¤, S(k) = W1 + W2 + · · · +
WkL«3ck��ão�n�þ. 3²;lÑºx�.¥, b�{Wk, k ∈ N+}��Õ
áÓ©Ù(i.i.d.)��ÅCþS�(r.v.’s). �
�Ð�N�xû��A�, ©z¥Ú?�

�x�.�5�E,. IS	�
Æö�Ä
W1,W2, . . .Ø2Õá���/, �Ð�Ä

�´�5�.. ~X, Gerber (1982)�Ä
{Wk, k ∈ N+}÷vGaussiang£8�mS�

��ºx�., Promislow (1991)�Ä
{Wk, k ∈ N+}÷vGaussianwÄ²þ�mS��

�ºx�.. �5, Cossette�(2010, 2011)�Ä
{Wk, k ∈ N+}�EÜPoission©Ù��

¹. Cossette�(2010, 2011)¥-Wk =
Xk∑
i=1

Yk,i, k ∈ N+, Ù¥XkL«1k�ã�¢�gê,

1k�ã�On�þS�{Yk,i, i ∈ N+}� i.i.d. r.v.’s, ��{Xk, k ∈ N+}Õá; {Xk, k ∈

N+}´�Poission INAR(1)L§, ÷vXk = α ◦Xk−1 + εk, Ù¥α ◦Xk−1 =
Xk−1∑
i=1

δk−1,i, �
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{εk, k ∈ N+}�Ñlëê�λ�Poission�ÅCþS�, {δk−1,i, i ∈ N+}�Ñlëê�α�ü
:©Ù�ÅCþS�. ù�Cossette�(2010, 2011)ò���mS�Ú\
ºx�.. ��

�mS�´�CAcÆâ.ïÄ�9:, �´Ù3ºx�.¥�A^�?3åÚ�ã. �

©ÉCossette�(2010, 2011)�éu, �Ä
,�«Äu���mS��ºx�.:

UT = u+ cT − ST ,

ST =
NT∑
i=1

Yi,

NT =
T∑
j=1

Xj ,

Xj = α ∗Xj−1 + εj , j ≥ 2, α ∈ [0, 1),

α ∗Xj−1 =
Xj−1∑
i=1

Wi,

(1.1)

Ù¥u, c, ST�½ÂÓ²;lÑºx�.; YiL«1ig¢��, �{Yi, i ≥ 1}�ÕáÓ©Ù
��ÅCþS�; XiL«1i�ã�¢�gê, �®�X1Ñlëê�µ/(1 + µ) (µ > 0)�A

Û©Ù, =P(X1 = x) = µx/(1 + µ)x+1, x = 0, 1, 2, . . ., þ�E(X1) = µ, ��Var (X1) =

µ(1 + µ); {Wi, i ≥ 1}Ú{εj , j ≥ 2}þ�ÕáÓ©Ùuëê�α/(1 + α)�AÛ©Ù�ÅC

þS�; �{εj , j ≥ 2}, {Wi, i ≥ 1}, {Xj−l, j ≥ 2, l ≥ 1}�pÕá. Ristic�(2009)¡Xj =

α ∗Xj−1 + εj���AÛ��g£8(NGINAR(1))L§, ¤±·�¡�.(1.1)�Äu��

AÛ��g£8(NGINAR(1))¢�L§�ºx�..

�©Äk�Ñ
�.(1.1)�A�Ä�ÚO5�; Ùg, ÄuN!Xê´���x»�

VÇ�­��I, �©��
�.�N!Xê¤÷v��§, ù�´�©�Ì�(J; �

�, ê�~fÜ©�Ñ
�¢����ê©Ù�, N!XêÚ»�VÇ�A|ê�). �[

(JL², �X��ã¢�gê�m��5�O�, N!XêÅì~�, Ó�»�VÇÅì

O�.

§2. ý��£

�Ü©±Ún�/ª�Ñ�.(1.1)��
ÚO5�, ù
5�Ñ´�©nØí��Ä

:. e¡Äk�Ñ{Xj}�Ý9^�Ý.

Ún 2.1 éuj ≥ 2
ó,

(i) E(Xj |Xj−1) = αXj−1 + α.

(ii) Var (Xj |Xj−1) = α(1 + α)(1 +Xj−1).

(iii) eEX1 = α/(1− α), KEXj = α/(1− α).

(iv) eEX1 = α/(1 − α), VarX1 = a/(1 − b), KVarXj = a/(1 − b), Ù¥a = α(1 +

α)/(1− α), b = α2.
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(v) Cov (Xj+k, Xj) = αkVar (Xj), j ≥ 0.

y²: (i)-(iv)¥�(Øw,, (v)�y²�N¹. �

3AÏ�¹e, �±���.¥z��ã�¢�gêX1, . . . , Xj , . . .äk�Ó�©Ù.

Ún 2.2 eµ = α/(1− α), KX2, . . . , Xj , . . .þÑlëê�µ/(1 + µ)�AÛ©Ù.

y²: Ï�X1Ñlëê�µ/(1 + µ)�AÛ©Ù, {Wi, i ≥ 1}ÕáÓ©Ùuëê
�α/(1 + α)�AÛ©Ù, {εj , j ≥ 2}�ÕáÓ©Ùuëê�α/(1 + α)�AÛ©Ù. P

ΦX(r), |r| ≤ 1L«�ÅCþX��VÇ1¼ê, KΦW1(r) = Φε1(r) = 1/[1 + α(1 − r)],
ΦX1(r) = 1/[1 + µ(1− r)]. qX2 = α ∗X1 + ε2, l
k

ΦX2(r) = ΦX1(ΦW1(r))Φε2(r)

=
1

1 + µ(1− ΦW1(r))
· 1

1 + α(1− r)

=
1

1 + [α/(1− α)][1− 1/(1 + α(1− r))]
· 1

1 + α(1− r)

=
1

1 + [α/(1− α)](1− r)
=

1

1 + µ(1− r)
.

=X2Ñlëê�µ/(1 + µ)�AÛ©Ù. Ón��X3, . . . , Xj , . . .þÑlëê�µ/(1 + µ)�

AÛ©Ù. �

§3. N!Xê

N!Xê´���x»�VÇ�­��I, �Ü©ÏLA�½n�Ñ�.(1.1)�N!

Xê¤÷v��§.

Äk�ÑA�Ä�Vg. ºx�.(1.1)�»���½Â�

T0 = inf{T |UT < 0, T ≥ 0},

XJé∀T ≥ 0ÑkUT > 0, KPT0 =∞. »�VÇ½Â�

ψ(u) = P(T0 <∞|U0 = u).

�©©ªb�S�^�cT −E(ST ) > 0¤á. Rolski�(1999)�Ñ
��Í¶�Lundberg(

J

lim
u→∞

− ln(ψ(u))

u
= R, (3.1)

Ù¥R´�.(1.1)�N!Xê. ½Âà¼ê,

cT (r) =
1

T
ln(E[er(ST−cT )]). (3.2)
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dNyrhinen (1998)9MullerÚPflug (2001)��N!XêR�eª�),

c(r) = lim
T→∞

cT (r) = 0. (3.3)

^MX(r)L«�ÅCþX�Ý1¼ê, ΦX(r), |r| ≤ 1L«X�VÇ1¼ê. Kk

MST
(r) = E[erST ] =

∞∑
k=0

E
[
e
r
NT∑
i=1

Yi
∣∣∣NT = k

]
P(NT = k)

=
∞∑
k=0

[EerYi ]kP(NT = k) = ΦNT
(EerYi)

= ΦNT
(MY (r)). (3.4)

Äk, ½n3.1�Ñ
ΦNT
(r) = E[rX1+X2+···+XT ]�L�ª.

½n 3.1 -ΦNT
(r)L«�.(1.1)¥NT�VÇ1¼ê, Kk

ΦNT
(r) = a1(r)a2(r) · · · aT−1(r)bT (r), T = 1, 2, . . . ,

Ù¥

a1(r) = Φε(r), a2(r) = Φε(ra1(r)), . . . , aT−1(r) = Φε(raT−2(r)); (3.5)

b1(r) = ΦX1(r), b2(r) = ΦX1(ra1(r))), . . . , bT (r) = ΦX1(raT−1(r)); (3.6)

Φε(r) =
1

1 + α(1− r)
, ΦX1(r) =

1

1 + µ(1− r)
.

y²: Ï�{Wi, i ≥ 1}, {εj , j ≥ 2}þ�ÕáÓ©Ù�ÅCþS�, �Bå�, ·�

PΦW (r), Φε(r)©OL«{Wi, i ≥ 1}, {εj , j ≥ 2}�VÇ1¼ê.

d�.(1.1)�b��Φε(r) = ΦW (r).

q

X2 = α ∗X1 + ε2,

X3 = α ∗ α ∗X1 + α ∗ ε2 + ε3,

...

XT = (α∗)(T−1)X1 + (α∗)(T−2)ε2 + · · ·+ εT ,

Ù¥(α∗)(T−1)L«α ∗ α ∗ · · · ∗ α∗︸ ︷︷ ︸
T−1

. ¤±k

T∑
i=1

Xi = εT + (εT−1 + α ∗ εT−1) + · · ·+ (ε2 + α ∗ ε2 + · · ·+ (α∗)(T−2)ε2)

+ (X1 + α ∗X1 + · · ·+ (α∗)(T−1)X1).
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l
,

ΦNT
(r) = ErεT ErεT−1+α∗εT−1 · · · · · Erε2+α∗ε2+···+(α∗)(T−2)ε2

· ErX1+α∗X1+···+(α∗)(T−1)X1 .

eP

a1(r) = Erε2 , a2(r) = Erε2+α∗ε2 , . . . , aT−1(r) = Erε2+α∗ε2+···+(α∗)(T−2)ε2 . (3.7)

b1(r) = ErX1 , b2(r) = ErX1+α∗X1 , . . . , bT (r) = ErX1+α∗X1+···+(α∗)(T−1)X1 . (3.8)

qÏ�{εj , j ≥ 2}�ÕáÓ©Ù�ÅCþS�, ¤±

ΦNT
(r) = a1(r) · a2(r) · · · · · aT−1(r) · bT (r). (3.9)

d(3.7), (3.8)ª�, a1(r) = Φε(r), b1(r) = ΦX1(r).

�T ≥ 3�, �â^�Ï"�5�k,

aT−1(r) = Erε2+α∗ε2+···+(α∗)(T−2)ε2

=
∞∑
k=0

E(rε2+α∗ε2+···+(α∗)(T−2)ε2 |ε2 = k)P(ε2 = k)

=
∞∑
k=0

(Er1+W1+···+(α∗)(T−3)W1)kP(ε2 = k)

= Φε(r · ErW1+···+(α∗)(T−3)W1)

= Φε(r · aT−2(r)).

Ón, �T ≥ 2�, k

bT (r) = ErX1+α∗X1+···+(α∗)(T−1)X1

=
∞∑
k=0

E(rX1+α∗X1+···+(α∗)(T−1)X1 |X1 = k)P(X1 = k)

=
∞∑
k=0

(Er1+W1+···+(α∗)(T−2)W1)kP(X1 = k)

= ΦX1(r · ErW1+···+(α∗)(T−2)W1)

= ΦX1(r · aT−1(r)).

½ny.. �

{üå�, e©¥aj(r), bj(r)©OP�aj , bj , j = 1, 2, . . ..
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½n 3.2 (3.5)ª½Â�¼ê�{an, n ∈ N+}äkXeü�5�:

(i) �0 ≤ r ≤ 1�, {an, n ∈ N+}´�üN4~�k.¼ê�, 4��

lim
n→∞

an = a;

(ii) �−1 ≤ r < 0�, {an, n ∈ N+}´��üNk.¼ê�, �4��3, ½k

lim
n→∞

an = a;

Ù¥a = [1 + α−
√

(1 + α)2 − 4αr ]/(2αr).

y²: (i)kyk.5. �0 ≤ r ≤ 1�, 1−r ∈ [0, 1],qα ∈ [0, 1),¤±α(1−r) ∈ [0, 1),

l
a1 = Φε(r) = 1/[1 + α(1 − r)] ∈ (1/2, 1], =a1 ∈ (1/2, 1]. b�an−1 ∈ (1/2, 1]¤á,

Kkran−1 ∈ [0, 1], ¤±1 − ran−1 ∈ [0, 1], l
α(1 − ran−1) ∈ [0, 1), �Òk1 + α(1 −
ran−1) ∈ [1, 2), =1/[1 + α(1 − ran−1)] = an ∈ (1/2, 1]. �dêÆ8B{, éu?¿�

n ∈ N+kan ∈ (1/2, 1], ={an, n ∈ N+}´k.¼ê�.

eyüN5. da1 ∈ (1/2, 1], r ∈ [0, 1], α ∈ [0, 1)�1/[1+α(1−r)] ≥ 1/[1+α(1−ra1)],
=a1 ≥ a2. b�an−1 ≥ an¤á,K1−ran−1 ≤ 1−ran,l
1+α(1−ran−1) ≤ 1+α(1−ran),

¤±1/[1 + α(1− ran−1)] ≥ 1/[1 + α(1− ran)], =an ≥ an+1¤á. l
dêÆ8B{, é

u?¿�n ∈ N+kan ≥ an+1, ={an, n ∈ N+}´üN4~¼ê�.

nþ¤ã, {an, n ∈ N+}´�üN4~�k.¼ê�,�Ù4��3. Ø�� lim
n→∞

an =

a, Kk

a = Φε(ra) =
1

1 + α(1− ra)
.

)��, a = [1 +α±
√

(1 + α)2 − 4αr ]/(2αr). qa ≤ 1, �a = [1 +α−
√

(1 + α)2 − 4αr ]

/(2αr).

(ii) kyk.5. �−1 ≤ r < 0�, qα ∈ [0, 1), ´�a1 ∈ (1/3, 1]. b�an−1 ∈ (1/3, 1]

¤á,Kran−1 ∈ [−1, 0),l
1−ran−1 ∈ (1, 2],¤±α(1−ran−1) ∈ [0, 2),�Òk1+α(1−
ran−1) ∈ [1, 3), =k1/[1 + α(1 − ran−1)] = an ∈ (1/3, 1]. �dêÆ8B{, éu?¿�

n ∈ N+kan ∈ (1/3, 1], ={an, n ∈ N+}´k.¼ê�.

e¡?ØüN5. dr ∈ [−1, 0), α ∈ [0, 1), a2 ∈ (1/3, 1], ��

1

1 + α(1− r)
≤ 1

1 + α(1− ra2)
,

=a1 ≤ a3. dr ∈ [−1, 0), α ∈ [0, 1), a1 ≤ a3, ��

1

1 + α(1− ra1)
≥ 1

1 + α(1− ra3)
,

=a2 ≥ a4. =�m = 1�, ka2m−1 ≤ a2m+1, a2m ≥ a2m+2.
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b��m = k−1�, a2m−1 ≤ a2m+1, a2m ≥ a2m+2¤á,=a2k−3 ≤ a2k−1, a2k−2 ≥ a2k.
@o, dr ∈ [−1, 0), α ∈ [0, 1), a2k−2 ≥ a2k��1/[1 +α(1− ra2k−2)] ≤ 1/[1 +α(1− ra2k)],
=a2k−1 ≤ a2k+1. 2da2k−1 ≤ a2k+1Ón��1/[1+α(1−ra2k−1)] ≥ 1/[1+α(1−ra2k+1)],

=a2k ≥ a2k+2. �Ò´`�m = k�, ½ka2m−1 ≤ a2m+1, a2m ≥ a2m+2¤á. �dêÆ8

B{, éu?¿�m ∈ N+ka2m−1 ≤ a2m+1, a2m ≥ a2m+2.

nþ, ·��±��¼ê�{an, n ∈ N+}�ü�üNk.�f�:

a1 ≤ a3 ≤ a5 ≤ · · · ≤ a2m−1 ≤ a2m+1 ≤ · · · , (3.10)

a2 ≥ a4 ≥ a6 ≥ · · · ≥ a2m ≥ a2m+2 ≥ · · · , (3.11)

Ù¥m = 1, 2, . . .. w,, f�(3.10)(3.11)�4�Ñ�3, Ø��

lim
m→∞

a2m+1 = a′, lim
m→∞

a2m = a′′,

K

a′ = Φε(rΦε(ra
′)), a′′ = Φε(rΦε(ra

′′)).

)��a′ = a′′ = a = [1+α−
√

(1 + α)2 − 4αr ]/(2αr),¤± lim
m→∞

an = a. ½ny.. �

½n 3.3 (3.6)ª½Â�¼ê�{bn, n ∈ N+}äkXeü�5�:

(i) �0 ≤ r ≤ 1�, {bn, n ∈ N+}´�üN4~�k.¼ê�, 4��

lim
n→∞

bn = b;

(ii) �−1 ≤ r < 0�, {bn, n ∈ N+}´��üNk.¼ê�, �4��3, ½k

lim
n→∞

bn = b;

Ù¥b = 2/[2 + µ− µ/α+ (µ/α)
√

(1 + α)2 − 4αr ].

y²: y{Ó½n3.2, Ñ. �

eã½n�Ñ
N!Xê¤÷v��§, ��Ñ¢��Cþ�©Ù�=���N!X

ê�äN).

½n 3.4 (3.3)ª½Â�c(r)÷v

c(r) = ln a(MY (r))− cr, (3.12)

Ù¥a(MY (r)) = [1 + α−
√

(1 + α)2 − 4αMY (r) ]/[2αMY (r)]. �§(3.12)��"�)P�

R, ¡��.(1.1)�N!Xê.
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y²: d(3.2)(3.3)ª9½n3.1�,

c(r) = lim
T→∞

1

T
ln[a1(MY (r)) · a2(MY (r)) · · · · · aT−1(MY (r)) · bT (MY (r))]− cr.

2d½n3.2Ú½n3.3�,

lim
T→∞

1

T
ln[a1(MY (r)) · a2(MY (r)) · · · · · aT−1(MY (r)) · bT (MY (r))]

= lim
T→∞

1

T
ln
[
a1(MY (r)) · a2(MY (r)) · · · · · aT−1(MY (r)) · aT (MY (r)) · bT (MY (r))

aT (MY (r))

]
= lim

T→∞

1

T
[ln a1(MY (r)) + ln a2(MY (r)) + · · ·+ ln aT (MY (r))] + lim

T→∞

1

T
ln
bT (MY (r))

aT (MY (r))

= lim
T→∞

ln aT (MY (r)) + lim
T→∞

1

T
ln bT (MY (r))− lim

T→∞

1

T
ln aT (MY (r))

= ln a(MY (r)) + 0 + 0

= ln a(MY (r)).

l
k, c(r) = ln a(MY (r))− cr. ½ny.. �

d½n3.4, c(r)éα¦ ��

∂c(r)

∂α
=

1− [2(1 + α)− 4MY (r)]/[2
√

(1 + α)2 − 4αMY (r) ]

1 + α−
√

(1 + α)2 − 4αMY (r)
− 2MY (r)

2αMY (r)

=
1 +

√
(1 + α)2 − 4αMY (r)

α
√

(1 + α)2 − 4αMY (r)
− 1

α

=
1

4
√

(1 + α)2 − 4αMY (r)

> 0.

�Ò´`, eα < α′, Kr > r′. ù�(Ø3ê��[Ü©��
�y.

§4. ê�~f

��Ñ¢��Y�©Ù�, ���N!XêR¤÷v�äN�§. éu��ºx|Ü,

Ï~�¹eb�¢��CþÑl�ê©Ù. ·�Ø�b�b�¢��YÑlëê�β��

ê©Ù, KkMY (r) = β/(β − r), òÙ�\(3.12)ª¿-c(r) = 0, �

ln
1 + α−

√
(1 + α)2 − 4αβ/(β − r)
2αβ/(β − r)

− cr = 0,

�n�

αβe2cr + r(1 + α)ecr − β(1 + α)ecr − r + β = 0. (4.1)
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e¡·�^Úîeì{�Ñ�§(4.1)�ê�). ,	, d(3.1)ª, ØJ��»�VÇ

ψ(u)�Cq��e−Ru, ùp�[(J·���Ñ
e−Ru��.

b�¢��CþYÑlþ�1/β = 1��ê©Ù, Ð©O�7u = 10, �éS�N\

¤Ïfη = E(ST )/(cT ) − 1 = cβ(1 − α)/α − 1�20% (b�Ún2.2�^�¤á). L1�Ñ


α�ØÓ��éA�N!Xê��±9»�VÇ�Cq�. dL¥êâ�, �Xα�O�

N!XêRÅì~�, �Ò¿�X�Xα�O�»�VÇÅìO�.

L1 β = 1, η = 20%, u = 10���[(J

α 0.25 0.5 0.75 0.995

c 0.4000 1.2000 3.6000 238.800

R 0.1017988 0.04459726 0.01009626 3.4838e-6

e−Ru 0.3613212 0.6402013 0.9039668 0.9999652

L2 β = 5, η = 20%, u = 10���[(J

α 0.25 0.5 0.75 0.995

c 0.08 0.24000 0.72000 47.7600

R 0.508994 0.2229863 0.05048132 1.7419e-5

e−Ru 0.006158386 0.1075431 0.6036183 0.9998258

L3 β = 10, η = 30% u = 1���[(J

α 0.25 0.5 0.75 0.995

c 0.04333333 0.13 0.39000 25.8700

R 1.398099 0.5981028 0.1317282 4.454102e-5

e−Ru 0.2470661 0.5498539 0.8765792 0.9999555

L2ÚL3©O�Ñ
β, η, u©O�,ü|ëê��, α�ØÓ��éA�N!Xê��

±9»�VÇCq�. dL¥êâ½k�Xα�O�N!XêRÅì~�, »�VÇÅìO

�.

N ¹

Ún2.1(v)�y²:
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(v) -(α∗)kL«α ∗ α ∗ · · · ∗ α∗︸ ︷︷ ︸
k

, 5¿�

Xj+k = α ∗Xj+k−1 + εj+k = α ∗ (α ∗Xj+k−2 + εj+k−1) + εj+k

= α ∗ α ∗Xj+k−2 + α ∗ εj+k−1 + εj+k = · · ·

= (α∗)kXj + (α∗)k−1εj+1 + · · ·+ α ∗ εj+k−1 + εj+k.

Ï�{εj+k, k > 0}�XjÕá, ¤±

Cov (Xj+k, Xj) = Cov ((α∗)kXj , Xj)

= E[Xj((α∗)kXj)]− E(Xj)E((α∗)kXj).

�E|^^�Ï"��,

E[Xj((α∗)kXj)] = E{E[Xj((α∗)kXj)|Xj , (α∗)k−1Xj ]}

= E(Xj · α · (α∗)k−1Xj)

= E{E[Xj((α∗)k−1Xj)|Xj , (α∗)k−2Xj ]}

= αE(Xj · α · (α∗)k−2Xj)

= · · · = αkE(X2
j ).

aqÃ{��,

E((α∗)kXj) = αkE(Xj),

Ïd,

Cov (Xj+k, Xj) = αkE(X2
j )− αk[E(Xj)]

2 = αkVar (Xj). �

ë � © z
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A Risk Model base on NGINAR(1) Claims Process

Shi Haifang

(College of Science, Civil Aviation University of China, Tianjin, 300300 )

Wang Dehui

(Institute of Mathematics, Jilin University, Changchun, 130012 )

A new risk model is constructed, where the total number of claims satisfies the geometric first-order

integer-valued autoregressive process. Moreover, we obtain the equation of the adjustment coefficient. We

discuss the relationships among the dependence on the number of claims in each period, the adjustment

coefficient, and ruin probability by numerical simulations. The results show that, with the increase of

the dependence on the number of claims in each period, the adjustment coefficient decrease and ruin

probability increase gradually.

Keywords: Risk model, NGINAR(1), adjustment coefficient, ruin probability.
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