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Eâ. Zou [8]�ÑLasso�Oé¤kXê�Ø §Ý�Ó, Ïd¦JÑ
Adaptive-Lasso�

{, ù«�{éØÓXê¦^ØÓ§Ý�Ø �J, ¦Lasso�OäkOracle5�. X83

Nõ¢S¯K¥, A^Adaptive-Lasso�{?1õ�ÚO©Û��
éÐ�¤1.  ~S

�< [9]�é¢½»/gê�í�Ï��Adaptive-Lasso©Û, éÐ/ýÿ
¢½»/gê.

�©�éÜ�ó��ÆêÆÆ���)3�¤1, ©Û���§é��¤1�K�,

3Ì¤©©Û�Ä:þ$^Adaptive-Lasso�{?1ï�, ¿ýÿ���Ï¤1. Ø=k

Ïu·�
)���Æ)ÆSA:, Ó��U�Ï�Æó�ö�Ð/Sü�ÆSN, ±9

�ÓÆ��ÆS��Jø�½ë�.

§2. ý��£

2.1 Ì¤©�.

Ì¤©©ÛÒ´|^ü�g�, 3êâ&E��þ����Ke, òõCþ?1�Z

nÜÚ{z��{, Ù�.�

Y1 = aT
1X = a11X1 + a21X2 + · · ·+ am1Xm

Y2 = aT
2X = a12X1 + a22X2 + · · ·+ am2Xm

...

Ym = aT
mX = a1mX1 + a2mX2 + · · ·+ ammXm

,

Ù¥X1, X2, . . . , Xm�a,��m�)ºCþ, Y1, Y2, . . . , Ym�)¤�m�Ì¤©. PY =

(Y1, Y2, . . . , Ym)T, X = (X1, X2, . . . , Xm)T, ai = (a1i, a2i, . . . , ami)
T, ¿÷vaT

i ai = 1, i =

1, 2, . . . ,m. ¢S¯K¥, Ì¤©Y��Ý'X�, =Y = (Y1, Y2, . . . , Yp)
T (p < m), p�À

JL¦�Ì¤©�zÇØ$u70%.

¤�Y1 = aT
1X�¡�X1, X2, . . . , Xm�1�Ì¤©, �¦Y1¦�U�N�m�Cþ

�&E. ùp, “&E”^��5Ýþ, =Var (Y1)��, L«Y1¹X1, X2, . . . , Xm¥�&E

Ò�õ. eY1Øv±�N�Cþ�“&E”, 2�Ä¦Ñ1�Ì¤©Y2 = aT
2X, ¿÷v

Cov (Y1, Y2) = aT
1Σa2 = 0 (Σ�X����Ý
). ¤��m�Ì¤©Y1, Y2, . . . , Ym*dm

pØ�', ù�;m
Cþm��5�¯K.
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Ì¤©¦{: k¦ÑX����
Σ�A��–A��þé(λi, ei), i = 1, 2, . . . ,m, �

λ1 > λ2 > · · · > λm, K1i�Ì¤©dYi = eTiX�Ñ.

2.2 Adaptive-Lasso�{

Lasso´�«ëê�OÚCþÀJÓÚ�Eâ, Ùëê�O½Â�

β̂Lasso = arg min
∥∥∥Y − p∑

j=1
Xjβj

∥∥∥2 + λ
p∑
j=1
|βj |. (1)

ª(1)¥, λ´�K�Kzëê, β = (β1, β2, . . . , βp)
T´£8Xê, Xj = (x1j , x2j , . . . , xnj)

T,

j = 1, 2, . . . , p´ýÿCþ, X = (X1, X2, . . . , Xp)´ýÿCþÝ
, Y = (Y1, Y2, . . . , Yn)T´

�ACþ. ª1�1�Ü©¡�“l1¨v”, �Xλ�O\, Lasso�{¦�XêëY/ªu0,

eλv
��, KXê ��0.

��U?�Lasso�{, ¡�Adaptive-Lasso�{, Ùëê�O½Â�

β̂∗(n) = arg min
∥∥∥Y − p∑

j=1
Xjβj

∥∥∥2 + λn
p∑
j=1

ŵj |βj |. (2)

ª(2)¥, ŵj = 1/|β̂j |γ (γ > 0), j = 1, 2, . . . , p, Ù¥β̂ = (β̂1, β̂2, . . . , β̂p)
T�ÊÏ���¦{

¤�Xê�O�. P��þ

Ŵ = (ŵ1, ŵ2, . . . , ŵp)
T =

( 1

|β̂1|γ
,

1

|β̂2|γ
, . . . ,

1

|β̂p|γ
)

=
1

|β̂|γ
(γ > 0).

§3. Ì¤©©Û

�©¥¤¦^�¤1êâ5gÜ�ó��Æ�ÖÜ, �06�09?êÆ�A^êÆ({

¡“êÆ”);�, �4�c?�Æ)3��c8�ÆÏ¥���§�Á¤1(¤^êâ²LI

Oz?n). Äké06–09?êÆ;�c5�ÆÏ¤k�§�?1Ì¤©©Û, ¿ïá£8�

..

3.1 Ì¤©©Û

±06?�~, ké�NÆ)c5�ÆÏ��§¤1?1´Ä·ÜÌ¤©©Û�u�, æ

^KMOu�ÚBartlett¥Nu�, (JXL1¤«:

L1 KMOu�ÚBartlett¥Nu�

KMOu� 0.866

Bartlett¥Nu�

Cqk� 2 458.941

gdÝ 780

wÍ� 0.000
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L1w«KMOu����0.866, �Bartlett¥Nu��P��0.000, ÏdÜ·?1Ì

¤©©Û. æ�����Ïf^=é¤©Ý
?1^=, �ª�Ì¤©©Û(JXL29

L3¤«.

L2 )º�o��

¤©
Ð©A�� J�²�Ú

ÜO ���% \È% ÜO ���% \È%

1 15.366 38.416 38.416 15.366 38.416 38.416

2 3.169 7.922 46.337 3.169 7.922 46.337

3 2.094 5.235 51.572 2.094 5.235 51.572

4 1.770 4.426 55.998 1.770 4.426 55.998

5 1.478 3.696 59.694 1.478 3.696 59.694

6 1.353 3.383 63.077 1.353 3.383 63.077

7 1.341 3.352 66.429 1.341 3.352 66.429

8 1.176 2.940 69.369 1.176 2.940 69.369

9 1.049 2.622 71.991 1.049 2.622 71.991

L3 ^=¤°Ý


¤°

1 2 3 4 5 6 7 8 9

ê©A 0.786 0.296 0.056 0.038 0.156 0.089 -0.071 0.045 -0.037

p�A 0.869 0.096 -0.063 0.025 0.061 -0.029 0.023 0.122 0.105

)A 0.860 -0.013 0.157 -0.132 0.062 -0.059 0.148 -0.055 -0.046

O�Å 0.282 0.199 0.016 0.151 0.727 0.045 0.248 0.014 0.083

g? 0.254 0.127 0.549 0.135 0.223 0.226 -0.012 0.256 -0.125

N�1 -0.239 0.093 0.294 -0.165 0.280 0.367 0.535 0.070 -0.016
...

...
...

...
...

...
...

...
...

...

dL2��, l40��§(�CþX)¥J�
9�Ì¤©, Ù\O�zÇ��71.991%

(�©J�Ì¤©�IO�: �zÇ> 70%).

dL3��, 1�Ì¤©Ì���½;�7?�(êÆ©Û!)ÛAÛ!~�©�§

�)9�½êÆÄ:�(p��ê!EC¼ê!VÇØ�), Ù�zÇ�38.416%; 1�Ì¤©

Ì���½;�À?�(�©AÛ!êâ¥�n!Ü�²LÆ�), Ù�zÇ�7.922%; 1

n�1Ê�Ì¤©Ì���½ú��(/³��ü!�¯nØ!¥IC�¤�), Ù\O�

zÇ�13.357%; 18�1l�Ì¤©Ì���½N�9¢��(N�Ú�¯Ôö), Ù�z

Ç\O�9.675%; 1Ê�Ì¤©Ì���½=��(�Æ=��§), Ù�zÇ�2.622%.
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UìÓ���{, �g��07–09?êÆ;��Ì¤©©Û(J.

07êÆ: 1�Ì¤©Ì���½êÆÄ:�(¢C¼ê!EC¼ê!VÇØ�)9�

½;�À?�(êâ(�!~^êÆ^�!Ü�²LÆ�), Ù�zÇ�33.623%; 1��

Ì¤©Ì���½;�7?�(êÆ©Û!)ÛAÛ!¡�é�§S�O�), Ù�zÇ

�7.086%; 1n�Ì¤©Ì�´�½=��(�Æ=�), Ù�zÇ�5.687%; 1o�189

1Ê�Ì¤©Ì���½ú��(/³��ü!�¯nØ!¥IC�¤�), Ù�zÇ\O

�14.887%; 1Ô�1l91��Ì¤©Ì���½N�9¢��(N�Ú�¯Ôö), Ù�

zÇ\O�8.747%.

08êÆ: 1�Ì¤©Ì���½êÆÄ:Ú7?�(~�©�§!EC¼ê!VÇØ

�), Ù�zÇ�29.656%; 1�Ú18�Ì¤©Ì���½ú��(/³��ü!�¯n

Ø!g����), Ù�zÇ�16.762%; 1n�1o91Ô�Ì¤©Ì���½êÆ;�

7?�(êÆ©Û!)ÛAÛ!�ÆÔn�)9�½;�À?�(lÑêÆ!�©AÛ!Ü

�²LÆ�), Ù\O�zÇ�14.759%; 1ÊÌ¤©Ì���½=��(�Æ=�), Ù�z

Ç�4.465%; 1l91Ê�Ì¤©Ì���½N�9¢��(N�Ú�¯Ôö), Ù�zÇ

\O�5.795%.

09êÆ: 1�Ì¤©Ì���½êÆÄ:Ú7?�(p��ê!~�©�§!VÇØ

�)9�½=��(�Æ=�), Ù�zÇ�34.677%; 1�Ì¤©Ì���½êÆ;�7?

�()ÛAÛ!¡�é�§S�O�), Ù�zÇ�7.692%; 1n�1Ê!1Ô�1l91

��Ì¤©Ì���½ú��(/³��ü!�¯nØ!g����), Ù\O�zÇ�

23.679%; 18Ú1Ê�Ì¤©Ì���½N�9¢��(N�Ú�¯Ôö), Ù�zÇ\O

�6.483%.

du06?Ú07?�105��ÆOy, 08?Ú09?�108��ÆOy, Ïd, �c?Ì

¤©�À½3�êÚ¹ÂþÑk�É. �ü��ÆOy3�§�a.Ú�§��m��þ

CÄ��, Ïd�c?�Ì¤©�ê9¹ÂÄ��q.

3.2 ïá£8�.

|^Ì¤©�{¤��¤©Ý
, æ^ÅÚ£8�{ïá18ÆÏoN¤1(y)�cÊ

ÆÏÌ¤©(prin1∼prin9)�m�£8�.(±06?�~), ¤�(JXL4:

L4 £8Xê

�O� IOØ� T� wÍ�

�å� 78.719 0.447 176.212 0.000

prin1 1.483 0.115 12.935 0.000

prin4 -0.992 0.338 -2.937 0.004

prin5 -1.448 0.369 -3.918 0.000

�§Fu��P�: 0.000.
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L4�Ñ
�.�£8Xê9�A�u�. �.ÏL
Fu�, �£8Xê�ÏL


Tu�, [Ü`Ý�0.697, þ�Ø��17.362, ¤�ýÿ�.�

y = 78.719 + 1.483× prin1− 0.992× prin4− 1.448× prin5.

aq���07–09?êÆ;��ýÿ�., o(XL5¤«:

L5 06–09Ì¤©ÅÚ£8(J

c? £8�§ R2 MSE

06êÆ y = 78.719 + 1.483× prin1− 0.992× prin4− 1.448× prin5 0.697 17.362

07êÆ y = 69.694 + 2.798× prin1 0.583 83.887

08êÆ y = 77.966 + 2.544× prin1 + 1.374× prin3 0.725 30.201

09êÆ y = 77.998 + 1.737× prin1− 1.527× prin2 0.518 46.925

dL5�, �.�[Ü`Ý¿Øp, Ïd, �ÄÄuAdaptive-Lasso�{ïá£8�..

§4. Adaptive-Lasso

4.1 Adaptive-Lasso£8�.

duAdaptive-Lasso´�«ëê�OÚCþÀJÓÚ�Eâ, 3�![ïá18ÆÏ

oN¤1(y)�c5�ÆÏ¤k�§¤1(X1, X2, . . . , X40)m�Adaptive-Lasso£8�.. ¤

��.XL6 (±06?�~):

L6 £8XêL

�å� X1 X2 X3 X4 X5 X6 X7 X8 X9 X10

36.05248 0 0 0 0 0 0 0 0 0 0

X11 X12 X13 X14 X15 X16 X17 X18 X19 X20 X21

0 0 0 0 0 0 0 0.0963 0 0.1037 0

X22 X23 X24 X25 X26 X27 X28 X29 X30 X31 X32

0 0 0 0 0 0 0 0 0 0 0

X33 X34 X35 X36 X37 X38 X39 X40

0 0 0 0 0.3398 0 0 0

dL6��, Adaptive-Lasso�{�3
118!20Ú37��§, =êÆ©Û(III)!~�

©�§(II)Úêâ¥�n. ¤��.�[Ü`Ý�0.83, þ�Ø��18.46349. Ïdýÿ�

.�

y = 36.05248 + 0.0963×X18 + 0.1037×X20 + 0.3398×X37.
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aq���07–09?�Adaptive-Lassoýÿ�., XL7:

L7 06–09 Adaptive-Lasso£8(J

c? £8�§ R2 MSE

06êÆ y = 36.05248 + 0.0963×X18 + 0.1037×X20 + 0.3398×X37 0.83 18.46349

07êÆ y = 18.20753 + 0.2166×X13 + 0.2806×X20 + 0.2753×X41 0.828 68.97871

08êÆ

y = − 78.57086 + 0.0778×X15 + 0.2281×X19 + 0.1357×X22

+ 0.6642×X24 + 0.5955×X28 + 0.048×X29 0.834 28.47147

+ 0.0964×X33 + 0.0548×X34

09êÆ y = 48.02478 + 0.3941×X35 0.803 47.39269

duÐ©Cþ�õ�*d��5¯Kî, Adaptive-Lasso�{ÀJ�ÏCþØäv


��L5, �d3e�!¥Äu¤ÀJ�Ì¤©?1Adaptive-Lassoï�.

4.2 ÄuAdaptive-Lasso�Ì¤©£8�.

�![ïá18ÆÏoN¤1(y)�c5�ÆÏ�Ì¤©(prin1∼ prin9)m�Adaptive-

Lasso£8�., ¤�(JXL8¤«(±06?�~).

L8 £8�.

�O� IOØ� T� P� wÍ5

�å� 78.71897 0.4738641 166.121417 0.000000000 ***

prin1 1.451765 0.1215778 11.941040 0.000000000 ***

prin4 -0.5934945 0.3582777 -1.656521 0.101392241

prin5 -1.1207356 0.3918903 -2.859820 0.005359963 **

�§Fu��P�: 0.000.

dL8�±w�Adaptive-Lasso£8�.À�
prin1!prin4!prin5ùn�¤©, Ì�

�)êÆÄ:�!êÆ7?�Ú�£���. prin2!prin39prin6∼ prin9Ì��)À?

�Ú�SÏ£�, §��18ÆÏ¤1m��'5é�±��±�Ñ. Ì¤©�{)û


Cþm���5, Adaptive-Lasso3dÄ:þGØ
é18ÆÏ¤1K����Ï�.

,	, �.�N´�~wÍ�, [Ü`Ý�0.731, þ�Ø��17.83199, Ïdýÿ�.

�

y = 78.71897 + 1.4518× prin1− 0.5935× prin4− 1.1207× prin5.

aq���07–09?�Ì¤©Adaptive-Lasso£8�., XL9:
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L9 06–09Ì¤©Adaptive-Lasso£8(J

c? £8�§ R2 MSE

06êÆ y = 78.71897 + 1.4518× prin1− 0.5935× prin4− 1.1207× prin5 0.731 17.83199

07êÆ y = 69.69385 + 2.737849× prin1 0.605 83.94093

08êÆ y = 77.96578 + 2.495618× prin1 + 1.02984× prin3 0.745 30.56179

09êÆ y = 77.99848 + 1.638958× prin1− 1.024039× prin2 0.587 47.86493

4.3 �.'�

�©Ì�$^Ì¤©ÅÚ£8!Adaptive-Lasso£89Ì¤©Adaptive-Lasso£8n

«�{, é06–09êÆ;�18ÆÏoN¤1?1ï�©Û, ��{�R2ÚMSEXL10:

L10 �.'�

Ì¤©ÅÚ Adaptive-Lasso Ì¤©Adaptive-Lasso

c? R2 MSE R2 MSE R2 MSE

06êÆ 0.697 17.362 0.830 18.46349 0.731 17.83199

07êÆ 0.583 83.887 0.828 68.97871 0.605 83.94093

08êÆ 0.725 30.201 0.834 28.47147 0.745 30.56179

09êÆ 0.518 46.925 0.803 47.39269 0.587 47.86493

dL10��, é�©Cþ��ïáAdaptive-Lasso£8�., äk�p�[Ü`Ý, �

Ü©�.¤ÀJ�gCþ�õ�*dmäk��5¯K, ¤±l¢S�ÝÑu, Ì¤©

Adaptive-Lasso£8¤��.�é½��.)º5�Ð.

|^Ì¤©Adaptive-Lasso£8�{, é06êÆ;�18ÆÏ¤1?1[Ü, Xã1¤

«, [Ü�J�`.
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�â06–09?êÆ;��Ì¤©Adaptive-Lasso£8�.(J��: 1�, K����

Ï¤1����§´�½êÆÄ:97?�, Ùg´�½;�7?�; 1�, 06�07?�K

�Ï�ÅÄ��, 08�09?�K�Ï�ªu²; 1n, �c?�Ï¤1�ýÿ°Ý²

wØÓ. Ì��Ïk±eA:: Äk, êÆ;��Æ)ÌôêÆ, k²w�;� �; Ùg,

06–07?Ú08–09?�1��ÆOy��ØÓ, �07?18ÆÏ��§���06?�O��,

08?�09?�´��; 2ö, �
�½;��§��]CÄ, 3�½§Ýþ��
�c?

��Ï¤1ÅÄ��, ?�c?�ýÿ�JØ¦�Ó.

§5. o (

�©éÜ�ó��ÆêÆÆ�06–09?êÆ;�c8ÆÏ�§9Ù¤1, ©Oïá


Ì¤©ÅÚ£8�.!Adaptive-Lasso£8�.±9Ì¤©Adaptive-Lasso£8�.. n

öé'©Û���, Ì¤©ÅÚ£8��y
�Ð��.)ºÚýÿ°Ý, ��.�[Ü

`Ý��; ÄuAdaptive-Lasso�Ì¤©£8K3cöÄ:þU?
[Ü`Ý, Jp
ý

ÿó��O(5Ú¢S5; ��é�©Cþ��?1Adaptive-Lasso£8, �÷v
�p�

[Ü`Ý�ýÿ°Ý��Ð, �l¢S�Ý�Ä, Ù�.)º5Øp, vkéÐ�¢S¿
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The Statisitical Analysis of Undergraduate Grades Based

on the Adaptive-Lasso

TAN Changchun ZHANG Xuelian HU Junying

(School of Mathematics, Hefei University of Technology, Hefei, 230009, China)

Abstract: In this paper, the multivariate linear statistical method is applied to research the un-

dergraduate grades of students from the school of mathematics in Hefei University of Technology, and

explore the impact on the later achievement by the early stage of achievement from all undergraduate

courses. First, we get the main components from the previous courses by principal component analysis,

then construct a linear regression model between the later achievement and main components by the

stepwise regression method. Next, a linear regression model between the later achievement and the early

stage of achievement from all undergraduate courses is constructed by Adaptive-Lasso method. Finally,

comparative analysis is performed for the result of the above models. The research shows that the principal

component regression model based on the Adaptive-Lasso method can well fit the later achievement, and

give a reasonable explanation for the later academic performance.

Keywords: undergraduate grades; principal component analysis; multivariate linear regression

model; Adaptive-Lasso
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