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§1. Introduction

For a life testing experiment, it is very time consuming that if we wait until the last

component fails. Thus, several censoring schemes have been proposed in the literature.

For example, Type-I, Type-II censoring, and hybrid censoring. Interested readers may

refer to [1–3] and others. Recently, Childs et al. [4] propose a new hybrid censoring scheme

known as Type-II hybrid censoring scheme: Suppose n components X1, X2, . . . , Xn are on

test, where Xi are i.i.d. nonnegative random variables. The experiment are terminated at

a random time T ∗ = max{Xr:n, T}, where 1 6 r 6 n, T > 0 are fixed in advance and Xr:n

is the rth order statistics from Xi, i = 1, 2, . . . , n. If we do not fix time T , this will reduce

to Type-II censoring, and if without fixed r, this will be Type-I censoring. This scheme

has the advantage of guaranteeing that at least r failures are observed. As described in
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[4], this censoring scheme may arise when the experimenter prepares T units of time for

testing and at least r failures must be observed. Hence, we may have the following types

of observations:

• {x1:n 6 x2:n 6 · · · 6 xn:n} for xn:n 6 T .

• {x1:n 6 x2:n 6 · · · 6 xr:n} for xr:n > T .

• {x1:n 6 x2:n 6 · · · 6 xr:n 6 · · · 6 xm:n} for xm:n 6 T < xm+1:n.

Due to censoring, it is complicated to determine the maximum likelihood estimations

(MLE) of the parameters. Some numerical procedures are developed for the estimators,

for example, Newton-Raphson method. If we consider the censored observations as the

missing data, the EM algorithm could also be used, which is very powerful to deal with the

incomplete data problem (see also [5]). Compared to New-Raphson method, EM algorithm

is slow, however it is more reliable. For related topics, readers may refer to [6] and [7] for

EM algorithm in progressively censored data. Recently, Banerjee and Kundu [8] derived

the MLE estimators of Weibull parameters based on the Type-II hybrid censored data by

the iterative procedure. In this paper, we will estimate parameters of two popular lifetime

models, gamma and normal distributions by EM algorithm.

The rest of this paper is organized as follows. In Section 2, we give the details how

to use the EM algorithm to estimate gamma parameters and we also give the covariance

matrix of our estimation. In Section 3, we estimate the normal parameters and the co-

variance matrix is given. We give some numerical examples in Section 4 for illustration

purpose.

§2. Gamma Lifetime Model

2.1 EM Algorithm

Let Xi, i = 1, 2, . . . , n be gamma random variables G(γ, λ), with distribution function

F , density function f and survival function S = 1−F . Denote Θ = (γ, λ), the parameters

of the gamma distribution. The joint likelihood function for complete data is

L(Θ) = n!
n∏
i=1

λ

Γ(γ)
(λxi:n)γ−1 exp{−λxi:n}, λ > 0, γ > 0.

Denote the observed data set X = (X1:n, X2:n, . . . , Xm:n) and the missing data set Y =

(Ym+1, Ym+2, . . . , Yn). Now, (X,Y ) forms the complete data set. The joint density func-

《
应
用
概
率
统
计
》
版
权
所
有



No. 2 WANG Y. S., et al.: Estimation of Parameters by EM Algorithm 123

tion of (X,Y ) is, for yi > max{T, xm:n}, i = m+ 1,m+ 2, . . . , n,

f(y,x |Θ) =
n!

(n−m)!

m∏
i=1

λ

Γ(γ)
(λxi:n)γ−1 exp{−λxi:n}

n∏
i=m+1

λ

Γ(γ)
(λyi)

γ−1 exp{−λyi}.

The joint density function of X is

f(x |Θ) =
n!

(n−m)!

m∏
i=1

λ

Γ(γ)
(λxi:n)γ−1 exp{−λxi:n}Sn−m(max{T, xm:n}).

Hence,

f(y |x,Θ) =
n∏

i=m+1

λ

Γ(γ)

(λyi)
γ−1 exp{−λyi}

S(max{T, xm:n})
, yi > max{T, xm:n}.

The E-step of the the algorithm calculates the expected log-likelihood,

E[lnL(Θ |x,Y ) |Θ(r),x].

The M-step finds the maximum,

Θ(r+1) = the value that maximaizes E[lnL(Θ |x,Y ) |Θ(r),x].

Now, we compute the log-likelihood function,

lnL(Θ |x,y) = h(λ, γ) + (γ − 1)
m∑
i=1

lnxi:n − λ
m∑
i=1

xi:n + (γ − 1)
n∑

i=m+1
ln yi − λ

n∑
i=m+1

yi,

where h(λ, γ) = ln(n!/(n−m)!) +n ln(λγ/Γ(γ)), for λ, γ > 0. Hence, we have to compute

the following moment of the truncated distribution:

E[Yi |Θ,x] = E[Yi |Yi > max{T, xm:n}]

=
1

S(max{T, xm:n})

∫ ∞
max{T,xm:n}

y
λ

Γ(γ)
(λy)γ−1 exp{−λy}dy

=
Γ(γ)

Γ(γ, ξ)

1

λΓ(γ)
Γ(γ + 1, ξ) =

Γ(γ + 1, ξ)

λΓ(γ, ξ)
,

where ξ = λmax{T, xm:n}, and

Γ(a, x) =

∫ ∞
x

ta−1 exp{−t}dt

is the upper incomplete gamma function. Also,

E[lnYi |Θ,x] = E[lnYi |Yi > max{T, xm:n}]

=
Γ(γ)

Γ(γ, ξ)

∫ ∞
max{T,xm:n}

ln(y)
λ

Γ(γ)
(λy)γ−1 exp{−λy}dy
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=
λ

Γ(γ, ξ)

∫ ∞
max{T,xm:n}

ln(y)(λy)γ−1 exp{−λy}dy.

Note that,∫ ∞
max{T,xm:n}

ln(y)(λy)γ−1 exp{−λy}dy

=

∫ ∞
max{T,xm:n}

ln(λy)(λy)γ−1 exp{−λy}dy − lnλ

∫ ∞
max{T,xm:n}

(λy)γ−1 exp{−λy}dy

=
1

λ

∫ ∞
ξ

ln(t)tγ−1 exp{−t}dt− lnλ

λ

∫ ∞
ξ

tγ−1 exp{−t}dt

=
1

λ
Γ′γ(γ, ξ)− lnλ

λ
Γ(γ, ξ).

Hence,

E[lnYi |Θ,x] =
Γ′γ(γ, ξ)

Γ(γ, ξ)
− lnλ.

Note that the first term is actually the first derivative of the logarithm of the incomplete

gamma function with respect to γ.

Now, the MLE for the complete data is,

nγ̂

λ̂
−

m∑
i=1

xi:n −
n∑

i=m+1
yi = 0,

n ln λ̂−nΓ′(γ̂)

Γ(γ̂)
+

m∑
i=1

lnxi:n +
n∑

i=m+1
ln yi = 0.

Taking the expectations, we derive the MLE for the censored data as follows:

n lnλ̂(r+1) =
nΓ′(γ̂(r+1))

Γ(γ̂(r+1))
−

m∑
i=1

lnxi:n − (n−m)E[lnYn | γ̂(r), λ̂(r),x],

γ̂(r+1) =
λ̂(r+1)

n

m∑
i=1

xi:m +
λ̂(r+1)

n
(n−m)E[Yn | γ̂(r), λ̂(r),x].

2.2 Asymptotic Covariance Matrix

In order to get the asymptotic covariance matrix, we first derive the observed infor-

mation matrix. Note that the observed information matrix is −E
∂2 ln f(x |Θ)

∂2γ
−E∂

2 ln f(x |Θ)

∂γ∂λ

−E∂
2 ln f(x |Θ)

∂λ∂γ
−E∂

2 ln f(x |Θ)

∂2λ

 .

However, when EM algorithm is used, Louis [9] proposed a procedure for finding the ob-

served information matrix. That is (see also [10] and [6]),

IX(Θ) = I(X,Y )(Θ)− I(Y |X)(Θ),
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where IX , I(X,Y ), I(Y |X) denotes the observed information, complete information, and

missing information, respectively. It is easy to get the information matrix based on gamma

distribution

I(X,Y )(Θ) = n


Γ′′(γ)Γ(γ)− Γ′2(γ)

Γ2(γ)
− 1

λ

− 1

λ

γ

λ2

 .

Note that,

f(y |x,Θ) =
n∏

i=m+1

λ

Γ(γ, ξ)
(λyi)

γ−1 exp{−λyi}.

Hence,

ln(f(y |x,Θ)) =
n∑

i=m+1
[γ lnλ− ln Γ(γ, ξ) + (γ − 1) ln yi − λyi].

Now,

∂2 ln(f(y |x,Θ))

∂2γ
= −(n−m)

Γ′′γ(γ, ξ)Γ(γ, ξ)− Γ′2γ (γ, ξ)

Γ2(γ, ξ)
,

∂2 ln(f(y |x,Θ))

∂γ∂λ
=
n−m
λ
− (n−m)

Γ′′γ,λ(γ, ξ)Γ(γ, ξ)− Γ′γ(γ, ξ)Γ′λ(γ, ξ)

Γ2(γ, ξ)
max{T, xm:n},

∂2 ln(f(y |x,Θ))

∂2λ
=
−(n−m)γ

λ2
−

Γ′′λ(γ, ξ)Γ(γ, ξ)− Γ′2λ (γ, ξ)

Γ2(γ, ξ)
(max{T, xm:n})2.

These values form the observed information matrix I(Y |X)(Θ), hence IX(Θ). Inverting

IX(Θ), we get the covariance matrix the MLE estimator Θ̂.

§3. Normal Lifetime Model

3.1 EM Algorithm

Let Xi, i = 1, 2, . . . , n be normal random variables N(µ, σ2), with distribution function

F , density function f and survival function S = 1−F . Denote Θ = (µ, σ), the parameters

of normal distribution. The joint likelihood function for complete data is

L(Θ) = n!
n∏
i=1

f(xi:n) = n!
n∏
i=1

1√
2πσ

exp
{
− (xi:n − µ)2

2σ2

}
.

Denote the observed data set X = (X1:n, X2:n, . . . , Xm:n) and the missing data set Y =

(Ym+1, Ym+2, . . . , Yn). Note that the joint density function of (Y ,X) is

f(y,x |Θ) =
n!

(n−m)!

m∏
i=1

1√
2πσ

exp
{
− (xi:n − µ)2

2σ2

} n∏
i=m+1

1√
2πσ

exp
{
− (yi − µ)2

2σ2

}
.
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The joint density function of X is

f(x |Θ) =
n!

(n−m)!

m∏
i=1

1√
2πσ

exp
{
− (xi:n − µ)2

2σ2

}
Sn−m(max{T, xm:n}).

Hence,

f(y |x,Θ) =
n∏

i=m+1

1√
2πσ

exp{−(yi − µ)2/(2σ2)}
S(max{T, xm:n})

, yi > max{T, xm:n}. (1)

Similarly, let us compute the log-likelihood function,

lnL(Θ |x,y) = C − n lnσ − 1

2σ2

m∑
i=1

(xi:n − µ)2 − 1

2σ2

n∑
i=m+1

(yi − µ)2,

where C is the constant. Note that

E
[ n∑
i=m+1

(Yi − µ)2 |Θ,x
]

=
n∑

i=m+1
E[Y 2

i |Θ,x]− 2µ
n∑

i=m+1
E[Yi |Θ,x] + (n−m)µ2.

From Equation (1),

E[Y 2
i |Θ,x] =

∫ ∞
max{T,xm:n}

y2
1√
2πσ

exp{−(y − µ)2/(2σ2)}
S(max{T, xm:n})

dy

= E[Y 2
i |Yi > max{T, xm:n}]

= σ2(1 + ξQ) + 2σµQ+ µ2,

where the last equality follows from [2] (see also [6]),

ξ =
max{T, xm:n} − µ

σ
and Q =

φ(ξ)

1− Φ(ξ)
,

is the hazard rate function of standard normal distribution.

Similarly,

E[Yi |Θ,x] = E[Yi |Yi > max{T, xm:n}] = σQ+ µ.

It is well-known that the explicit formulas for MLE of Θ,

µ̂ =
1

n

[ m∑
i=1

xi:n +
n∑

i=m+1
yi

]
, σ̂ =

[ 1

n

m∑
i=1

(xi:n − µ̂)2 +
1

n

n∑
i=m+1

(yi:n − µ̂)2
]1/2

.

Taking the expectation, it follows that,

µ̂(r+1) =
1

n

[ m∑
i=1

xi:n+(n−m)E[Ym+1 |Θ(r),x]
]

=
1

n

[ m∑
i=1

xi:n+(n−m)(σ(r)Q(r)+µ(r))
]
,

σ̂(r+1) =
{ 1

n

m∑
i=1

x2i:n +
n−m
n

E[Y 2
m+1 |Ym+1 > max{T, xm:n}, µ(r), σ(r)]− (µ̂(r+1))2

}1/2
.
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3.2 Asymptotic Covariance Matrix

Similarly, we compute I(X,Y ) and I(Y |X), the complete information, and the missing

information, respectively. It is well-known that the information matrix based on normal

distribution is

I(X,Y )(Θ) =
n

σ2

(
1 0

0 2

)
.

Note that,

ln f(y |x,Θ) = C − (n−m) lnσ −
n∑

i=m+1

(yi − µ)2

2σ2
− (n−m) lnS(max{T, xm:n}).

Taking the derivative with respect to µ and σ,

∂f(y |x,Θ)

∂µ
=

n∑
i=m+1

(yi − µ)

σ2
− (n−m)

f(max{T, xm:n})
S(max{T, xm:n})

=
n∑

i=m+1

(yi − µ)

σ2
− (n−m)

Q

σ
,

∂f(y |x,Θ)

∂σ
= −n−m

σ
+

n∑
i=m+1

(yi − µ)2

σ3
− (n−m)

Qξ

σ
.

From [6], it is known that,

− E
∂2 ln f(Y |x,Θ)

∂2µ
=
n−m
σ2

[1 + ξQ−Q2],

− E
∂2 ln f(Y |x,Θ)

∂2σ
=
n−m
σ2

[2 + ξQ(1− ξQ+ ξ2)],

− E
∂2 ln f(Y |x,Θ)

∂σ∂µ
=
n−m
σ2

[Q+ ξQ(ξ −Q)].

These values form the observed information matrix I(Y |X), hence, IX(Θ). Inverting IX(Θ),

we get the covariance matrix of Θ.

§4. Numerical Examples

4.1 Simulations

To illustrate our method, we generate standard Normal samples with size n = 10.

The program is written in R to execute the EM algorithm (R code is available based on

request). The generated samples are in the following table.

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10

-1.2212 -1.1296 -0.7851 -0.2846 0.1464 0.1888 0.4441 0.6696 1.7121 2.1553
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Assuming r = 7 and T = 1, due to the censoring, max{T, x7:10} = 1, we only have

8 observations. We choose the observed sample mean and sample standard deviation as

the initial values µ(0) = −0.2464 and σ(0) = 0.7252. Using the EM algorithm, we get

our estimated values µ̂ = 0.1044, and σ̂ = 0.9474. From our estimation, we calculate the

observed information matrix

I(X,Y )(Θ̂) =

(
11.1416 0

0 22.2833

)
, I(Y |X)(Θ̂) =

(
0.4582 1.6279

1.6279 5.9955

)
.

Hence, the observed information matrix is

I(X)(Θ̂) =

(
10.6348 −1.6279

−1.6279 16.2878

)
.

Invert this matrix, we get the variance-covariance matrix

Var (Θ̂) =

(
0.0951 0.0095

0.0095 0.0623

)
.

4.2 Real Data Analysis

In this section, we analyze one real data for illustration in [11] (see also [12]). This

data set is the strength measured in GPA for single carbon fibers of 10mm gauge length

with sample size n = 63. For convenience, the data is presented as follows.

1.901, 2.132, 2.203, 2.228, 2.257, 2.350, 2.361, 2.396, 2.397, 2.445, 2.454,

2.474, 2.518, 2.522, 2.525, 2.532, 2.575, 2.614, 2.616, 2.618, 2.624, 2.659,

2.675, 2.738, 2.740, 2.856, 2.917, 2.928, 2.937, 2.937, 2.977, 2.996, 3.030,

3.125, 3.139, 3.145, 3.220, 3.223, 3.235, 3.243, 3.264, 3.272, 3.294, 3.332,

3.346, 3.377, 3.408, 3.435, 3.493, 3.501, 3.537, 3.554, 3.562, 3.628, 3.852,

3.871, 3.886, 3.971, 4.024, 4.027, 4.225, 4.395, 5.020.

It is worth remarking that Kundu and Gupta [12] fitted the modified data to the Weibull

distribution. It fits pretty good. However, if we make the log-transformation on the data

set (w = ln(x)), it fits the norm distribution very well. We present the QQ-plot for the

transformed data. It looks good. The Shapiro-Wilk normality test statistics is 0.9888

with associated p-value 0.8378. Fit the transformed data to normal distribution gives

µ̂ = 1.0985 and σ̂ = 0.1975. We also present the empirical distribution and fitted normal

distribution in the same graph. It could be seen that they fit very good.
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Now, let us first consider the following scheme 1: r=40, T =1.2. Then, max{xm:n, T}
= 1.2. Using the EM-algorithm, it follows that µ̂ = 1.0004 and σ̂ = 0.1996. From our
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estimation, we calculate the observed information matrix

I(X,Y )(Θ̂) =

(
1 580.719 0

0 3 161.438

)
, I(Y |X)(Θ̂) =

(
244.3802 384.2217

384.2217 810.3629

)
.

Hence, the observed information matrix is

I(X)(Θ̂) =

(
1 336.34 −384.222

−384.222 2 351.08

)
.

Invert this matrix, we get the variance-covariance matrix

Var (Θ̂) =

(
0.0008 0.0001

0.0001 0.0004

)
.

Let us consider the scheme 2: r=40, T =1. Then, max{xm:n, T}=1.1764988. Using

the EM-algorithm, it follows that µ̂ = 1.1014 and σ̂ = 0.2007. From our estimation, we

calculate the observed information matrix

I(X,Y )(Θ̂) =

(
1 563.785 0

0 3 127.570

)
, I(Y |X)(Θ̂) =

(
278.3359 436.9655

436.9655 921.1398

)
.

Hence, the observed information matrix is

I(X)(Θ̂) =

(
1 285.45 −436.966

−436.966 2 206.43

)
.

Invert this matrix, we get the variance-covariance matrix

Var (Θ̂) =

(
0.0008 0.0002

0.0002 0.0005

)
.
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