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Abstract: In this paper, precise large deviations of nonnegative, non-identical distributions
and negatively associated random variables are investigated. Under certain conditions, the lower
bound of the precise large deviations for the non-random sum is solved and the uniformly asymptotic
results for the corresponding random sum are obtained. At the same time, we deeply discussed
the compound renewal risk model, in which we found that the compound renewal risk model can
be equivalent to renewal risk model under certain conditions. The relative research results of
precise large deviations are applied to the more practical compound renewal risk model, and the
theoretical and practical values are verified. In addition, this paper also shows that the impact
of this dependency relationship between random variables to precise large deviations of the final
result is not significant.
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81. Introduction

Mainstream research on precise large deviation probabilities has been concentrated
on the study of the asymptotics P(S(t) — ES(t) > x) ~ A(t) F(x), which holds uniformly
for all x > yA(t) for every fixed v > 0 as t — oco. Here {X,, n > 1} is a sequence
of independent, identically distributed (i.i.d.) nonnegative heavy-tailed random variables
with common distribution function F' and finite expectation u, independent of a process
{N(t),t > 0} driven by a sequence of nonnegative, integer-valued r.v.’s. Assume that
A(t) = EN(t) < oo for all ¢ > 0 but A(t) — oo, as t — oo. All limit relations, unless
© *The research was supported by the National Natural Sciences Foundation of China (11101061, 11371077 and
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N(t)
Xi t >0,

=1

explicitly stated, are for ¢ — oo or consequently for A\(t) — oco. S(t)

denote random sum.

For classical works of precise large deviations with heavy tails, we refer the reader to
[1-4], while for recent works, we refer to [5-8] among many others.

We say X (orits df F') is heavy-tailed if it has no exponential moments. An important
subclass of heavy-tailed distributions is &, which consists of all distributions with dominat-
ed variation in the sense that the relation lim sup F'(zy)/ F(x) < oo holds for any y € (0,1)
(or equivalently, for y = 1/2). Another sliggil?lo; smaller subclass is %, which consists of all

distributions with consistent variation in the sense that li\_‘rri liminf F(xy)/ F(x) = 1 or,
Yy T—00

equivalently, lim limsup F(zy)/ F(z) = 1.

Strollingyi{;lpafs? Cicivterature on precise large deviations, we find that most works were
conducted only for independent r.v.’s, though several dealing with non-identically dis-
tributed r.v.’s, we refer the reader to [9].

It is their work that motivates our study. We will extend and improve their results
in the following directions:

Firstly, we extend the relationship of r.v.’s from the independent case to NA structure
(see Definition 1 as below);

Secondly, we do not require that r.v.’s { Xy, k£ > 1} have the same distribution, which
will play an important role in the study of a general compound renewal risk model (see
Definition 18 in Section 4), where several types of claims may have potentially different
distributions.

As an application of the above results, we will also discuss precise large deviations in
general compound renewal risk model.

At the end of this section, we introduce corresponding concept of negative associated.

Definition 1 Random variables X1, Xo,..., X} are said to be negatively associated
(NA) if for every pair of disjoint subsets Ay, A of {1,2,...,k},

Cov {fl(Xz,Z € Al), fQ(Xj,j S Ag)} < O, (1)

whenever f; and fa are increasing. This dependence structure was first introduced by [10]
and [11].

The rest of paper is organized as follows. In Section 2 we introduce some useful
lemmas in the paper. The main results are presented in Section 3. In Section 4, we apply
our main results to a realistic example (General Compound Renewal Risk Model) and

obtain a specific result. Finally the proofs of our results are given in Section 5.
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§2. Preliminaries

We restate the following results that were obtained in the literature of the precise
large deviations. We need the following lemmas to prove the main results behind. At first,
we cite Theorem 3.1 of [9], which extends the related results of [4] from the identically

distributed case to the non-identically distributed case under some extra conditions.

Lemma 2 Let X, {X,,, n > 1} be independent nonnegative r.v.'s with distribution
functions F' € €, {F,, n > 1} and finite expectations 1, {{n, n > 1}, respectively. Assume
that

(i) the distribution functions {F,,, n > 1} and F satisfy Assumption (A):

lim > Fg(x)/(nF(x)) =1 holds uniformly for = > Xy, for some Xg > 0;

n—o0 1<k<n
(ii) the expectations i and {p,, n > 1} satisfy Assumption (B):

lim > ux/n=m<oo, and suppu, < oo.
N0 1<k<n n>1
Then, for any fixed v > 0, P(S,, — E(S,) > x) ~ n F(x) holds uniformly for = > yn, where
n
Sp=>, Xg.
k=1
In the next Lemma we establish an important asymptotical relation for the tail prob-

abilities of sums of NA r.v.’s.

Lemma 3 Let {X,, n > 1} be nonnegative NA r.v.'s with common distribution

function F' € € and finite expectation p. Then, for any fixed n > 1, the relation
P(S, > x) ~nF(x) holds as z — cc. (2)

Remark 4 The relation (2) is the popularization of Theorem 3.1 and Theorem 3.2
of [6]. Compared with the later, our result is focus on any fixed n. Using the same approach

as used in the proof of Theorem 4.1 of [4] we can easily obtain the conclusion.

Lemma 5 Let {Xj, k> 1} be NA r.v.’s with distribution functions {F}, k > 1} and

mean vector be 0, satisfying sup E(X,j)’” < oo for some r > 1. Then for each fixed v > 0
>1

and p > 0, there exist positive numbers v and C' = C(v,~) irrespective to x and n such that

forallz >2yn andn=1,2,...,

P( > Xk>x>< > Fi(vz) + CxP.

1<k<n
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Remark 6 In fact, Lemma 5 is a modification of Lemma 2.3 of [6]. We just need

give some modifications as following:
(i) nF(vx)in [6] is replaced by >~ Fj(vx);
k=1
(i) A" = (va)~'log (v91z?/[nE(X;)Y + 1) in [6] is replaced by

h = (vz) tlog (Uqflscq/ kzn:1 E(X)?+ 1);

(iii) €' = supexp {1/v + 912 F(vz) /E(X;)1} (b9 v /E(X)7) ") < oo in [6] is
x>0
replaced by
€ = supesp { L4t 55 Py /35 B0} (097 e E)7) <
>0 v k=1 k—1 k 1<k<n

This lemma will be used in deriving the lower bound of the large-deviation probabil-
ities in the proof of Theorem 15.
Lemma 7 and Lemma 8 can be found in [4]. These inequalities will play a key role in

the proof of Theorem 15.

Lemma 7 For a distribution function ' € & with a finite expectation, 1 <, < o0

and as ¥ — oo, ¥ 7P = o(F(x)) for any p > 7,..

Lemma 8 For a distribution function F' € & and every p > v, there exist positive
zo and B such that, for all 6 € (0,1] and all x > 6=z, F(8z)/ F(x) < BO~".

Lemmas 9 and 10 are reformulations of Lemmas 3.3 and 3.5 of [3]. We will need these

two lemmas in the later part of this paper.

Lemma 9 Let {((¢), ¢t > 0} be a stochastic process with a common expectation
EC(t) = 1. If for any fixed § > 0, EC(1)I(c>140) = 0(1), then C(£) T 1.

Lemma 10 Suppose {Y,,, n > 1} is a sequence of i.i.d. non-negative r.v.'s with a
common mean EY; = 1/, constituting a renewal counting process {N(t), t > 0}. We have

for any positive constants ¢ and m, > EMP(N(t) =k)=o(1).
k> (1+8)A(t)

Next, we give three useful lemmas, which are the popularization and application of
Theorem 1 in [12], Lemma 2.3 in [13] and Lemma 3.2 of [14] respectively. These inequalities
will play a key role in the proof of Theorem 15 and Theorem 16.

Lemma 11 Let {X,,, n > 1} be NA r.v.'s with distribution functions {F,,, n > 1},

x > 0 be any positive constant, and let (y1, 92, ..., yn) be any set of positive numbers. Then
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for y > max {yx} and 0 < ¢t < 1, we have
1<k<n

P(S, >z) < Y P(Xk > uyk) + Pr,
k=1

where
n Yk

Plzexp{f—fln [:L'yt_l/<z utdFk(u))—l—l}}.
y oy k=10
Lemma 12 Let {X,,, n > 1} be NA r.v.’s with distribution functions {F},, n > 1}
and finite expectations {j,,, n > 1}, and let {N(¢), t > 0} be a stochastic process generated
by non-negative integer-valued r.v.'s independent of the sequence {X,,, n > 1}. Assume that
(i) the expectations {i,, n > 1} satisfy that for some & < oo, nh_)rglo n~t kfjl e = 1;

(ii) the stochastic process N (t) satisfies that N(¢)/A(t) B1 ast— oo

Then ES(t) ~ A(t), i.e. ES(t) = mA(t)(1 + o(1)).

Lemma 13 Let {X,, n > 1} be NA non-negative r.v.'s with common distribution
function and finite expectation p. Then, for all v > 0, z > 0 and n > 1, P(S,, > z) <
nF(z/v) + (epn/z)".

Remark 14 In fact, all the work that we need to do is just changing the independence
property among the r.v.'s {X,,, n > 1} which appears in Theorem 1 of [12], Lemma 2.3 of
[13] and Lemma 3.2 of [14] into negative associated structure. However, this kind of change

of relationships will not effect the final result at all.

§3. Main Results

Based on Lemma 2, we hope to obtain more results under relatively relaxed conditions.
For nonnegative r.v.’s {X,,, n > 1} with distributions {F,, n > 1}, we need the following

condition: there exists a proper distribution F on [0,00) and 0 < a < 8 < oo such that

a = liminf inf F,(z)/ F(x) < limsupsup Fj,(z)/ F(x) = B. (3)

z—00 nzl z—o0 n>1

The following theorem is a result about precise large deviations of nonrandom sum:

Theorem 15 Let {X,,, n > 1} be a sequence of nonnegative NA r.v.'s with distribu-
tion functions {F,,, n > 1} and finite expectations {x,, n > 1}; X be a nonnegative random

variable with a distribution function F' € ¥ and a finite expectation 7. Assume that

(i) the distribution functions {F,,, n > 1} and F satisfy (3);
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(ii) the expectations 7z and {u,, n > 1} satisfy Assumption (B) in Lemma 2.

Then, for any fixed v > 0,

P n E n . P n — E n
o < liminf inf SO TEGR) > @) o sup DO~ E(Sh) > @)
n—oo x>yn nF(l’) n—00 T=Yn TLF(l’)

<B, (4)

n
where S, = > Xj.
k=1

Based on Theorem 15, we have the asymptotic results for random sum as follows:
Theorem 16 Let {X,, n > 1} be a sequence of nonnegative NA r.v.'s with distribu-
tion functions {F,,, n > 1} and finite expectations {x,, n > 1}; X be a nonnegative random
variable with a distribution function ' € ¥ and a finite expectation fi. Assume that
(i) the distribution functions {F},, n > 1} and F satisfy (3);
(i) the expectations i and {y,, n > 1} satisfy Assumption (B) in Lemma 2;

(iii) {N(¢t), t = 0} is a non-negative and integer-valued process independent of {X,,, n >
1}, and satisfies Assumption I: ENP(t) I x> (14+8)a6)} = O(A(1)).

Then, for any fixed v > 0,

PISE) - E(;S’(t)) > ) < limsup sup —
) F() T oo 2>YA(t) A(t) F(z)

o < liminf inf
=00 >yA(t) At

84. Application to General Compound Renewal Risk
Model

In this section, we provide a realistic application (Compound Renewal Risk Model) of
Theorem 16. Tang et al. B studied the precise large deviations in the compound renewed

model, the model is as follows:

Definition 17 The Compound Renewal Risk Model

(a) the individual claim sizes {X,,, n > 1} are i.i.d. nonnegative r.v.'s with a common

distribution function F' and a finite mean p = EXy;

(b) the accident inter-arrival times {Y,,, n > 1} are i.i.d. non-negative r.v.'s with a finite
mean EY; = 1/, independent of {X,,, n > 1};

(c) the number of accidents in the interval [0, ] is denoted by 7(t) =sup{n >1:T, <t,

n
t > 0}, where T,, = > Y;, n > 1, denote the arrival time of the nth accident; the
i=1
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number of individual claims caused by the nth accident is a non-negative, integer-valued
rv. Zyn, and {Z,, n > 1} constitutes a process of i.i.d. r.v.'s with a common df W,
independent of {X,,, n > 1} and {Y,,, n > 1};

T(t
(d) the total number of claims up to time ¢ is given by N'(¢t) = > Z;, t > 0; the total
i=1

claim amount process {S’(t), t > 0} is defined by
N'(#)
S't)= Y X (6)
i=1

For more details in compound renewal risk model, Tang et al. Bl proved the precise
large deviations results, while Kaas and Tang®! proved again the precise large deviations
results when the number of individual claims {Z,, n > 1} in Definition 17 are ND struc-
ture. Based on Definition 17 and Equation (3), we introduce the following more realistic

model in the context of insurance.

Definition 18 The General Compound Renewal Risk Model is given by conditions
(b)=(d) in Definition 17 and
(") the individual claim sizes {X,,, n > 1} are NA non-negative r.v.’s with a finite mean
vector p = (EX1,EXy, ..., EX,,...);

(e) the individual claim sizes {X,,x, 1 < k < Z,,} caused by the nth accident with common

distribution F;, and finite expectation p, for every fixed n, n > 1.

Generally speaking, however, it describes a more realistic risk model since the random

sum (6) is equal to

430) 7(t)

7 Zs
nk = 2, Xie+ 2 Xopg+-+ 20 Xpppp = 2 An, (7)
k=1 k=1 k=1 n=1

||MN

()
S'(t) = Z
n=1
where A,, = Z Xk, 1 <n < 7(t). From [11], the increasing functions defined on disjoint

subsets of a set of NA r.v.’s are NA, we know that {A,,, n > 1} are NA non-negative r.v.’s
with distribution functions {G,, n > 1}. We have the asymptotic result for random sum
(7) as follows:

Theorem 19 In the general compound renewal risk model, let F', F,, € €, n > 1

satisfy relation (3), and EZY < oo for some p > 1. Then, for any fixed v > 0,

a < liminf  inf PIS'(H) — E(5'(t)) > @) < limsup sup PIS(H) — B(5'(D) > 2)

A — < b,
t—00 >N (1) N(t) F(x) t—00 YN (t) N(t) F(x) o

(8)
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(t)
where X' (t) = EN'(t) and S'(t) = }_ A;.
i=1

Proof Since {A,, n > 1} are NA non-negative r.v.’s with distribution functions
{Gp, n > 1}, we know that S’(t) is random sum of nonnegative NA r.v.s {A4,, n > 1}.
Combining EA,, = u,EZ; and Assumption (B) we can easily see that Assumption (B) in
Theorem 16 are satisfied for {4,,, n > 1}. Using Lemma 10 we know that renewal counting
process 7(t) satisfies Assumption I in Theorem 16. To complete the proof of Theorem 19,
we need to verify that Gy, n > 1 satisfy relation (3). So we only need to verify that for
all i > 1, there exist some C; > 0, such that G;(z) ~ C; F;(x) as z — oo.

For all v > 0, x > 0 and n > 1, using Lemma 13, we know that

P( > Xik > x) <nFi(z/v) + (eun/z)Y, for n > 1.
1<k<n
Let v = p, where p > ~y, > 1, for all large n, we have
P(1 % X > x) <nFi(z/v)+ (eun/z)” < nB; p° Fi(z) + (ep)Pn? F;(z)
<k<n

S QCZ‘QHP Fz ($),

where Cjg is a positive number irrespective to x and n, we use Lemma 7 and Lemma 8 in
the second inequality.

Since EZY < oo, by the dominated convergence theorem, we have

po Gil@) {[ 3 P<k;§:1Xik > x)}/E(m)} P(Z; = n)

n=1
Using (9) we have
aEZy = liminf inf G, (z)/ F(z) < limsupsup Gy (z)/ F(z) = BEZ;. (10)
z—o00 n=1 rz—o0 n>1

So, using Theorem 16 we have that, for any fixed v > 0,

/ _ !
oEZ) <liminf inf P(5"(?) E(E (t) > )

t—00 >~ ET(t) ET(t) F(x)
. /
< limsup sup P(S() E(E (t) > ) < BEZ;. (11)
t—o00 x}*yE’r(t) ET(t) F(x)

Combining (11) and N (t) = EZ1E7(t) we have (8), then the proof of Theorem 19 is
completed. O
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§5. Proofs

5.1 The Proof of Theorem 15

Proof We modify the proof of Theorem 15 in [4]. At first, we estimate the lower
bound. For any A > 1,

P<Sn— > ,uk>af)

1<k<n
> P<Sn— > pp >z, max X; > )\x)
1<k<n 1<j<n
> ¥ P<Sn— S >z X > )\x) -7 P(Sn— S >, X > Az, X > Aa;)
1<j<n 1<k<n 1<j<i<n 1<k<n
_ 2
> % P(Sn—Xj— ) uk>(1—)\)x,Xj>/\a:)—( F]()\x))
1<j<n 1<k<n N
> 2 Fw)(1- £ Fw) - 2 P(SY - ¥ m<d-22), (12)
1<j<n j<k<n 1<j<n 1<k<n
where 57(3‘ ) = > Xj. Here we use the NA r.v.’s property (see Property P; and Py
1<k#j<n

of [11]) in the second inequality, use an elementary inequality P(AB) > P(B) — P(A€) for
all events A and B in the third inequality. For any ¢; > 0, using Assumption (A), for all
large = and for all k£, £ > 1, we have that

(1—6)aF(z) < Fr(z) < (14 6)8 F(x). (13)
We estimate the second term in (12), for all large =, > X, we have
PSP = = me<(=N2) <P 5 (m—Xe) > (- 1Dz/2).
1<k<n 1<k#j<n

By NA r.v.’s property (see [14] and Definition 2.3 of [11]), the r.v.’s {ux — X, k > 1} are
still NA. Then for arbitrarily fixed v > 0 and p > ., by Lemma 5 there exist positive
constants vy and C' irrespective to x and n such that the inequality
P( > (e —Xg) = (A= 1)95/2> < X Pl —Xg =2 (A—1Dz/(2v0)) + Cx™?
1<kZj<n 1<kZj<n

< Y Fp(—(AN—=1Dx/(4vg)) + Cx™P

1<k<n

holds for all x > yn and n > 1. Using the fact that {X,,, n > 1} be non-negative r.v.’s

and Lemma 7, we know that

P(SY) = 5 e < (1= Nz) = o(F(Ax)). (14)
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Plugging (13) and (14) into (12) yields that

P(Sn - > k> x) > (1—61)an F(\x)(1 — (1 +61)8n F(\x)) — d1(n F(\x)).

1<k<n

Let 61 | 0, we have

ook > x)/(nf()\:p)) > liminf inf o(1 — Bn F(\x)).

n—oo r=Yn <k<n n—oo T=Yn

liminf inf P(S, -
1
Hence, we have
liminf inf P(Sn— oo > x)/(n?(x))

n—oo0 r>yn 1<k<n

> (lim inf inf a1 — an()\x))) liwlgiogf F(\r)/ F(z) = aliminf F(\z)/ F(x).

n—oo Tr=>Yn T—00

Here, we use n F(Az) — 0, as n — 0o, holds uniformly for = > n in the inequality. Since

F € € and A > 1 is arbitrary, we can conclude that

liminf inf P<Sn S

n—oo r=>yn 1<k<n

e > x) /(nF(2) > o lim limint F)/ Fla) = . (15)

N1 z—o0

Now we start to estimate the upper bound. For any 6 € (0,1), we define
Xi = Xl (xy<ba) for k=1, S, = > X; and Ti=a+ S ke
1<k<n 1<k<n

By a standard truncation argument, we can show that
P(Sn— > ,uk>x)<P<maxXk>0x)+P< max X < 0z,S, — > ,uk>:c>
1<k<n 1<ksn 1<ksn 1<k<n

< Y P(Xp > 0z) + P(S, > 7). (16)

1<k<n

Applying (13) to the first term in (16), we can conclude that, for any do > 0,

P<Snf > ,uk>m>< S Fil0z) + P(S, > 7)

1<k<n 1<k<n

< (14 82)BnF(0x) + P(S, > 7). (17)

We estimate the second term in (17). Let a = {—log(n F(6x)), 1}, which tends to oo holds
uniformly for > yn. For arbitrarily fixed h = h(x,n) > 0, we have

~ _ ~ Ox
P(S, > Z)/(nF(fz)) < e heHeEehSn exp{ > / (" —1)dFy(t) — hT + a}. (18)
0

1<k<n
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Here we use the property of NA r.v.’s (see Property Py and Pg of [11]) in the second
inequality. The value of h above will be specified later. We split the integral on the right-
hand side of (18) into two terms, and applying an inequality e — 1 < xe” for all z, we

obtain that for every k > 1,

0x 0x/a? Ox
/0 (" —1)dF,(t) = /0 (e —1)dFy(t) + /0 (e — 1) dF,(t)

x/a?
) 0z /a> L
< effz/a / ht dFy,(t) + "% Fy. (02 /a?)
0

< hpue®719* 4 0T (02 /a?). (19)

Plugging (19) into (18) yields that, for all large n, for any d3 > 0 and for any d4 > 0, we

have
P(S, > 7
M < exp{h S e/ et S (02 /d®) — hE + a}
n F(0x) 1<k<n 1<k<n
< exp {h > /L;C(ehg"’“ﬂ/“2 1) + (14 63)Be"*n F(0x/a?) — hx + a}
1<k<n

Here we use (3) in the second inequality, and use Assumption (B) and Lemma 8 in the
third inequality. Let h = (a — 2ploga)/(0z) in (20), we obtain that, for all large n, for
any 65 > 0,

P(S, > 7)/(nF(fz)) < exp {(1+ 54)nhﬁ(ea_1 — 1)+ (1 +63)8B — (a —2ploga)d™" + a}
< (F0)BB oy 1(1 — 07 + (1 + 64)85)al}. (21)
Let 62 1 0, 93 0, 04 | 0, 65 | 0, combining (21) with (17) we have
lim sup sup P<Sn— oo > x)/(nf(@x)) < B+limsup sup P(S, > 7)/(n F(0z)) = B.
n—oo T=Yn 1<k<n n—o0 T=Yn

Since F' € € and the arbitrariness of 6 € (0,1) we obtain that

P<Sn—2uk>x> P(Sn—z,uk>a:)7

, =1 - k=1 F(0x)

lim sup sup — = lim lim sup sup — — < .
n—oo r>yn TLF(CL‘) 0,1 n—sco zxn nF(@x) F(.’E)

The result (4) follows from (15) and (22). O



404 Chinese Journal of Applied Probability and Statistics Vol. 32

5.2 The Proof of Theorem 16

Proof By Lemma 9 with ((t) = N(¢)/A(t), we can easily see that Assumption I
implies
N()/A\(t) 5 1. (23)
By the same approach as used in the proof of Lemma 4.2 of [2] and Theorem 4.1 of [4] we
know that, for any § > 0, we have

P(S(t) — E(S(t)) > 2)
= > P(N(t) = n)P(S, — E(5(t)) > )

n=0

=( X+ ¥ )PN@ =n)P(S. —E(S®) > o). (24)
n<(A+0)A(E)  n>(1+8)A(t)

First, we estimate the first term in (24), clearly,
P(N(t) = n)P(Sn — E(5(t)) > z)
n<(1FO)A(t)

= > + > +

In—AB)|<e(®A(E)  n—AE)<—e(®AE)  e()AE)<n—A(t)<SA(t)

= K1+ Ky + Kjs. (25)

Here €(t) is a positive function, such that €() — 0 as ¢ — oo. By Lemma 12 and

Assumption (B), we know that, for any dg > 0, t — oo,
(1 —36)A\t)m < ES(t) < (14 d6)ANt)7m.
Start with the estimation of K7, for any d7 > 0,

Ky < > P(N(t) =n)P(S, —E(Sh) >z — (1 + d6)nf + (1 — d6)uA(?))
In—A(@)|<e(A®)

< 2 P(N(t) = n)P(Sn — E(Sn) >z — e()A() — d6(n + A(t))F2)
In=A®)|<e()A()

B+ + e F() S P(N({) =n).
In—A()[<e(A?)

Here, in the last step, we use Theorem 15 and the fact
F(z — e(®)At)r — d6(n + (1)) < B(1+ 67)F(z).

for any fixed v > 0, holds uniformly for x > yA(t), as t — oo, since F' € ¥. For any

dg > 0, by the same treatment we obtain the corresponding asymptotic lower bound as

Ky 2 (1= dg)a(l = e())A(t) F(x)(1 - o(1)) 2. P(N(t) = n),
[n=X(®)|<e(DA(®)
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for any fixed v > 0, x > yA(t), as t — oo. Furthermore, according to (23), we have
P(N(t) =n) =P(IN(t) — \t)] < e()A(t)) — 1, as t — 0.
[In—=A(t)|<e(®)A(t)

Thus, we can obtain

K K
a <liminf inf ——2 — <lim sup sup < 8. (26)
t=00 a2y A(t) A(t) F(x) t—oo zzyA(t) A(E) F(x)

Next, we estimate Ky, for any dg, d19 > 0,

Ky

N

P(Sta—e(enawm) — E(S(#) > z) _w);_ o P(N(t) = n)

< P(Sja—ena@] — ESja—ewyr@) > 2 + (1 — o) A(t)m — (1 + o) [(1 — e(t))A(t)])
X P(N(t) = At) < —e(®)A(t))
< G10(1+810)BI(L — e(t)A(D)] F(2) = o(A(¢) F(2)), (27)
where dg, and 19 are small enough. By the same approach as used in the proof of K5, we
know that
K3 = o(A(t) F(x)). (28)
Plugging (26), (27) and (28) into (25) we can obtain for any fixed v > 0,
> P(N(t) =n)P(S, — E(S(t)) > x)

o < liminf inf <M —
t=00 z2yA(t) A(t) F(z)
> PWN(t) =n)P(S, —E(S(t)) > )
. n<(140)A(t)
< limsup sup — < 6. 29
t—00  x>yA(t) A(t) F(z) 2

for any fixed v > 0, holds uniformly for z > y\(t), as t — oo.
To complete the proof, it remains to estimate the second term in (24). We use Lemma
1landsett =1, yp =x/(2v),v>1, y=x/v,v > 1 (y > max {yi} for large :U), for any
~ \n

011,012 > 0, we obtain

n Yk

P(S, =>z)< >, P(Xk>uyr)+exp {xy—l — 2y 'ln (x/[kgl ; udFk(u)} + 1)}

1<k<n

< T Pz a/(20) + exp {v—vmn (m)}

< (14 612)B8n F(z/(2v)) + e’ (nf(1 + 811)) 27",
Hence, we have

P(N(t) = n)P(S, — E(5(t)) > )
n>(148)A(t)



406 Chinese Journal of Applied Probability and Statistics Vol. 32

< Y PWN() =n)P(S, > a)

n>(1+)A(t)
<(A+06012)BF(x/(20)) > nP(N(t)=n)
n>(14+9)A(t)
+ (ef(1 +011))"z7" > n"P(N(t) =n)
n>(1+8)A(t)
= J; + Jo. (30)

Firstly, we estimate Ji. From Assumption I, we know that
> nPN({) =n) = o(A)).
n>(148)A(t)
So, we have

Ji < (14 012) BB(20)" F(z) o(A(t)) = o(A(t) F(x)). (31)

Here we have used the Lemma 8 in the first inequality. Where B is a positive number and
p > 7. Next, we estimate Jo. Setting v in Js equal to p, where p > v, > 1, we obtain
Jo = (em(1l + 611))Pz™P > nPP(N(t) = n)
n>(1+8)A(t)
= O(A))(em(L + 11))Pz 7P = o(A(t) F (), (32)

where we use Assumption I in the second equality, and use Lemma 7 in the last equality.
Plugging (31), (32) into (30), we know that

>, P(N(t) =n)P(Sh — E(S(t)) > 2) = o(A(t) F(2)). (33)
n>(1+0)A(t)
Plugging (29) and (33) into (24), we know that (5) holds. O
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