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§1. Ú ó

é�m£8�.?1ëê�O�, e*ÿ��êé�, Ï�9�þ���5�{, 4

�q,(ML)�{�O��©E,. Äud, KelejianÚPrucha [1]JÑ¿¦^2ÂÝ�{

(GMM)�O�m£8�., ±ü$O�E,5. Kapoor� [2]ò2ÂÝ�{í2��m¡

�êâ£8�., ¿�[/y²
�Oþ���5ÚÖ¿
7��b�^�. ld, |^

GMM�O�m¡�êâ�.�©z�þÑy [3, 4]. �XïÄ�Øä�\, Ø1�O�{þ

�3�#, �./ª��½�3Øä/uÐCz, �3é���É. �©z[2, 5], §��ï

Ä8¥3=¹k�N�A�£8�.¥, Ù¢�kQ¹�N�Aq¹�m�A�VÏ�Ø

�¤©�£8�. [6, 7], �3«�²LO�nØ¥�m�A��Ué­� [8], $�Äu¡�

êâ�VÏ�Ø�¤©�.'DÚOþ²L£8�.U�\k�/©Û=.²L�÷*

²L¯K [9]. �ÏXd, Cc5�Ñy
Ø�'u¹kVÏ�Ø�¤©��m£8�.�

ïÄ [8, 10–12], Ù¥, LeeÚYu [8]´æ^[4�q,�{(QML)ïÄ
¹kVÏ�Ø�¤©

(���m¡��.�ëê�O¯K.

,	, 3·��m¡�êâ�.�©z¥, é�.¥Ø�¤©��'5��½Ï~k

ü«�/. Ù�b½�m�'5��3uAÉ�¤©¥, 
Ø�3u�N�A¥ [8, 13,14].


,�«�½��mg�'Ó��3u�N�A¤©�AÉ�¤©¥ [2]. ùü«�½¿�

XØÓ��mÄÑÅ�, pØi@ [15].

∗I[g,�ÆÄ7(41261087)!��Ü�cÄ7(12XJJC910001)!#õ©�Ä/­��8Ä7(XJEDU010615A01)!

#õg,�ÆÄ7(2015211C276)Ú#õ�ÆÆ¬éÄÄ7(BS130103)]Ï.
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�©Äu©z[8]ïÄ�VÏ�Ø�¤©�., òØ�¤©��'5�½��m�'5

Ó��3u�N�A¤©ÚAÉ�¤©¥, �E,�«Ø���VÏ�Ø�¤©(���

m¡�êâ�.. Äu2ÂÝ�O�{, ¿3Ý�O¥Ú\�­Ý
, ©oÚé�.ëê?

1�O. 1�Ú´ÏL|SCzÚ|mCz�Ø�.¥��mÚ�N�A, �EÜ·�ó

äCþ, ��£8ëê���ã���¦(2SLS)�OþL�ª; 1�Úïá·��Ý^�

|, ��{eëê�Ý�Oþ; 1nÚ$^\�Ý
é1�Ú���ëê�Oþ?1?�;

��Äu¼��\�Ý�Oþ, ��£8ëê��1�2Â��ã���¦(FG2SLS)�

OþL�ª. �©·K8Ú11, y²
�Oþ��Ü5. ��?1�þ�Monte Carlo�[,

ïÄ�Oþ�k���5�, ¿'�
\�Ý�OþÚ�\�Ý�Oþ�ìC�J.

§2. �.��½

b����Ni = 1, 2, . . . , N3��t = 1, 2, . . . , T�*ÿ�. �PÒ{', �©5½

IN!IT©OL«N�!T�ü Ý
, lN!lT©OL«���´1�N × 1!T × 1��Ý
,

⊗L«kronecker¦È, tr(A)L«Ý
A�,, vecD(A)L«dÝ
A�é���|¤���

þ.

�½êâ�)¤�.�

yt = xtβ + λWyt + κ+ αtlN + vt, t = 1, 2, . . . , T, (1)

κ = ρMκ+ µ, vt = ρMvt + εt, (2)

Ù¥yt´�)ºCþ3t���N × 1�*ÿ��þ; xt´)ºCþ3t���N × k�*ÿ
�Ý
(�)~ê��); β��A�£8Xê; µ�Ø��mCz�N × 1��N�Å�A�

þ; αt�3t���Ø��NCz��m�Å�A; εtL«3��t�Q��mq��N
C

z�N × 1�ÕáÓ©ÙAÉ�¤©�þ; M!W��m�­ë�Ý
; λ!ρ��mg�'

Xê.

5P 1 VÏ�Ø�¤©´��.(1)!(2)¥Ñy��N�Å�AµÚ�m�Å�A

αt, Ù¥µ=�ü��NCz, �N�´�NØ�*ÿ�Uå, �XïÄúi¥+���<

�å½²���; αt=��mCz, �N¤k��¹3£8�.¥�u)3A½�Ï�K

�, �Xvóé,c�þ�K�.

�Bu©Û, ò�.(1)!(2)Uì�m^SÜ¿��¤Ý
/ª

Y = Xβ + λ(IT ⊗W )Y + U,

U = (IT ⊗ lN )α+ U1,

U1 = ρ(IT ⊗M)U1 + (lT ⊗ IN )µ+ ε,

(3)
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Ù¥Y = [y′1, y
′
2, . . . , y

′
T ]′, X = [x′1, x

′
2, . . . , x

′
T ]′, α = [α1, α2, . . . , αT ]′, ε = [ε′1, ε

′
2, . . . , ε

′
T ]′.

,	, l¢S�ÝÑu, ���B�©�Oþ��5�y²ïÄ, 5½Xeb�

b� 2 (a)W!M´é���þ�"�1IOzÝ
. (b)é?¿�λ!ρ ∈ (−1, 1),

IN − λWÚIN − ρM�ÛÉ.

b� 3 T�½, (a)é?¿1 6 i 6 N , µi (∈ µ)´"þ�ÕáÓ©Ù�äkk��

�σ2µÚk�4�Ý. (b)é?¿1 6 t 6 T , αt´"þ�ÕáÓ©Ù�äkk���σ
2
αÚk

�4�Ý. (c)éu?¿1 6 i 6 N , 1 6 t 6 T , εit (∈ ε)"þ�ÕáÓ©Ù�äkk��
�σ2εÚk�4�Ý. (d)µi!αtÚεit�pÕá.

b� 4 Ý
X!Y�÷�, �§�����ýé���k.(=�3�¢êk1!k2,

¦�max
i,j
|X(i, j)| 6 k1 <∞, max

i,j
|Y (i, j)| 6 k2 <∞).

b� 5 Ý
W!M!(IN−λW )−1Ú(IN−ρM)−1�1!����ýé�Ú��k.

(=éuÝ
��aij ,�3�¢êk3!k4,¦�max
i

{ n∑
j=1
|aij |

}
6 k3 <∞, max

j

{ n∑
i=1
|aij |

}
6

k4 <∞).

5P 6 b�2Úb�3´�m�­Ý
ÚØ�¤©µ, α, ε��K5^�. b�2�(a)

Ü©¿��¡þ?Û�NÑØ´§g���Ø, �5½¤^�Øé§�o�K���­

�1; (b)Ü©´`�.��½´���, =U�dØ�¤©µ, α, ε��/û½. b�3¥�1

�é{¿�X�©����©ÛéAuT�½
N →∞��/, ù�©ÛÄ:��*Oþ

²LÆ¥�þ�á¡�êâ(=N��uT )��/fÐ��. b�4Úb�5kÏu���

©�Oþ���5. �b�4aq��K5^�3Oþ²LÆ©z¥'�~� [2]. b�5�

�
�¡þ�N��C§ÝÚ�:Ø����'§Ý, ��aq�é�'5���^��

�~~� [1, 2].

-JT = lT l
′
T , JN = lN l

′
N , JT = lT l

′
T /T , JN = lN l

′
N/N , ET = IT−JT , EN = IN−JN ,

KkEN lN =0, (IT ⊗EN )U=(IT ⊗EN )U1. ��ù«=��“LÈ”�.(3)¥�m�A α�

K�.�W!M´1IOzÝ
�, WlN = lN , ENWlN = EN lN = 0, ENW = ENW (EN +

JN ) = ENW (EN + lN l
′
N/N) = ENWEN . 4(FN,N−1, lN/

√
N)L«EN���5�zÝ
,

Ù¥FN,N−1´òEN�éAXA���1���ÄU�|¤�Ý
. KkFN,N−1F
′
N,N−1 =

EN , F ′N,N−1FN,N−1 = IN−1, F
′
N,N−1lN = 0, F ′N,N−1EN = F ′N,N−1. ÏLþ¡��ª'X

�F ′N,N−1ENW = F ′N,N−1ENWEN = F ′N,N−1W (FN,N−1F
′
N,N−1). Ón���'uÝ


M��ª'X [8]. u´ò�.(3)�ªüàÓ�¦þ(IT ⊗ F ′N,N−1)(IT ⊗ EN )�C¤

Y ∗ = X∗β + λ(IT ⊗W ∗)Y ∗ + U∗,

U∗ = ρ(IT ⊗M∗)U∗ + U2,

U2 = (lT ⊗ F ′N,N−1)µ+ (IT ⊗ F ′N,N−1)ε,

(4)
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Ù¥Y ∗ = (IT⊗F ′N,N−1)Y , X∗ = (IT⊗F ′N,N−1)X, U∗ = (IT⊗F ′N,N−1)U , W ∗ = F ′N,N−1W ·
FN,N−1, M

∗ = F ′N,N−1MFN,N−1.

§3. ëê�O

?Øëê(β, λ, ρ, σ2µ, σ
2
α, σ

2
ε )��O¯K�, ·�ò�O©�4�Ú½. 11ÚÏL�

EóäCþ¼�ëêβ, λ���ã���¦�Oþ. 12Ú|^2ÂÝ�{�Oρ, σ2µ, σ
2
ε .

13Ú¼�ρ, σ2µ, σ
2
ε�\�2ÂÝ�Oþ. 14Ú¼�β, λ��1�2Â��ã���¦�

Oþ.

3.1 |^óäCþ¼�ëêβ, λ��O

3b�2 – 5e, �é�.(4)��

ΩU2 = σ2µ(JT ⊗ IN−1) + σ2ε (IT ⊗ IN−1) = σ21(JT ⊗ IN−1) + σ2ε (ET ⊗ IN−1),

Ω
−1/2
U2

=
1

σ1
(JT ⊗ IN−1) +

1

σε
(ET ⊗ IN−1) =

1

σ1
Q1 +

1

σε
Q2,

ΩU∗ = E(U∗U∗′) = [IT ⊗ (IN−1 − ρM∗)]−1ΩU2 [IT ⊗ (IN−1 − ρM∗′)]−1,

Ω
−1/2
U∗ = Ω

−1/2
U2

[IT ⊗ (IN−1 − ρM∗)],

(5)

Ù¥Q1 = JT ⊗ IN−1, Q2 = ET ⊗ IN−1, σ21 = Tσ2µ + σ2ε . �â©z[4]��'ïÄ, k

E(Y ∗) = (IN−1,T − λW ∗T )−1X∗β = [IT ⊗ (IN−1 − λF ′N,N−1WFN,N−1)
−1]X∗β

= [IT ⊗ [F ′N,N−1(IN − λW )−1FN,N−1]]X
∗β

=
[
IT ⊗

(
F ′N,N−1

∑
k=0

λkW kFN,N−1

)]
X∗β,

Ù¥IN−1,T = IT ⊗ IN−1, W ∗T = IT ⊗W ∗, W 0 = IN . 
��`óäCþ5g

Ω
−1/2
U∗ W ∗TE(Y ∗) = Ω

−1/2
U2

(IN−1,T − ρM∗T )W ∗T

[
IT ⊗

(
F ′N,N−1

∑
k=0

λkW kFN,N−1

)]
X∗β

=
∑
k=0

λk
(Q1

σ1
+
Q2

σε

)
(IN−1,T − ρM∗T )[IT ⊗ (W ∗F ′N,N−1W

kFN,N−1)]X
∗β

=
∑
k=0

λk
(Q1

σ1
+
Q2

σε

)
(IN−1,T − ρM∗T )[IT ⊗ (F ′N,N−1WENW

kFN,N−1)]X
∗β

=
∑
k=0

λk
(Q1

σ1
+
Q2

σε

)
(IN−1,T − ρM∗T )[IT ⊗ (F ′N,N−1W

k+1FN,N−1)]X
∗β,

Ù¥M∗T = IT ⊗M∗. �óäCþH�½Â�

H = [Q1G0, Q2G0], (6)
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Ù¥

G0 =
[
X∗,W ∗TX

∗, . . . , [IT ⊗ (F ′N,N−1W
k+1FN,N−1)]X

∗, . . . , G1

]
,

G1 =
[
M∗TX

∗,M∗TW
∗
TX
∗, . . . , [IT ⊗ (F ′N,N−1MW k+1FN,N−1)]X

∗, . . .
]
.

Ï(ET ⊗ IN−1)U∗ = [IT ⊗ (IN−1 − ρM∗)−1](ET ⊗ F ′N,N−1)ε, �ò�.(4)�ªü>Ó

�¦±ET ⊗ IN−1�=�¤

(ET ⊗ IN−1)Y ∗ = (ET ⊗ IN−1)Z∗δ + [IT ⊗ (IN−1 − ρM∗)−1](ET ⊗ F ′N,N−1)ε, (7)

Ù¥Z∗=[X∗,W ∗TY
∗], δ=[β′, λ]′. l©z[1]�ïÄ��,óäCþÝ
H�d[Q1G0, Q2G0]

¥�X��pÕá��|¤, ��kÏu����Oþ���5�y², éóäCþ�I

�Xeb�.

b� 7 eρ®�, óäCþÝ
HA÷v:

(a) QHH = lim
N→∞

(NT )−1H ′Hk.!�ÛÉÚ�÷�.

(b) ZQ = Q2Z
∗, KQHZQ = p lim

N→∞
(NT )−1H ′ZQÚQHMZQ = p lim

N→∞
(NT )−1H ′M∗TZQ�3

�k.!�÷�: �|ρ| < 1�, QHZQ(ρ) = p lim
N→∞

(NT )−1H ′[IT ⊗ (IN−1− ρM∗)]ZQ�

÷�.

(c) �|ρ| < 1�, Φ1 = lim
N→∞

(NT )−1H ′[ET ⊗ [F ′N,N−1(IN − ρM)−1EN (IN − ρM ′)−1 ·
FN,N−1] ]H´k.�!�ÛÉ�.

�â�.(7), ½Âëêδ���ã���¦�Oþ

δ̂ = (β̂′, λ̂)′ = (Z ′QPHZQ)−1Z ′QPHQ2Y
∗, (8)

Ù¥ZQ = Q2Z
∗, PH = H(H ′H)−1H ′.

·K 8 3b�2 – 5Úb�7e, ª(8)¦Ñ�δ̂´δ����Oþ.

y²: �K¿��

δ̂ = (Z ′QPHZQ)−1Z ′QPHQ2Y
∗

= δ + (Z ′QPHZQ)−1Z ′QPH [IT ⊗ (IN−1 − ρM∗)−1](ET ⊗ F ′N,N−1)ε

= δ + [Z ′QH(H ′H)−1H ′ZQ]−1Z ′QH(H ′H)−1H ′[IT ⊗ (IN−1 − ρM∗)−1](ET ⊗ F ′N,N−1)ε

= δ + (NT )−1[Q′HZQQ
−1
HHQHZQ ]−1Q′HZQQ

−1
HHH

′[IT ⊗ (IN−1− ρM∗)−1](ET ⊗ F ′N,N−1)ε

= δ + (NT )−1[Q′HZQQ
−1
HHQHZQ ]−1Q′HZQQ

−1
HHH

′[ET ⊗ F ′N,N−1(IN − ρM)−1EN ]ε,

l


√
NT (δ̂ − δ) = [Q′HZQQ

−1
HHQHZQ ]−1Q′HZQQ

−1
HH

1√
NT

H ′[ET ⊗ F ′N,N−1(IN − ρM)−1EN ]ε.
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-F1 = H ′[ET ⊗ F ′N,N−1(IN − ρM)−1EN ], db�7�� lim
N→∞

(NT )−1F1F
′
1 = Φ1´k.�

ÛÉ�. �â©z[1]�N¹¥½nA.1�ïÄ, k(NT )−1/2F1ε
P→ N(0, σ2εΦ1), �

√
NT (δ̂ − δ) P→ N(0,Ψ),

Ù¥Ψ = σ2ε [Q
′
HZQ

Q−1HHQHZQ ]−1Q′HZQQ
−1
HHΦ1Q

−1
HHQHZQ [Q′HZQQ

−1
HHQHZQ ]−1. �

3.2 ëêρ�2ÂÝ�O

éu�m�'£8Xêρ��O, �©æ^2ÂÝ��O�{. �âÝ�O�nØï

Ä, Ý^��ê8ØU�õ½��, 
·þ�O\Ý^�k|u�O�J�O(5. u´�

©3b�2 – 4e, �é�.(4)?ØXeÝ^�|

((N−1)(T−1))−1E[U ′2Q2U2]=σ2ε , (N−1)−1E[U ′2Q1U2]=σ21,

((N−1)(T−1))−1E[U
′
2Q2U2]=σ2ε

tr(M ′ENM)

N − 1
, (N−1)−1E[U

′
2Q1U2]=σ21

tr(M ′ENM)

N − 1
,

((N−1)(T−1))−1E[U
′
2Q2U2]=σ2ε

tr(M ′EN )

N − 1
(N−1)−1E[U

′
2Q1U2]=σ21

tr(M ′EN )

N − 1
,

(9)

Ù¥U2 = M∗TU2. éuª(9), Ï¤kÝ^�¦)�q, 3d�¦Ù¥���ª.

E[U
′
2Q2U2] = E[(Q2U2)

′Q2U2] = E[((ET ⊗ (M∗F ′N,N−1))ε)
′((ET ⊗ (M∗F ′N,N−1))ε)]

= E[((ET ⊗ (F ′N,N−1MEN ))ε)′((ET ⊗ (F ′N,N−1MEN ))ε)]

= E[ε′(ET ⊗ (ENM
′FN,N−1F

′
n,n−1MEN ))ε]

= E[ε′(ET ⊗ (ENM
′ENMEN ))ε]

= σ2ε tr(ET ⊗ (M ′ENMEN ))

= (T − 1)σ2ε tr(M
′ENM).

-U
∗

= M∗TU
∗, U

∗
= M∗TU

∗
. KU2 = U∗ − ρU∗, U2 = U

∗ − ρU
∗
, l
ª(9)�C¤

((N − 1)(T − 1))−1E[U∗′Q2U
∗ + ρ2U

∗′
Q2U

∗ − 2ρU
∗′
Q2U

∗] = σ2ε ,

((N − 1)(T − 1))−1E[U
∗′
Q2U

∗
+ ρ2U

∗′
Q2U

∗
− 2ρU

∗′
Q2U

∗
] = σ2ε

tr(M ′ENM)

N − 1
,

(T − 1)−1E[U
∗′
Q2U

∗ + ρ2U
∗′
Q2U

∗ − ρ(U
∗′
Q2U

∗ + U
∗′
Q2U

∗
)] = σ2ε tr(M

′EN ),

(N − 1)−1E[U∗′Q1U
∗ + ρ2U

∗′
Q1U

∗ − 2ρU
∗′
Q1U

∗] = σ21,

(N − 1)−1E[U
∗′
Q1U

∗
+ ρ2U

∗′
Q1U

∗
− 2ρU

∗′
Q1U

∗
] = σ21

tr(M ′ENM)

N − 1
,

(N − 1)−1E[U
∗′
Q1U

∗ + ρ2U
∗′
Q1U

∗ − ρ(U
∗′
Q1U

∗′ + U
∗′
Q1U

∗
)] = σ21

tr(M ′EN )

N − 1
.

(10)
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-G=



2EU
∗′
Q2U∗

(N−1)(T−1)
−EU∗′Q2U

∗

(N−1)(T−1) 1 0

2EU
∗′
Q2U

∗

(N−1)(T−1)
−EU

∗′
Q2U

∗

(N−1)(T−1)
tr(M ′ENM)

N−1 0

EU
∗′
Q2U∗+EU

∗′
Q2U

∗

(N−1)(T−1)
−EU

∗′
Q2U

∗

(N−1)(T−1)
tr(M ′EN )
N−1 0

...
...

...
...

2EU
∗′
Q1U∗

N−1
−EU∗′Q1U

∗

N−1 0 1

2EU
∗′
Q1U

∗

N−1
−EU

∗′
Q1U

∗

N−1 0 tr(M ′ENM)
N−1

EU
∗′
Q1U∗+EU

∗′
Q1U

∗

N−1
−EU

∗′
Q1U

∗

N−1 0 tr(M ′EN )
N−1



, g =



EU∗′Q2U∗
′

(N−1)(T−1)
EU
∗′
Q2U

∗

(N−1)(T−1)
EU
∗′
Q2U∗

′

(N−1)(T−1)
...

EU∗′Q1U∗
′

N−1
EU
∗′
Q1U

∗

N−1
EU
∗′
Q1U∗

′

N−1



,

Kª(10)��¤

G[ρ, ρ2, σ2ε , σ
2
1]′ − g = 0.

�Kª(10)¥�Ï"�fÎÒE, Ó�òU∗^Ù�O�Û∗ = Y ∗−Z∗δ̂1�O [2], ��GÚg�

�OÝ
Ĝ! ĝ. ½Â

Ĝ[ρ, ρ2, σ2ε , σ
2
1]′ − ĝ = ξ(ρ,σ2

ε ,σ
2
1)
,

Ù¥Ĝ=



2Û
∗′
Q2Û∗

(N−1)(T−1)
−Û
∗′
Q2Û

∗

(N−1)(T−1) 1 0

2Û
∗′

Q2Û
∗

(N−1)(T−1)
−Û
∗′

Q2Û
∗

(N−1)(T−1)
tr(M ′ENM)

N−1 0

Û
∗′

Q2Û∗+Û
∗′
Q2Û

∗

(N−1)(T−1)
−Û
∗′

Q2Û
∗

(N−1)(T−1)
tr(M ′EN )
N−1 0

...
...

...
...

2Û
∗′
Q1Û∗

N−1
−Û
∗′
Q1Û

∗

N−1 0 1

2Û
∗′

Q1Û
∗

N−1
−Û
∗′

Q1Û
∗

N−1 0 tr(M ′ENM)
N−1

Û
∗′

Q1Û∗+Û
∗′
Q1Û

∗

N−1
−Û
∗′

Q1Û
∗

N−1 0 tr(M ′EN )
N−1



, ĝ=



Û∗
′
Q2Û∗

′

(N−1)(T−1)

Û
∗′
Q2Û

∗

(N−1)(T−1)

Û
∗′
Q2Û∗

′

(N−1)(T−1)
...

Û∗
′
Q1Û∗

′

N−1

Û
∗′
Q1Û

∗

N−1

Û
∗′
Q1Û∗

′

N−1



.

ÏL)

θ̂ = (ρ̂, σ̂2ε , σ̂
2
1) = arg min

θ
ξ′(ρ,σ2

ε ,σ
2
1)
ξ(ρ,σ2

ε ,σ
2
1)
, (11)

K��ëêρ, σ2ε , σ
2
1�2ÂÝ�Oþθ̂ = (ρ̂, σ̂2ε , σ̂

2
1). ½ÂÝ
G�c31c3����|¤

�Ý
�G0, �31��K13�����|¤�Ý
�G1.

b� 9 G0′G0!G1′G1���A��Ø��%Cu"(=éi = 0!1,kλmin(Gi
′
Gi) >

λ∗ > 0. λ∗����6ëêρ!σ
2
ε!σ

2
1).

5P 10 b�9´��£O5^�, üØ�U�3�P{Ý^�. �X, �Ý^�|

(9)¥,�Ý^��±�¤Ù§Ý^���5|Ü, KG0′G0Ø¬´��÷�Ý
, Ïd§

���A��Ò´", �±þb�gñ.
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·K 11 3b�2 – 5±9b�7Úb�9e, ª(11)���Ý�Oþ(ρ̂, σ̂2ε , σ̂
2
1)´(ρ, σ2ε ,

σ21)����Oþ.

y²: (FN,N−1, lN/
√
N)�EN���5�zÝ
,�kFN,N−1F

′
N,N−1=EN , F ′N,N−1·

FN,N−1 = IN−1. u´FN,N−1z1���²�Ú�u(N − 1)/N , z����²�Ú�u1.

|^êÆ8B{, ��Ý
FN,N−1z1!z����ýé��ÚØ�u2. ��3¢êk,

¦�max
i

{ N∑
j=1
|aij |

}
6 k < ∞, max

j

{ N∑
i=1
|aij |

}
6 k < ∞, l
FN,N−1�1���ýé�

Ú!����ýé�ÚÑ��k.. �â©z[2]�N¹A¥Remark A.2�

1. X∗ = F ′N,N−1X!Y ∗ = F ′N,N−1Y����ýé���k..

2. (IN−1 − ρM∗)−1 = F ′N,N−1(IN − ρM)−1FN,N−1!M∗ = F ′N,N−1MFN,N−1!W ∗ =

F ′N,N−1WFN,N−1�1!����ýé�Ú��k.; W ∗Y ∗����ýé���k

..

3. ª(5)¥ΩU∗�1!����ýé�Ú��k..

d©z[2]�N¹A¥ÚnA.1!A.2!A.39½n1��(ρ̂, σ̂2ε , σ̂
2
1)´ëê(ρ, σ2ε , σ

2
1)����

Oþ. �

3.3 ëêρ�\�2ÂÝ�O

�â2ÂÝ�O�nØ�£��, ÏL�­Ý
�±JpÝ�Oþ�ì?�Ç, ��

­Ý
��À^Ý^�|������Ý
�_. ,	, eV = (v1, v2, . . . , vN )′´�Å�

þ, �vi (i = 1, 2, . . . , N)þ��0, ���σ2, A!B´N ×N�Ý
. K

E(V ′AV )(V ′BV ) = (m4 − 3σ4)vec′D(A)vecD(B) + σ4[tr(A)tr(B) + tr(A)(B +B′)],

ùp�m4´vi�4�Ý. 
E(V ′AV )E(V ′BV ) = σ4tr(A)tr(B),

Cov (V ′AV, V ′BV ) = E(V ′AV )(V ′BV )− E(V ′AV )E(V ′BV ).

�viÑl��©Ù�, m4 − 3σ4 = 0. d�Bk

Cov (V ′AV, V ′BV ) = σ4tr(A)(B +B′). (12)

�âª(12), O�Ý^�|(9)¥�>n�Ý^�����Xe

ψ11 = Cov (U ′2Q2U2, U
′
2Q2U2) = Cov (ε′(ET ⊗ EN )ε, ε′(ET ⊗ EN )ε)

= 2(n− 1)(T − 1)σ4ε ,

ψ12 = Cov (U ′2Q2U2, U
′
2Q2U2) = Cov (ε′(ET ⊗ EN )ε, ε′[ET ⊗ (M ′ENM)]ε)

= 2(T − 1)tr(M ′ENM)σ4ε ,
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ψ13 = Cov (U ′2Q2U2, U
′
2Q2U2) = Cov (ε(ET ⊗ EN )ε, ε′[ET ⊗ (M ′EN )]ε)

= 2(T − 1)tr(M ′EN )σ4ε .

Ón��

ψ21 = Cov (U
′
2Q2U2, U

′
2Q2U2) = 2(T − 1)tr(M ′ENM)σ4ε ,

ψ22 = Cov (U
′
2Q2U2, U

′
2Q2U2) = 2(T − 1)tr(M ′ENMM ′ENM)σ4ε ,

ψ23 = Cov (u′2Q2U2, U
′
2Q2U2) = 2(T − 1)tr(M ′M ′ENM)σ4ε ,

ψ31 = Cov (U
′
2Q2U2, U

′
2Q2U2) = 2(T − 1)tr(M ′EN )σ4ε ,

ψ32 = Cov (U
′
2Q2U2, U

′
2Q2U2) = 2(T − 1)tr(M ′M ′ENM)σ4ε ,

ψ33 = Cov (U
′
2Q2U2, U

′
2Q2U2) = (T − 1)tr(M ′M ′EN +M ′ENM)σ4ε .

aq��±��Ý^�|ª(9)¥m>n�Ý^��������L�ª.

-

Θ1 =
N

((N − 1)(T − 1))2


ψ11 ψ12 ψ13

ψ21 ψ22 ψ23

ψ31 ψ32 ψ33

 .

ÏL±þO���Ý^�|ª(9)������
�

Θ =

 Θ1 0

0
(T − 1)σ41

σ4ε
Θ1

 .

w,, Θªf¥¹k��ëêσ2ε , σ
2
1. e^���Oþσ̂2ε , σ̂

2
1�Oσ

2
ε , σ

2
1, ���Θ����

OΘ̂.

½Âρ, σ2ε , σ
2
1�\�Ý�Oþθ̃ = (ρ̃, σ̃2ε , σ̃

2
1)�

θ̃ = (ρ̃, σ̃2ε , σ̃
2
1) = arg min

θ
ξ′(ρ,σ2

ε ,σ
2
1)

Θ̂−1ξ(ρ,σ2
ε ,σ

2
1)
. (13)

�â©z[2]¥½n2�ïÄ, 3b�2 – 5±9b�7Úb�9e, �µi!αt!εitÑÑl��o

N, �Θ−1���Ú��A��Ø��%C0ÚÃ¡�(=0 < λ∗6λmin(Θ−1)6λmax(Θ−1)

6 λ∗∗ <∞)�, ª(13)���\�Ý�Oþ(ρ̃, σ̃2ε , σ̃
2
1)´ëê(ρ, σ2ε , σ

2
1)����Oþ.

3.4 ëêβ, λ��1�2Â��ã���¦�O

òª(7)�mü>Ó�¦±Ý
[IT ⊗ (IN−1 − ρM∗)], �

Y1 = Z1δ + (ET ⊗ F ′N,N−1)ε, (14)
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Ù¥Y1 = [ET ⊗ (IN−1 − ρM∗)]Y ∗, Z1 = [ET ⊗ (IN−1 − ρM∗)]Z∗. éuª(14), eρ®

�, |^óäCþHU��ëêδ�2�ã���¦(2sls)�O, �ρ��. �â©z[1, 4]�ï

Ä, �^ρ����O��Oý¢�, ���δ��O����1�2Â��ã���¦�

O(FG2SLS).

½Âëêβ, λ��1�2Â��ã���¦�O�

δ̃F = (β̃′F , λ̃F )′ = (Z ′1PHZ1)
−1Z ′1PH Ỹ1, (15)

Ù¥Z̃1 = [ET ⊗ (IN−1 − ρ̃M∗)]Z∗, Ỹ1 = [ET ⊗ (IN−1 − ρ̃M∗)]Y ∗.
MutlÚPfaffermayr [4]ïÄ��eρ̃´ρ����Oþ, K3±þb�e, ª(15)���

ëê�Oþβ̃F!λ̃F´�Aëê����Oþ.

��, dσ21 = Tσ2µ + σ2ε , ±9

E(U ′U) = E[α′[IT ⊗ (l′N lN )]α+ µ′[(l′T lT )⊗ ((IN − ρM ′)−1(IN − ρM)−1)]µ

+ ε′[IT ⊗ ((IN − ρM ′)−1(IN − ρM)−1)]ε]

= NTσ2α + T (σ2µ + σ2ε )tr((IN − ρM ′)−1(IN − ρM)−1),

��

σ̃2α =
1

NT
Ũ ′F ŨF −

c

N
(σ̃2µ + σ̃2ε ), σ̃2µ =

σ̃21 − σ̃2ε
T

, (16)

Ù¥ŨF = Y − [X WTY ]δ̃F , c = tr[(IN − ρ̃M ′)−1(IN − ρ̃M)−1].

§4. Monte Carlo�[©Û

�[¢�©üÜ©?1. Äk�['�\�Ý�OþÚ�\�Ý�Oþ�ìC�

J, 2�[©Û�1�2Â��ã���¦�Oþβ̃! λ̃Ú\�Ý�Oþσ̃2µ! σ̃2ε�k��

�5�, êâ)¤æ^�.(3). �
O��B, �-x = (x1, x2), Ù¥x1 ∼ N(0, 1), x2 ∼
N(0, 2), �A�Xêβ = (β1, β2)

′ = (3, 5)′. �½σ2µ = σ2α = σ2ε = 1. �½W = M , ,	

§����l121å��ê121, ÑlÌé����mü>���þ�0.5, Ù{þ�

0�5Æ. =�i = 2, 3, . . . , N − 1�, W (i, i − 1) = W (i, i + 1) = 0.5; �i = 1�, W (1, N)

= W (1, 2) = 0.5; �i = N�, W (N,N − 1) = W (N, 1) = 0.5. �½G0 = (X∗,W ∗X∗,

W ∗W ∗X∗). �©éz�«�/Ñ?11000gÁ�, éz�ëê�OþO�3��I. 1

���I���þ�; 1���I�����; 13��I�þ�Ø²��(RMSE), ½Â

�[(x̂0.5 − x0)2 + [(x̂0.75 − x̂0.25)/1.35]2]1/2, Ù¥x0´��Oëê�ý�, x̂0.5!x̂0.25!x̂0.75

©O´x0��Oþ�1/2Úþ!e1/4© ê.

?Ø\�Ý�OþÚ�\�Ý�Oþ�ìC�J�, �½(N,T ) = (100, 10), λ�(0.6,

−0.6) 2��, ρ�(0.9, 0.6, 0,−0.6,−0.9) 5��, �[(J�L1. ?Øëê�Oþ�k�

��5��, �½(N,T ) ∈ {(20, 5), (100, 10)}, λ©O�(0.9, 0,−0.9), ρ©O�(0.9, 0.6, 0,

−0.6,−0.9). �[(J�L2 – 4.
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L1 \�Ú�\�Ý�Oþ�[�

λ = 0.6

Ð©�ρ ρ̂ σ̂2
µ σ̂2

ε ρ̃ σ̃2
µ σ̃2

ε

Mean 0.9349 1.0324 0.9680 0.8970 1.0270 0.9976
ρ = 0.9

Std 0.0997 0.1084 0.1733 0.0175 0.0582 0.1685

Mean 0.5970 1.0044 0.9957 0.6009 0.9926 1.0079
ρ = 0.6

Std 0.0671 0.0876 0.1712 0.0229 0.0531 0.1656

Mean -0.0167 1.0005 1.0002 -0.0001 0.9941 1.0147
ρ = 0.0

Std 0.0916 0.0508 0.1647 0.356 0.0504 0.1641

Mean -0.5882 1.0166 1.0217 -0.5970 1.0010 1.0249
ρ = −0.6

Std 0.0668 0.0855 0.1599 0.0221 0.0593 0.1520

Mean -1.096 1.2132 1.1364 -0.8959 1.0429 1.0375
ρ = −0.9

Std 0.1686 0.2905 0.2455 0.0107 0.0895 0.1617

λ = −0.6

Ð©�ρ ρ̂ σ̂2
µ σ̂2

ε ρ̃ σ̃2
µ σ̃2

ε

Mean 0.9349 1.0324 0.9680 0.8970 1.0270 0.9976
ρ = 0.9

Std 0.0997 0.1084 0.1733 0.0175 0.0582 0.1685

Mean 0.5970 1.0044 0.9957 0.6009 0.9926 1.0079
ρ = 0.6

Std 0.0671 0.0876 0.1712 0.0229 0.0531 0.1656

Mean -0.0167 1.0005 1.0002 -0.0001 0.9941 1.0147
ρ = 0.0

Std 0.0916 0.0508 0.1647 0.356 0.0504 0.1641

Mean -0.5882 1.0166 1.0217 -0.5970 1.0010 1.0249
ρ = −0.6

Std 0.0668 0.0855 0.1599 0.0221 0.0593 0.1520

Mean -1.096 1.2132 1.1364 -0.8959 1.0429 1.0375
ρ = −0.9

Std 0.1686 0.2905 0.2455 0.0107 0.0895 0.1617

5: ρ̂!σ̂2
µ!σ̂2

ε��\�Ý�Oþ, ρ̃!σ̃2
µ!σ̃2

ε�\�Ý�Oþ.

*	L1, ØJuy\�Ý�Oþ��[����þ�u�\�Ý�Oþ��[��

�, L²\�Ý�O�Oþ'�\�Ý�Oþk�Ð�ìC�J. ÎÜÝ�OnØ.

*	L2 – 4, '�L¥¤kw«Mean�1��O���éA�ý¢����, uyü

ö �é�, L²�©����Oþ´�1�. éì©ÛzÜL�þ!e2�Ü©, uyé

uëêβ!λ
ó, þ!eüÜ©��O�(Mean)�N��, Ñ�©�Cý¢�; 
éuë

êρ!σ2µ!σ2ε , þÜ©��O���Cý¢�, �`ueÜ©��O�. AO´�ρ!λ�Ð

©��ýé��C1 �, eÜ©��Oþk
N �, 
þÜ©�E�~�Cý¢�. ,	,

*	��þ�(Std)!þ�Ø²��(Rmse)ü1, uyþÜ©�ùü��Iêâ�'eÜ

©�A�ùü��Iêâ��, cö��þ´�ö�1/4 ∼ 1/3, L²���þO\�, �

��ëê�Oþk�Ð��O�J.

《
应
用
概
率
统
计
》
版
权
所
有



372 A^VÇÚO 1 32ò

L2 λ = 0.9���Oþ�©Û�I�[�

N = 100, T = 10

Ð©�ρ β̂1 β̂2 λ̂ ρ̂ σ̂2
µ σ̂2

α σ̂2
ε

Mean 3.0070 5.0010 (0.9018) 0.9050 0.9864 1.1171 1.0225

ρ = 0.9 Std 0.0315 0.0329 0.0101 0.0151 0.1480 2.7063 0.0618

Rmse 0.0337 0.0358 0.0104 0.0178 0.1475 1.2242 0.0656

Mean 2.9999 4.9908 (0.9000) 0.6023 1.0109 1.0047 1.0045

ρ = 0.6 Std 0.0322 0.0302 0.0042 0.0248 0.1709 0.5350 0.0520

Rmse 0.0310 0.0312 0.0037 0.0246 0.1745 0.5162 0.0513

Mean 2.9949 5.0034 (0.9002) −0.0006 1.0294 1.0402 0.9965

ρ = 0.0 Std 0.0352 0.0360 0.0022 0.0287 0.1624 0.4882 0.0483

Rmse 0.0396 0.0372 0.0026 0.0276 0.1468 0.4730 0.0485

Mean 2.9948 5.0017 (0.9003) −0.6069 1.0070 1.0089 0.9947

ρ = −0.6 Std 0.0350 0.0414 0.0016 0.0236 0.1564 0.5462 0.0495

Rmse 0.0400 0.0373 0.0015 0.039 0.1431 0.4794 0.0529

Mean 2.9941 5.0030 (0.9001) −0.9025 1.0123 1.0026 1.0477

ρ = −0.9 Std 0.0331 0.0445 0.0015 0.0107 0.1881 0.7708 0.0615

Rmse 0.04038 0.0390 0.0016 0.0107 0.2124 1.3771 0.0791

N = 20, T = 5

Ð©�ρ β̂1 β̂2 λ̂ ρ̂ σ̂2
µ σ̂2

α σ̂2
ε

Mean 3.0059 5.0175 (0.9082) 0.9148 1.0524 2.9270 1.1993

ρ = 0.9 Std 0.1062 0.1046 0.0338 0.1187 0.5223 7.5494 0.3686

Rmse 0.1129 0.1196 0.0300 0.0798 0.4860 1.8128 0.3715

Mean 2.9956 4.9967 (0.9003) 0.5994 1.0052 0.9983 0.9491

ρ = 0.6 Std 0.1052 0.1140 0.0141 0.1020 0.4086 1.2918 0.1515

Rmse 0.1073 0.1130 0.0149 0.1081 0.4120 1.2169 0.1661

Mean 2.9925 4.9900 (0.9003) −0.0033 0.9440 1.0743 0.9403

ρ = 0.0 Std 0.1182 0.1237 0.0122 0.1487 0.3583 0.7559 0.1666

Rmse 0.1070 0.1174 0.0124 0.1332 0.3681 0.6764 0.1949

Mean 3.0068 5.0117 (0.8997) −0.6255 0.9458 0.8533 0.9761

ρ = −0.6 Std 0.1255 0.1573 0.0099 0.0907 0.3846 0.7484 0.1718

Rmse 0.1242 0.1789 0.0091 0.1024 0.4016 0.8533 0.1892

Mean 3.0090 5.0012 (0.8994) −0.9098 1.0970 0.7789 1.4804

ρ = −0.9 Std 0.1427 0.1446 0.0054 0.0921 0.5955 1.9908 0.4827

Rmse 0.1401 0.1338 0.0039 0.0473 0.6268 1.0000 0.5648

5: β̃1!β̃2!λ̃��1�2Â��ã���¦�Oþ, ρ̃!σ̃2
µ!σ̃2

ε�\�Ý�Oþ.

ë � © z

[1] Kelejian H H, Prucha I R. A generalized spatial two-stage least squares procedure for estimating a

spatial autoregressive model with antoregressive disturbances [J]. J. Real Estate Financ. Econ., 1998,

17(1): 99–121.
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L3 λ = 0���Oþ�©Û�I�[�

N = 100, T = 10

Ð©�ρ β̂1 β̂2 λ̂ ρ̂ σ̂2
µ σ̂2

α σ̂2
ε

Mean 3.0013 5.0068 (0.0058) 0.9012 1.0400 1.3927 1.0485

ρ = 0.9 Std 0.0367 0.0468 0.0122 0.0135 0.1918 2.2791 0.0717

Rmse 0.0378 0.0463 0.0113 0.0127 0.2120 1.9149 0.0777

Mean 3.0050 5.0017 (-0.0009) 0.5973 0.9716 1.0007 1.0064
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Estimation of Spatial Panel Data Models with Two-Way

Error Component

XIE Xiaoyi HU Xijian ZHANG Huiguo

(College of Mathematics and System Sciences, Xinjiang University, Xinjiang, 830046, China)

HE Lunzhi

(Institute of Economic Research, Xinjiang University, Xinjiang, 830046, China)

Abstract: In this paper, we construct a generalized spatial panel data model with two-way error

components where the spatial correlation also exist in the individual effects. Based on the methods of the

generalized moment estimate and the two-step least square estimate, we look for the best instrumental

variable, fit generalized moments and the weighted matrix to discuss the estimator of the parameters,

and prove the consistent of the estimators. Monte Carlo experiments show that the weighted generalized

moment estimators are better than the unweighted generalized moment estimators, and the estimate effect

of feasible generalized two stages least squares estimators is good.
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