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§1. Introduction

Stochastic differential equations can be found in many applications in such areas as
economics, biology, finance, ecology and other sciences' !, In recent years, stochastic
partial differential equations in a separable Hilbert space have been studied by many
authors and various results on the existence, uniqueness and the asymptotic behavior of
the solutions have been established (e.g., [4-8]).

The purpose of this paper is to discuss by energy method (that is, the method by
energy equality) the existence and uniqueness of the energy solutions to the stochastic

age-dependent population equations:

(4,P = —%—Pdt — pu(t,Q)Pdt + £(t, P)dt + g(t, P)AW (t) + / h(t, P, 2)N(dt,dz),
a z
inJ=(0,4) x (0,T);
. (1)
P(0,a) = Py(a), in [0, AJ;
A
P(t,0) = B(t,a)P(t,a)da, in [0, 77,
0
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where P(t,a) denotes the population density of age a at time ¢, (¢, a) denotes the fertility
rate of females of age a at time ¢, u(f,a) denotes the mortality rate of age a at time t.
f(t,P)+g(t,P)dW (t)/dt+ [, h(t, P, 2)N(dt,dz)/dt is the effects of external environment
for population system, such as emigration, earthquake and so on. d;P is the differential
of P relative to t, i.e., d,P = (OP/0t) dt.

Recently, the stochastic population equations have received a great deal of attention.
For example, Wang and Wang!®! gave the convergence of the semi-implicit Euler method
for stochastic age-dependent population equations with Poisson jumps. Li et al. 19 studied
the convergence of numerical solutions to stochastic age-dependent population equations
with Markovian switching. Ma et al.['!) investigated numerical analysis for stochastic
age-dependent population equations with fractional Brownian motion and the asymptotic
stability of stochastic age-dependent population equations with Markovian switching in
[12]. Zhang et al.['¥ showed the existence, uniqueness and exponential stability of the
solutions for stochastic age-dependent population. For the case where f, g and h satisfy the
global Lipschitz condition and the coercivity condition, many results are known. However
this global Lipschitz condition is seemed to be considerably strong when one discusses
variable applications in real world.

We are concerned with stochastic age-dependent population equations with Poisson
jump for the case where f, g and h do not necessarily satisfy the global Lipschitz condition.
Thus we discuss the existence and uniqueness of weak solutions to stochastic age-dependent
population equations with Poisson jump (1) with the condition proposed by the author [6,7],
This condition was investigated by [14], [15] and the others as non-Lipschitz condition.
So in this paper we consider the existence and uniqueness of weak solutions for the case
where f, g and h satisfy the local non-Lipschitz condition of this type for the end of wider
applications.

The contents of this paper are as follows. In Section 2 the preliminaries are given. In

Section 3 the existence and uniqueness of the local energy solutions are discussed.

§2. Preliminaries

Let
V = H'([0, A))
2 dp 2 o . . . ..
= {gp ‘ v € L*([0, A]), a € L*([0, 4]), where Ba 5 generalized partial derlvatlve}.

V is a Sobolev space. H = L?([0, A]) such that V < H = H* < V*. V* is the dual space
of V. We denote by || - ||, |- | and || - ||« the norms in V', H and V* respectively; by (-, -)
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the duality product between V', V*, and by (-,-) the scalar product in H.

Let W(t) be a Wiener process defined on complete probability space (€2,.%#,P) and
taking its values in the separable Hilbert space K, with increment covariance operator
Q. Let {#}+>0 be the o-algebra generated by {W(s),0 < s < t}, then W (t) is a mar-
tingale relative to (.%;)i>0 and we have the following representation of W (t): W(t) =
f VAiBi(t)ei, where {e; };>1 is an orthonormal set of eigenvectors of @, 3;(t) are mutually

independent real Wiener processes with incremental covariance \; > 0, Qe; = \;e; and

[e.e]
tr@ = > A; (tr denotes the trace of an operator). For an operator G € £ (K, H) be the
=1

space of all bounded linear operators from K into H, we denote by ||G]|2 its denotes the
Hilbert-Schmidt norm, i.e. |G||3 = tr(GQGT).

Let C = C([0,T]; H) be the space of all continuous function from [0, 7] into H with
sup-norm ||¢||c = sup |¢(s)|, L}, = LP([0,T]; V) and L¥, = LP([0,T]; H).

SR

Let p = (p(t)), t € D, be a stationary .#;-Poisson point process with characteristic
measure A. Denote by N(dt,dz) the Poisson counting measure associated with p, i.e.,

N(t,Z)= > Iz(p(s)) with measurable set Z € #(Z — {0}) which denotes the Borel
s€Dp,s<t

o-field of Z — {0}. Let N(dt,dz) := N(dt,dz) — dtA(dz) be the compensated Poisson
measure which is independent of W (t).

Let f(t,-): L% — H, g(t,-) : L} — £ (K, H) and h(t,-,") : L?; x Z — H be a family
of nonlinear operators, .#;-measurable almost surely in .

Moreover, we impose the following conditions:

(H1) wp(t,a), 5(t,a) are nonnegative measurable, and

0 < po < p(t,a) <oo in J
0<B(t,a) <B<oco in J

(H2) (i) (The growth condition) there exists a function H(t,7) : RY x R™ — R* such
that H(t,r) is locally integrable in ¢ > 0 for any fixed r > 0, and is continuous
monotone nondecreasing and concave in r for any fixed ¢ € [0, T]. Furthermore,

for any fixed ¢t € [0,7] and u € C, the following inequality is satisfied:

[t w)” + [lg(t W)l + /Z [A(t,u, 2)PA(d2) < H(t, ull?),  te[0,T];

(ii) for any constant v > 0, the differential equation, df/dt = vH(t,0), t € [0,T],

has a solution 6(t) = 6(¢;0,60p) on [0, 7] for any initial value 6.
(H3) (i) (The local condition) for any integer N > 0 there exists a function G : RT X
R™ — R™ such that Gn(t,7) is locally integrable in ¢t € [0, T] for any fixed r > 0
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and is continuous, monotone nondecreasing and concave in r with Gy (t,0) =
0. Furthermore, the following inequality is satisfied: for any u,v € C with
lul, [o] <N,

[f(tu) = f(t,0) 1 + gt w) — g(t,0)|[3 + /Z |A(t,u, z) = h(t,v, 2)|*A(dz)
<Gn(tlu—vld),  te0,T];

(ii) for any constant v > 0, if a nonnegative function z(t) satisfies that

z(t) < ’y/o Gn(s,z(s))ds,

for all t € [0,T], then z(t) = 0 holds for any t € [0, T).

(H4) (i) (The global condition) there exists a function G(¢,7) : R x Rt — R™ such that
G(t,r) is locally integrable in t € [0,T] for any fixed » > 0 and is continuous,
monotone nondecreasing and concave in r for any fixed ¢ € [0,7]. G(t,0) =0
for any fixed t € [0,7]. Furthermore, the following inequality is satisfied: for
any u,v € C,

[f(tu) = f(t,0) 1 + gt w) — g(t,0)|5 + /Z |A(t, u, 2) = hit,v, 2)|*A(d2)
< G(taHu_UH%’)? te [OaT];

(ii) for any constant y > 0, if a nonnegative function z(t) satisfies that

t
A0 <7 [ Glsia(s)ds,
0
for all ¢ € [0, 7], then z(t) = 0 holds for any ¢ € [0,T].

Remark 1  (H3) (i) is a generalization of the following condition:
(i) (The local Lipschitz condition) for any fixed integer N > 0, there exists an Ly > 0
such that for any u,v € C with |u| < N and |[v| < N,

|F(tu) = f(t0)]* + llg(t,u) — g(t,v)]15 + /Z |h(t,u, z) — h(t,v,2)[*A(dz)
< Lyllu— |3, t € 0,7

(H4) (i) is a generalization of the following condition:
(i) (The global Lipschitz condition) there exists a constant L > 0 such that u,v € C,

|f(t7u) - f(t7 U)|2 + Hg(t7u) - g(t7v)”% + /Z ‘h(t, u72) - h(t, v, Z)P)‘(dz)

gLHU_UH%U te [O)T]
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Lemma 2 (See [8]) For any ¢t > 0, there exists a constant ¢ > 0 such that

E sup ‘/ / [Ih(1, P(1), 2) ~|—2(P(l),h(l,P(l),z))]N(dl,dz)

0<s<t

1
<ZE[ sup |P(s) +cE/ / (s, P(s), 2)[*A(dz)ds

0<s<t

8§3. Existence and Uniqueness of Energy Solutions

In this section we discuss the existence and uniqueness of energy solutions to the
stochastic age-dependent population equations with jumps (1) in a Hilbert space. First

we give the definition of the energy solution to (1).

Definition 3  An .%;-adapted stochastic process P(t) on the probability space (€2, .Z#,

P) is called the energy solution to (1) if the following conditions are satisfied:

(i) P(t)eI?*0,T;V)NL*Q;C(0,T; H));

(ii) the following equation holds in V* almost surely,

=Py — /8P d—/t(,aPsds+/tfs7Ps)ds
—i—/o g(s, P // (s, P, z)N(ds, dz), inJ;

P(0,a) = Py(a), in [0, AJ;

P(t,0) / B(t,a)P in [0, 77,

where P(t) := P(t,a), Py := P(0,a);

(iii) the following stochastic energy equality holds: for ¢ € [0, T,

PR =R 2 (= 70 pe )P, P )ds 42 [(P().fs. P s
2 / (P(s), g(s, P())dW (5)) + /0 lo(s, P(s))[13ds
/ / [|h(s, P(s |2—|—2( (s), h(s,P(s),z))]N(ds,dz). (2)

When the coefficients f and g (i.e. h = 0) of (1) satisfy the global Lipschitz condition,
Zhang et al. '3 proved the existence and uniqueness of the energy solution to (1). So using
the similar method as by [13], we have the following theorem for (1) of which the coefficients

f, g and h satisfy global non-Lipschitz condition.
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Theorem 4  Assume that conditions (H1) and (H4) are satisfied. Then there exists

a unique energy solution P(t) to (1).

We are in position to prove the main theorem in this paper.

Theorem 5 Assume that conditions (H1)—(H3) are satisfied. Then there exists a
unique energy solution P(t) to (1).

Proof Let N be a natural integer and let Ty € (0, (1/4) A (1/(4\1432 —2uo0|)) ANT).

We define the sequence of the functions { fy (¢t,u)}, {gn(¢t,u)} and {hy(t,u, z)} for (t,u) €
[0, Tp] x C as follows:

f(t,u), if Ju] < N;
fN(tvu) =
F(t Nulul), it ful > N,
g(t,w), if [ul < V;
gn(t,u) =
ot, Nu/lul), it ful > N,
h(t,u, z), if [ul < N;
hn(t,u,z) =

h(t, Nu/|ul|, z), if |u| > N.

Then the functions {fn(t,u)}, {gn(t,u)} and hn(t,u,z) for u,v € C, t € [0,Tp]
satisfy (H2) and the following inequality

[t u) = fv ()P + llgn (8 u) — gn (o) 13 + /Z v (t,u, 2) = hiv (8, v, 2)[PA(d2)
<Gt lu—vl2):

Thus by Theorem 4 there exist the unique energy solutions Py(t) and Py1(t), re-

spectively to the following stochastic age-dependent population equations:

P(t):Po—/O a];()d —/tﬂ( ds+/ Fa(s, P(s))ds

+/0th( / /hN s, P(s), z)N(ds,dz),

P(t):Po—/o ‘”;”d —/u( a)P( ds+/fN+1sP< ))ds

a

+/0th+1(8 P(s / /hN+1 5. P(s),2) N (ds, dz2).

Define the stopping times o := Ty A inf{t € [0,T] : |Pn(t)| = N}, ony1 := To Ainf{t €
[0,7]: |Pnt1(t)| = N + 1}, 7v := on A ony1. By the energy equality

|Pv41(t) — Py (1)
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=2 /0 <P N+1(8) = P (s), —8P]g21(5) + aPaNa (s) _ (s, a)(Pyi1(s) — PN(S))>ds

+2 / (Px41(5) = P(s), fivs1(s, a1 () — Fv(s, P(s)))ds
2 / (Px41(5) — Pr(s), gn+1(5, Pa41(5)) — g (5, Pre()))d1W (s)
+/ lgn+1(8, Py11(8)) — gn (s, Py (s))]3ds

0

# [ havss(o,Pres(s).2) = (s, Pu(s). 2P
+ 2(Pn41(s) — Pn(s), hAng1(s, Pn41(s), 2) — hn (s, Pn(s), 2))] N(ds, dz)

_2/(; <PN+1(S)_PN(S)78(PN+1(88)CL_ PN(S))>dS_2MO/O ’PN+1(8)—PN(S)|2dS

N

2 /0 (Pas1(s) — Prv(s). fvsn (s, Psa(s)) — fv(s, P(s))ds
" / lgn+1(5: Pasa(s)) — gn(s, Pr(s))|3ds
0
2 / (Pya(s) — Py(s). an1 (5, Py (s)) — g (s, Por(s))dIV (s)

/ / 41 (5, Py (s), 2) — by (s, Pre(s), 2)|

+2(Pyy1(s) = Pu(s), hasa(s, Pn1a(s), 2) — b (s, P (s), 2))] N(ds, dz).

Since
— <PN+1(S) — Pn(s), a(PNH(‘ga_ PN(S))>
! 2
/ (Pn+1(s) — Pn(s))da(Prn1(s) — Pn (s / B(t,a)(Pns1(s) — (s))da)

/ B2(s,a da/ (Pn41(s) — Py(s))*da < §Aﬁ |Pny1(s) — Pn(s)]2.
Therefore, we get that

|Pv+1(t) = Pu (1)

< |4B° - 2u0!/0 |Pni1(s) — Pr(s)|*ds +/0 lgn+1(s, Pn+1(s)) — gn (s, Pn(s))]3ds
2 / (Px41(5) — Pu(s), fvsa(s, Prsa () — (s, P(s))ds

2 /0 (Pr41(5) — P (s), gn41(5: Py (s)) — an(s, Py (s)))dW (s)



448 Chinese Journal of Applied Probability and Statistics Vol. 32

/ / v s1(5, Py41(5), 2) — hiv (5, Pre(s), 2)]?

Py (s), hn41(s, Pr1(s), 2) = b (s, Pu(s), 2))] N (ds, d2).

+2(Pn41(s) —

It holds that

ZE[ sup /OS<PN+1(7“) — Pn(r), fns1(r, Pnya(r)) — fa(r, PN(’")»dr}

0<s<t/\TN

tATN tATN
<E /0 Prsa(s) — Py(s)|2ds + E /0 (s P (s)) — fa(s, Pu(s))Pds

tATN
Prsa(9) = Pr()F] +E [ Ifcsa (s Pacaa(9) = (s, P(e)) P

< TE[ sup
0<s<INTN
By the Burkholder-Davis-Gundy’s inequality, we have
sup | [ 1Pwislr) = Py ) gvn (. Praa(r) = o (r P ) AW ()
0<s<t/\7-N
1 9 tATN 9
< zE[ sup [Pya(s) = Pu(E] +HE [ llawaa(s, Pusa(s) = ax (s Pu(s) s,
0<s<tATN 0

for some positive constant k > 0.
Applying Lemma 2, for any ¢ > 0 and certain positive constant ¢ we can yield that
sup

/ / ho1(ry Py (1), 2) — hoy(r, Py (1), 2)]
0<S<t/\TN

+2(Pyy1(r) — Py(r), A1 (r, Pysa(r), 2) — hv(r, Pa(r), 2))| N(dr, dz) H

< 1E[ sup  |Pnyi(s) — PN(S)ﬂ

4 Logs<tary
tATN
+ cE/ / |41 (s, Prri(s), 2) = (s, Pa(s), 2)|*A(dz)ds
0 A
Hence
E[ sup |Pn+1(s) — PN(S)‘Q]

Oését/\TN

tATN
< |AB® - 2ufE / [Praa(s) — Pr(s)Pds + 2E[ sup  [Pyaa(s) — Px(s)P
0 O0<s<EINTN
tATN
L (14 RE / lgv41(5, Prs1(s)) — gv(s, Pu(s))|3ds
tATN ‘
- /0 v (s, Py (s)) — fx(s, Pu(s))Pds

tATN
+ cE/ / |hns1(s, Pnyi(s), 2) — h (s, Pn(s), 2)|*A(dz)ds
0 z
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Then since for 0 < s < 7n, fyt1(s, Pn(s)) = fn(s, Pn(s)), gn41(s, Pn(s)) = gn(s,
Pn(s)), hn+1(s, Pn(s),z) = hn(s, Pn(s), z), we have that

E[ sup \PN+1(8)—PN(3)‘Q]

Oésgt/\TN

tATN

72 1

< |AB” - 2M0|E/ |Pnya(s) — Pn(s)[’ds + =E| sup  [Pyyi(s) — Py (s)|?
0

2 0<s<INTN

tATN
+(1+ k)E/ lgn-+1(s, Pr+1(s)) — gn+1(s, Pr(s)) [3ds
0

tATN

FE [ (s Pana(9) = fv(s, Pu(9)Pds
0
tATN

+ cE/ / |hns1(s, Pny1(s), 2) — hnyi(s, Pr(s), 2)|*A(d2)ds.

0 Z

Since Ty > 0 is given as a sufficiently small time as |AB2 —2u0|T < 1/4 and

tATN

72 1

AT~ 20fe [ 1Pxaa(s) — Px()Pds < (€[ swp [Pvaas) — P (o)),
0

0<s<tATN

we get that

E[ sup |[Pny1(s ATn) — Pn(s A TN)|2}

0<s<t

t
<41+ k)E/ lgn+1(s ANy Pry1(SATN)) — gn+1(s ATy, Py (s A TN))H%dS
0
t
+ 4E/ ’fN+1(8 NTN, PN+1(S AN TN)) — f]v+1(8 NTN, PN(S AN TN))‘QdS
0
t
+ 4CE/ / ‘hNJrl(S NTN, PN+1(S VAN TN), Z) - hN+1(8 NTN, PN(S VAN TN), z)|2)\(dz)ds
0 JZ

t
< 4(2 +k+ C)E/ GN_H(S NTN, HPN+1(3 N TN) — PN(S N TN)H%)dS.
0
Thus, there exists a v > 0 such that

E[ sup |Pyy1(s ATn) — Pn(s /\TN)\Q]

0<s<t

t
év/ GNH(T/\TN,E[ sup |Pny1(r ATN) fPN(r/\TN)IQDdr
0

0<r<s

for all ¢t € [0,Tp], by (H3),

E| sup  |Pyia(s)— Pu(s)P] =0.

0<s<TATN

Therefore we obtain that Pyi1(t) = Pn(t) for 0 < t < Ty A 7y, a.e. w. For each w € Q
there exists an No(w) > 0 such that 0 < Ty < 7n,. Define P(t) by P(t) = Pn,(t) for
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t € 10, Tp]. Since P(t A7n) = Pn(t A Tn), in V* it holds that

Pt Ary) = P(0) — /0 ™ ‘”j;Va(S)ds_ /0 ™ (s, ) Pu(s)ds + /0 ™ (s, Pa(s))ds

+ /O (s, Pa(s))dW (s) + /0 . /Z hi (s, P (s), 2) N (dz)ds

tATN OP tATN tATN
=Py —/O ais)ds —/ M(s,a)P(s)ds—k/O f(s, P(s))ds

0
tIATN tATN .
—|—/ g(s, P(s))dW (s) —|—/ / h(s, P(s),z)N(dz)ds.
0 0 Z
Letting N — oo, we have that in V*

L oP(s)
0 8(1

0
-l—/o g(s,P(s))dW(s)+/0 /Zh(s,P(s),z)N(dz)ds, t € [0, Tp).

P(t)y=PFy — ds / wu(s,a)P(s)ds +/0 f(s, P(s))ds

The energy equation for P(t) holds as Py satisfies the energy equation. Thus we have
that P(t) is an energy solution to (1), which completes the proof of the theorem. O
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