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§1. Ú ó

Jackson�ä´�a²;�üè�ä, dJ.R. Jacksonu1957c3©z[1]¥JÑ. §�

´�«�A*ÑL§, ´âfXÚ��a­��.(ë�[2]). 'uk���Jackson�ä,

ÙH{59Âñ�Ý�O®ké´L�ïÄ¤J. ©z[3–5]ïÄ
k��Jackson�ä�

H{5Ú�H{5. ©z[6, 7]ïÄ
k��Jackson�äH{���êÂñ�ÝÇÚ�H

{��P~�Ç. éuÃ¡�Jackson�ä, ©z[8–10]ïÄ
L§��35ÚH{5. �©

´ù
(J�UYÚí2. ·�ò�ÄÃ¡�Jackson�ä��H{5.

b½üè�ä¹k�ê�ÑÖ�, P�J = {1, 2, . . .}. 3z��ÑÖ�i ∈ J?, ü

 �mSlXÚ	Ü?\TÑÖ����êÑlëê�ai�Poisson©Ù, ��3TÑÖ

�?�ÉÑÖ��mÑlëê�bi��ê©Ù, ���31i�ÑÖ�?�É�ÑÖ�á

�±pij�VÇ?\1j�ÑÖ�, ¿3@p�ÿ�ÉÑÖ, ½ö±pi0�VÇlmXÚ, Ù

¥pi0 = 1 −
∑
j∈J

pij . �½pii = 0, ùp¡P = (pij)i,j∈J�=£Ý
. �Bå�, Pa = (ai,

i ∈ J), b = (bi, i ∈ J). ¡þãüè�ä�±(a, b, P )�ëê�Ã¡�Jackson�ä.

éuþã£ã�Ã¡�Jackson�ä, ©z[10, 11]�Ñ
ÙéAê¼L§��35Ú

H{5^�. �¦Ööé�µk�¡
), ·�QãXe: PZ+ = {0, 1, . . .}, Z̃+ = Z+∪
{∞}. üèXÚ�G��m�E = Z̃J+. ÏL�E·��Ýþ, E´��;�Ýþ�m(ë

�[2, 11]). -B�Eþ¦ÈÿÀe�m8)¤�σ-�ê. -C(E)´Eþ�¢�ëY¼ê

∗I[g,�ÆÄ7(11201145, 11131003, 11571043)Ú985�8]Ï.

�©2015c11�9FÂ�, 2016c3�11FÂ�?Uv.
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�N�¤�8Ü. ½Â���ê‖ · ‖ : ‖f‖ = sup
x∈E
|f(x)|. (C(E), ‖ · ‖)´��Banach�m.

-D(E) = {f ∈ C(E) : f�Î¼ê}. ¤¢Î¼ê´�¼ê��6uk��©þ: �3

Λ ⊂ J¦�f(x) = f(xΛ, y), ∀x ∈ ZJ+, xΛ ∈ Z
Λ
+, y ∈ ZJ\Λ+ . dStone-Weierstrass½n�:

D(E)3C(E)¥È. ½ÂD(E)þ��fLXe:

Lf(x) =
∑
i∈J

ai[f(x+ ei)− f(x)] +
∑
i∈J

bipi01{xi>1}[f(x− ei)− f(x)]

+
∑
i,k∈J

bipik1{xi>1}[f(x− ei + ek)− f(x)].

Ù¥ei := (0, . . . , 0, 1, 0, . . .) ∈ ZJ+, 1i�©þ�1. ¿5½∞+ 1 =∞− 1 =∞.

b�

sup
j∈J

{
aj +

∑
i∈J

bipij

}
<∞, sup

j∈J
bj <∞. (1)

©z[10]y²�3�����rëYFellerL§η(t), ±L�)¤�. ¿�D(E) = D(L).

�?�Ú, b�c = (ci, i ∈ J)´Jackson�§c = a + cP�), ¿�é?¿�i ∈ J ,

ρi := ci/bi < 1. ©z[10]Ó�y²
Xe�H{5(J. éu?¿Ð©G�η(0) = x(0),

η(t)�©ÙfÂñuπρ: é?¿k�f8V ⊂ J , ±9?¿�xV = (xj , j ∈ V ),

lim
t→∞

P{ηV (t) = xV | η(0) = x(0)} =
∏
i∈V

(1− ρi)ρxii . (2)

����£ãÃ¡�Jackson�ä���m1�, ·�UY�Ä�H{��/, =�

3i ∈ J , ¦�ρi > 1. ù�·�I��Äe¡���5Jackson�§

c = (c ∧ b)P + a. (3)

Ò�©z [4]¥J��@�, ·�^(3)ªO��k��5c = a + cP´Ün�. Ï�3

M/M/1üè�.¥, 6Ñ��ÇAT´6\�Ç�ÑÖ�Ç���. �·�¦^(3)ª�

�#�Jackson�§.

Äk, ·�y²��5Jackson�§�3��), ?
ïÄ�H{�Ã¡�Jackson�

ä�4�1�. ±e´�©�Ì�(J.

½n 1 �Ääk�êÑÖ��Jackson�ä, PJ = {1, 2, . . .}. -c���5Jackson

�§c = (c ∧ b)P + a���), ¿�ρi := ci/bi, I = {i ∈ J : ci < bi}. Ké?¿�xi > 0,

i ∈ U , Ù¥U�I�k�f8, k

lim
t→∞

P[ηi(t) = xi : i ∈ U ] =
∏
i∈U

(1− ρi)ρxii ,

lim
t→∞

P[ηi(t) = xi] = 0, i ∈ Ic.

�©Ì�(�Xe: 12Ü©, ·�Ì�ïÄ#�Jackson�§(3)ª)��3��5.

13Ü©, ·�^ÍÜ��{���Å�'�ü�L§, ?
�ÑÌ�(J�y².
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§2. ��5Jackson�§�)

�!·�Ì�ïÄJackson�§c = (c ∧ b)P + a�).

Ún 2 �Ääk�êÑÖ��Jackson�ä, ÙÌ�§c = (c ∧ b)P + ak��).

y²: (a) Äky²)��35. Ý
/ª�Jackson�§(3)���

cj =
∑
i∈J

(ci ∧ bi)pij + aj , j ∈ J. (4)

XJ·���8ÜI = {i ∈ J : ci < bi}, K(4)ª�L«�

cj =
∑
i∈I

cipij +
∑
i∈Ic

bipij + aj , j ∈ J,

Ù¥Ic = J\I, d�rc©�¤cIÚcIcüÜ©, U�¤c = (cI , cIc). �A��þaP�a =

(aI , aIc). =£Ý
P©�¤PII , PIIc , PIcIcÚPIcIo�fÝ
. duPII�Ì�»σ(PII) <

1, Ïd(I − PII)−1�3��. Ïd(4)k), Ý
/ªL«Xe:

cI = (aI + bIPIcI)(I − PII)−1,

cIc = aIc + bIcPIcIc + cIPIIc .

�w,ùp�I·�¿Ø��, e¡·�^48�{��8ÜI. Äk-

c
(0)
j =

∑
i∈J

bipij + aj <∞, j ∈ J. (5)

duý��À6Ñþ´ci ∧ bi, 
Ø´bi, w,c(0)
j �U�'ý¢�¹ �. -

I(1) = {j ∈ J : c
(0)
j < bj}.

XJI(1) = ∅, Kc(0)
j > bj , j ∈ J , Ïd(5)���

c
(0)
j =

∑
i∈J

(c
(0)
i ∧ bi)pij + aj , j ∈ J.

�c(0)´(4)�). ÄK, -

c
(1)
j =

∑
i∈I(1)

c
(1)
i pij +

∑
i∈I(1)c

bipij + aj ,

±9

I(2) = {j ∈ J : c
(1)
j < bj}.

XJI(1) = I(2), K´�c(1)´(4)�). ÄK­Eþ¡�L§. é���n > 1, -

c
(n)
j =

∑
i∈I(n)

c
(n)
i pij +

∑
i∈I(n)c

bipij + aj , j ∈ J,
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±9

I(n+ 1) = {j ∈ J : c
(n)
j < bj}.

XJ�3n¦�I(n) = I(n + 1), Kc(n)´(4)�). ÄK, ´yc
(n)
j 'un´üN4~�, �

I(n) $ I(n+ 1), n > 0. ¯¢þ, é?¿�j ∈ J ,

c
(n+1)
j − c(n)

j =
∑

i∈I(n+1)\I(n)

(c
(n+1)
i − bi)pij +

∑
i∈I(n)

(c
(n+1)
i − c(n)

i )pij

<
∑

i∈I(n+1)

(c
(n+1)
i − c(n)

i )pij .

-α := c(n+1) − c(n). K

(αI(n+1), αI(n+1)c) < (αI(n+1)PI(n+1)I(n+1), αI(n+1)PI(n+1)I(n+1)c).

du(I −PI(n+1)I(n+1))
−1 > 0, �α > 0, =c

(n+1)
j < c

(n)
j , j ∈ I(n+ 1). Pc := lim

n→∞
c(n), ±

9I := lim
n→∞

I(n) =
∞⋃
n=1

I(n) = {j ∈ J : cj < bj}. du
∑
i∈J

bipij < ∞, d��Âñ½n, �

�

cj =
∑
i∈I

cipij +
∑
i∈Ic

bipij + aj , j ∈ J.

Ïd, c = (c ∧ b)P + ak).

(b) ey��5. �cÚc̃þ�(4)�), K

cj − c̃j =
∑
i∈J

(ci ∧ bi − c̃i ∧ bi)pij ,

üà�ýé�¿'uj¦Ú�

∑
j∈J
|cj − c̃j | 6

∑
i∈J
|ci ∧ bi − c̃i ∧ bi| 6

∑
i∈J
|ci − c̃i|,

¤±þãØ�Ò�U���Ò, duþã1��Ø�Ò´Å�¤á�, �éu¤k�i,

|ci ∧ bi − c̃i ∧ bi| = |ci − c̃i|, i ∈ J,

ùÒ¿�Xci 6 bi��=�c̃i 6 bi. �I = Ĩ := {j ∈ J : c̃j 6 bj}.

c̃j =
∑
i∈I

c̃ipij +
∑
i∈Ic

bipij + aj , j ∈ J.

¤±cI = c̃I = (aI + bIPIcI)(I − PII)−1, cIc = c̃Ic = aIc + bIcPIcIc + cIPIIc . ùÒy²


c = c̃. �
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§3. ½ny²

£ÁEþ� S: x ≺ y¿�Xxi 6 yi, ∀ i ∈ J . ·�`P1(t) ≺ P2(t), XJ

P1(t)f(x) 6 P2(t)f(y), ?¿�x ≺ y, f ∈M,

Ù¥M = {f ∈ D(E) : f(x) 6 f(y), XJx ≺ y}. ηi(t) : (Ω,F ,P) → (E,B)´FellerL

§, PPi(t)�éA�ê¼�+, i = 1, 2. XJé?¿�t, kP1(t) ≺ P2(t), η1(0) ≺ η2(0), K

η1(t) ≺ η2(t) a.s., é?��ε =
(
εi > 0, i ∈ J :

∑
i∈J

εi <∞
)
, �Eü�Jackson�ä, ¦�é

A�L§η+(t)Úη−(t, ε)÷vη−(t, ε) ≺ η(t) ≺ η+(t). η−(t, ε) (ε > 0, i.e. εi > 0, i ∈ J)´

H{�Jackson�ä, �η−(t, ε)k²­©Ùπρ(ε): πρ(ε)(x) =
∏
i∈J

(1− ρi(εi))ρi(εi)xi , Ù¥

lim
εi→0

ρ−i (εi) =
ci

b−i (0)
=

ρi, i ∈ I;

1, i ∈ Ic.

Äk, -Jackson�äη+(t)�ëê½ÂXe:

a+
i =


ai +

∑
j∈Ic

bjPji, i ∈ I;

ai, i ∈ Ic,

p+
ij =

0, (i, j) ∈ Ic × I;

pij , ÄK,

p+
i0 = pi0, b+i = bi.

�yη(t) ≺ η+(t), Ï��3Xe�SÍÜ:

(x, y)→



(x− ei + ej , y − ei + ej), bipij (i, j) /∈ Ic × I;

(x− ei + ej , y + ej), bipij (i, j) ∈ Ic × I;

(x+ ej , y + ej), aj j ∈ J ;

(x− ej , y − ej), bjpj0 j ∈ J.

(6)

(
·�b½p+

ii =
∑
j∈I

pij , i ∈ Ic.
)
5¿�η+

I (t) = {η+
i (t)}i∈I´±I��I8�Jackson�ä.

Ø
p+
i0�O��p

+
i0 +

∑
j∈Ic

pij	, §�Ù§ëê�η+(t)3Iþ���L§´���. du

I = {i ∈ J : ci < bi}, �η+
I (t)´H{��§¤éA�²ï�§�)c+

I , �ucI = {ci}i∈I .
�Ò´`

cj =
∑
i∈I

cipij +
( ∑
i∈Ic

bipij + ai

)
, j ∈ I.
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Ïd, éI�?¿k�f8U

lim inf
t→∞

P[ηi(t) < xi : i ∈ U ] > lim
t→∞

P[η+
i (t) < xi : i ∈ U ] =

∏
i∈U

(1− ρxii ). (7)

�e5, é?¿�ε > 0, �EJackson�äη−(t, ε), ¦�η−(t, ε) ≺ η(t). η−(t, ε)�ëê

Xe:

a−i (ε) = ai, b−i (ε)p−ij(ε) = bipij ,

b−i (ε)p−i0(ε) =

bipi0, i ∈ I;

bipi0 + ci − bi + ε, i /∈ I.

ÏL�EXe�SÍÜ, �yη−(t, ε) ≺ η(t):

(x, y)→



(x+ ei, y + ei), ai i ∈ J ;

(x− ei, y − ei), bipi0 i ∈ J ;

(x− ei, y), ci − bi + ε i ∈ Ic;

(x− ei + ej , y − ei + ej), bipij i ∈ J, j ∈ J.

5¿�

b−i (ε) =

bi, i ∈ I;

ci + ε, i /∈ I,

±9

p−ij(ε) =


pij , i ∈ I;

bi
ci + ε

pij , i /∈ I.

Ïd,

lim
ε→0

b−(ε) = b−i (0) = [bI , cIc ],

±9

lim
ε→0

p−ij(ε) = p−ij(0) =


pij , i ∈ I;

bi
ci
pij , i /∈ I.

duc = (c ∧ b)P + a, ��c = cP−(0) + a = (c ∧ b−(0))P−(0) + a. Ïd, d)���5,

��

c−(0) = c = a(I − P−(0))−1.
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�e5·�5y²é?¿�ε > 0, η−(t, ε)´H{�. -c−(ε)´η−(t, ε)éA�²ï�§�

). ��

c−(ε) = (c−(ε) ∧ b−(ε))P−(ε) + a 6 c−(ε)P−(ε) + a 6 c−(ε)P−(0) + a,

¤±é?¿�ε > 0,

c−(ε) 6 a(I − P−(0))−1 = c−(0) = c < b−(0) < b−(ε).

Ïdη−(t, ε)´H{�. dc−(ε) = c−(ε)P−(ε) + a��

lim
ε→0

c−(ε) = lim
ε→0

a(I − P−(ε))−1 = a(I − P−(0))−1 = c−(0) = c.

aq�,

lim sup
t→∞

P[ηi(t) < xi : i ∈ U ] 6 lim
t→∞

P[η−i (t, ε) < xi : i ∈ U ] =
∏
i∈U

(1− ρ−i (ε)xi). (8)

du

lim
ε→0

ρ−i (ε) =
ci

b−i (0)
=

ρi, i ∈ I;

1, i ∈ Ic,

éÜ(7)Ú(8), -ε→ 0, ��

lim
t→∞

P[ηi(t) < xi : i ∈ U ] =
∏
i∈U

(1− ρxii ),

lim
t→∞

P[ηi(t) < xi] = 0, i ∈ Ic.

�d, ·��¤
½n�y².

d½n��, ¦+d���üèXÚ´�H{�, �·��,�±é�H{�f�ä.
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Long-Time Behavior of Non-Ergodic Infinite Jackosn
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Abstract: For the infinite Jackson network, assume that the net input rates are greater than the

service rates for some nodes. Via solving the new throughput equation, the stochastic comparable processes

are obtained by coupling method, and furthermore the limits for the queueing length in all nodes are also

obtained. Despite the whole network is non-ergodic, it is possible to get the maximal ergodic subnetwork.
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