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§1. Ú ó

ND�Vg�@dBozorgnia�3©z[1]�Ñ, NDS�´î�fuNAS��. ù
V

g3��5nØ!'ßnØÚõ�ÚO©Û�¥þk2��A^ [2–4], ÏND�ÅCþS

��VgÚå
Æö�2�'5. �X��L5�(JXéêÆ!�êØ�ª9\�Ú�

��Âñ5�®²�ïáå5 [5–7]. ÏdòNAS���
4�5�('X°(ìC5)?�

Úí2�NDS�þ´�©7��.

½Â 1 (�©z [8]) ¡�ÅCþX1, X2, . . . , Xn, n > 2´NA (negatively associat-

ed)�, eé{1, 2, . . . , n}�?¿ü���Ø�f8A1ÚA2, þk

Cov (f1(Xi; i ∈ A1), f2(Xj ; j ∈ A2)) 6 0,

Ù¥f1Úf2´¦þªk¿Â�é�CþØü�¼ê. ¡�ÅCþ�{Xn;n > 2}´NA�, X

Jé?¿�n > 2, X1, X2, . . . , Xn´NA�.

½Â 2 (�©z[1]) ¡�ÅCþX1, X2, . . . , Xn´ND (negatively dependent)�, e

é¤k�¢êx1, x2, . . . , xn, k

P
[ n⋂
j=1

(Xj 6 xj)
]
6

n∏
j=1

P[Xj 6 xj ], (1)

P
[ n⋂
j=1

(Xj > xj)
]
6

n∏
j=1

P[Xj > xj ]. (2)

∗WAÆ�Æ¬�ïéÄÄ7ÚWAÆ�p����ÆU��8(1OÒ: JYJG20150222)]Ï.

�©2015c5�11FÂ�, 2015c12�21FÂ�?Uv.
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½Â 3 ¡�ÅCþS�{Xj ; j ∈ N}´r²�, XJé?Ûg,êm,n91 6 j1 <

j2 < · · · < jn, Ñk(Xj1 , Xj2 , . . . , Xjn)
d
= (Xj1+m , Xj2+m , . . . , Xjn+m), Ù¥

d
=L«Ó©Ù.

�ε → 0�,
∞∑
n=1

ϕ(n)P(|Sn| > εH(n))�°(Âñ�Ýkõ�, 'uù�¡�ïÄÏ~

�¡�Ü©Ú�°(ìC5. 'u°(ìC5�ïÄ, ± �(JÑN\kr²^��

��, ë�R [9]3)Ør²^��åPe, ïÄ
�²NAS�Ü©Ú�°(ìC5,

�Ñ
�²NAS�Ü©ÚÂñ�Ý���(J:

½n 4 �{Xn, n > 1}��²Ó©ÙNAS�, EX1 = 0, E|X1|q < ∞éu,��
q > 2, �

(i) �3σ > 0, ¦� lim
n→∞

ES2
n/n = σ2;

(ii) �3��ê�nk ↑ ∞ (k → ∞), é,β (0 < β 6 1), k
∞∑
k=1

(mk/nk)
1+β/2 < ∞, ¿¦

� lim
k→∞

ES2
nk−1,mk

/mk = σ2 > 0, Ù¥mk = nk − nk−1;

(iii) ϕ(x) ↑ ∞ (x→∞)äk���KüN�¼ê;

(iv) �3~êδ > 0, ¦�lim sup
x→∞

ϕ(x)/xδ <∞,

Ké?¿�v > 1/q + (2− q)/(2qδ) > 0, Ñk

lim
ε→0

ε1/v
∞∑
n=1

ϕ′(n)P(|Sn| > ε
√

ES2
nϕ

v(n)) = E|N |1/v

¤á, ½�d�

lim
ε→0

ε1/v
∞∑
n=1

ϕ′(n)P(|Sn| > ε
√
nσϕv(n)) = E|N |1/v

¤á, Ù¥�ÅCþNÑl��©ÙN(0, 1).

�©3ë�RïÄ�Ä:þ, ïá
NDS�Ü©Ú�°(ìC5, ��
�NA�/

e�Ó�(J.

§2. Ì�(J

½n 5 �{Xn, n > 1}��²Ó©ÙNDS�, EX1 = 0, E|X1|q < ∞éu,��
q > 2, �

(i) �3σ > 0, ¦� lim
n→∞

ES2
n/n = σ2;

(ii) �3üNþ,ê�{nk}, Ù¥mk = nk − nk−1, k > 1, ��3M > 0 (M ∈ R)÷v

supmk 6M <∞;

(iii) ϕ(x) ↑ ∞ (x→∞)äk���KüN�¼ê;

(iv) �3~êδ > (q − 2)/2, ¦�lim sup
x→∞

ϕ(x)/xδ <∞,
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Ké?¿�v > 1/q + (2− q)/(2qδ), Ñk

lim
ε→0

ε1/v
∞∑
n=1

ϕ′(n)P(|Sn| > ε
√

ES2
nϕ

v(n)) = E|N |1/v

¤á, ½�d�

lim
ε→0

ε1/v
∞∑
n=1

ϕ′(n)P(|Sn| > ε
√
nσϕv(n)) = E|N |1/v.

½n 6 �{Xn, n > 1}��²Ó©ÙNDS�, EX1 = 0, �

(i) �3σ > 0, ¦� lim
n→∞

ES2
n/n = σ2;

(ii) �3üNþ,ê�{nk}, Ù¥mk = nk − nk−1, k > 1, ��3M > 0 (M ∈ R)÷v

supmk 6M <∞;

(iii) ϕ(x) ↑ ∞ (x→∞)äk���KüN�¼ê, �xϕ′(x)�úC¼ê;

(iv) Ef(g−1(|X1|))2 <∞,

Ké?¿�v > 0, δ > 0, Ñk

lim
ε→0

ε1/v
∞∑
n=1

ϕ′(n)P(|Sn| > ε
√

ES2
nϕ

v(n)) = E|N |1/v,

½�d�

lim
ε→0

ε1/v
∞∑
n=1

ϕ′(n)P(|Sn| > ε
√
nσϕv(n)) = E|N |1/v,

Ù¥f(x) = x2ϕ′(x), g(x) = x1/2ϕv(x).

5P 7 úC¼êl(x)kXeA5 [10]

(i) lim
x→+∞

l(tx)/l(x) = 1, t > 0, lim
x→+∞

l(x+ u)/l(x) = 1, ∀u > 0;

(ii) lim
x→+∞

xδl(x) =∞, lim
x→+∞

x−δl(x) = 0.

5P 8 éu{Xn, n > 1}´ND�²ØÓ©ÙS�, �IÚ\��k.��: �3

��ÅCþXÚ�~êc > 0, ¦�é¤k�x > 0, k > 1kP(|Xk| > x) 6 cP(|X| > x),

E|X|2 <∞, =�íÑ�Ó©Ù���(J.

2.1 Ún9Ùy²

�
y²�©�Ì�(J, Ik�Ñe�Ún.

Ún 9 �X1, X2, . . . , Xn´ND�ÅS�, kEX2
j < ∞, Ké?Û¢êλj , j = 1, 2,

. . . , n, K7k∣∣∣E exp
( n∑
j=1

λjXj

)
−

n∏
j=1

E exp(λjXj)
∣∣∣ 6 −2

∑
16l<j6n

|λlλj |Cov (Xl, Xj).
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y²: �n = 2�

|E exp(λ1X1 + λ2X2)− E exp(λ1X2)E exp(λ2X2)|

= |λ1λ2Cov (X1, X2)| 6 −2|λ1λ2|Cov (X1, X2).

b��m 6M�Ø�ª¤á, @o�±y²�m = M + 1�Ø�ªE,¤á. y²Xe:

�ε = ±1, δ = ±1, m′ ∈ {1, 2, . . . ,M}. �m′ + 1 6 l 6 M + 1�, δλl > 0, -X =
m′∑
l=1

ελlXl, Y =
M+1∑
l=m′+1

δλlXl, Kk
m∑
l=1

λlXl = εX + δY . u´

∣∣∣E exp
( m∑
l=1

λlXl

)
−

m∏
l=1

E exp(λlXl)
∣∣∣

6 |E exp(εX + δY )− E exp(εX)E exp(δY )|

+
∣∣∣E exp(εX)E exp(δY )− E exp(εX)

l=M+1∏
l=m′+1

E exp(λlXl)
∣∣∣

+
∣∣∣E exp(εX)

l=M+1∏
l=m′+1

E exp(λlXl)−
l=m′∏
l=1

E exp(λlXl)
l=M+1∏
l=m′+1

E exp(λlXl)
∣∣∣. (3)

Ï�|E exp(εX)| 6 1,
∣∣ l=M+1∏
l=m′+1

E exp(λlXl)
∣∣ 6 1, ¤±

(3) 6 −2Cov
( m∑
l=1

ελlXl,
M+1∑
m′+1

δλlXl

)
− 2

M+1∑
l 6=n
m′+1

|λlλn|Cov (Xl, Xn)− 2
m′∑
l 6=n
l=1

|λlλn|Cov (Xl, Xn)

6 −2
∑

16l<n6m
|λlλn|Cov (Xl, Xn). �

Ún 10 �{Xi; i ∈ N}´Ó©ÙNDS�, ÷vEX1 = 0, 0 < EX2
1 <∞, �

(i) lim
n→∞

inf(ES2
n/n) = σ2 > 0;

(ii) �3î�þ,�g,ê�, éu,0 < α 6 1, ÷v
∞∑
k=1

(mk/nk)
1+α/2 <∞¿¦�

lim
k→∞

1

mk
ES2

nk−1,mk
= σ2,

K
Sn√
ES2

n

d−→ N(0, 1),

Ù¥n0 = 0, 1 < n1 < n2 < · · · , Sm,n =
n∑
j=1

Xj+m, Sn = S0,n.

y²: dÚn�y²�©z[11]¥½n2.2�y²L§aq, ØÓ�?3uI^�©�

Ún9��y²©z[11]¥�Ún3.2. �u�Ì�ÏùpØ2�ÑÙ�[L§. �
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Ún 11 (�©z[12]) �{Xn;n > 1}´NDS�, ÷vEXn = 0, E|Xn|p <∞, p > 2,

Bn =
n∑
i=1

EX2
i , K

P(|Sn| > x) 6
n∑
i=1

P(|Xi| > x/t) + 2et
(

1 +
x2

tBn

)−t
, ∀x, t > 0,

E|Sn|p 6 cp
{ n∑
i=1

E|Xi|p +
( n∑
i=1

EX2
i

)p/2}
,

Ù¥cp > 0��6up.

Ún 12 (�©z[13]) �{an;n > 1}´�k.ê��an → 0 (n → ∞), e��Ve

I|�{wni; 1 6 i 6 n, n > 1}÷v
n∑
i=1

wni = λ (0 < λ < ∞, n > 1), �¤k�1 6 i 6 n,

wni ↓ 0 (n→∞), Kk

lim
n→∞

n∑
i=1

wniai = 0.

Ún 13 ��ÅCþNÑlIO��©ÙN(0, 1), ∀x > 0, -ψ(x) = P(|N | > x) =

1−Φ(x) + Φ(−x), Ù¥Φ(x)�IO��©Ù¼ê, éϕ(x) ↑ ∞ (x→∞), äk���Kü

N�¼êϕ(x)Ú?¿�0 < α <∞, k

(i) lim
ε→0

ε1/v
∫ ∞
α

ϕ′(x)ψ(εϕv(x))dx = E|N |1/v;

(ii) lim
ε→0

ε1/v
∞∑
n=1

ϕ′(n)ψ(εϕv(n)) = E|N |1/v.

y²: éu(i), Äk

E|X|p =

∫ ∞
0

P(|X|p > x)dx = p

∫ ∞
0

xp−1P(|X| > x)dx,

q∀α ∈ (0,∞),

lim
ε→0

ε1/v
∫ ∞
α

ϕ′(x)ψ(εϕv(x))dx =
1

v
lim
ε→0

∫ ∞
εϕv(α)

P(|N | > y)y1/v−1dy

=
1

v

∫ ∞
0

y1/v−1ψ(y)dy = E|N |1/v.

éu(ii), d(i)¥�¼êC�, ·���y²

lim
ε→0

∞∑
n=εϕv(1)

n1/v−1ψ(n) =
1

v

∫ ∞
0

y1/v−1ψ(y)dy = E|N |1/v.

du
∞∑
n=1

f(an)Ú
∫∞
α f(x)dxÓñÑ, �y1/v−1 ↑�, ·�k

lim
y→∞

y1/v−1

(y − 1)1/v−1
= 1.
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¤±∀ δ > 0, ∃ εϕv(M) > 0, �y > εϕv(M)�, ky1/v−1 6 (1 + δ)(y − 1)1/v−1, dd��

∞∑
n=εϕv(M)+1

∫ ∞
n

y1/v−1ψ(y)dy 6
∞∑

n=εϕv(M)+1

(n+ 1)1/v−1ψ(n)

6 (1 + δ)
∞∑

n=εϕv(M)+1

n1/v−1ψ(n)

6 (1 + δ)
∞∑

n=εϕv(M)

∫ n+1

n
y1/v−1ψ(y)dy.

k-δ → 0, ,�4ε→ 0, (Ø(ii)�y. �

2.2 ½n�y²

½n5�y²: éuv
��θ > 0, �ò
∞∑
n=1

ϕ′(n)P(|Sn| > ε
√

ES2
nϕ

v(n))©�üÜ

©:

∞∑
n=1

ϕ′(n)P(|Sn| > ε
√

ES2
nϕ

v(n))

=
( ∑
ε1/2vϕ1/2(n)61/θ

+
∑

ε1/2vϕ1/2(n)>1/θ

)
ϕ′(n)P(|Sn| > ε

√
ES2

nϕ
v(n))

=̂ I1 + I2.

(i) éuI1, -A =̂ [1, ϕ−1(θ−2ε−1/v)], ∆n =̂ sup
x
|P(|Sn|/

√
ES2

n > x) − ψ(x)|, Ó©

Ù�ND�ÅCþS�3Ún10�^�(i)Ú(ii)e÷vSn/
√

ES2
n

d−→ N(0, 1), du

ψ(x)´Rþ�ëY¼ê, k lim
n→∞

∆n = 0, Ó�

ε1/v
∑
n∈A

ϕ′(n)|P(|Sn| > ε
√

ES2
nϕ

v(n))− ψ(εϕv(n))|

6 ε1/v
∑
n∈A

ϕ′(n)∆n

6 Cε1/vϕ(ϕ−1(θ−2ε−1/v))
1

ϕ(ϕ−1(θ−2ε−1/v))

∑
n∈A

ϕ′(n)∆n

6 Cθ−2
1

ϕ(ϕ−1(θ−2ε−1/v))

∑
n∈A

ϕ′(n)∆n,

�

1

ϕ(ϕ−1(θ−2ε−1/v))

∑
n∈A

ϕ′(n) =
[ ∫ ϕ−1(θ−2ε−1/v)

1
ϕ′(x)dx

]/
(θ−2ε−1/v)

6 c(1− ϕ(1)θ2ε1/v)→ c (ε→ 0).
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Ïd, dÚn12Ú∆n → 0 (n→∞)�

1

ϕ(ϕ−1(θ−2ε1/v))

∑
n∈A

ϕ′(n)∆n → 0 (ε→ 0).

(ii) éuI2, -x = ε
√

ES2
nϕ

v(n), m´�½�~ê, dÚn11�

P(|Sn| > ε
√

ES2
nϕ

v(n))

6 nP(|X1| > εσ
√
nϕv(n)/m) + 2em

(
1 +

(ε
√
ES2

nϕ
v(n))2

nmEX2
1

)−m
=̂ I11 + I22. (4)

duε1/2vϕ1/2(n) > 1/θ, ´�n > ϕ−1(θ−2ε−1/v). PM = [ϕ−1(θ−2ε−1/v)], Ù¥[·]L
«��. ¤±

ε1/v
∑

n>M(θ,ε,v)

ϕ′(n)I11

= ε1/v
∑

n>M(θ,ε,v)

nϕ′(n)P(|X1| > ε
√
nσϕv(n)/m)

= ε1/v
∑

j>M(θ,ε,v)

∑
M(θ,ε,v)<n<j

nϕ′(n)P(ε
√
j σϕv(j) < m|X1| 6 ε

√
j + 1σϕv(j + 1)).

(5)

q

∑
M(θ,ε,v)<n<j

nϕ′(n) =

∫ j

M(θ,ε,v)
xϕ′(x)dx

= jϕ(j)−M(θ, ε, v)ϕ(M(θ, ε, v))−
∫ j

M(θ,ε,v)
ϕ(x)dx

6 jϕ(j),

K

(5) 6 Cε1/v
∑

j>M(θ,ε,v)

jϕ(j)P(ε
√
jσϕv(j) < m|X1| 6 ε

√
j + 1σϕv(j + 1)). (6)

d½n�^�(iv)�

(6) = Cε1/v
∑

j>M(θ,ε,v)

j1−q/2ϕ1−qv(j)jq/2ϕqv(j)

· P(ε
√
j σϕv(j) < m|X1| 6 ε

√
j + 1σϕv(j + 1))

6 Cε1/v
∑

j>M(θ,ε,v)

ϕ(2−q)/(2δ)+1−qv(j)jq/2ϕqv(j)
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· P(jq/2ϕqv(j) < mq|X1|q/(εσ)q 6 (j + 1)q/2ϕqv(j + 1))

6 Cεq+(q−2)/(2vδ)θ2qv−2−(2−q)/δ

· E|X1|qI(m|X1| > ε
√
M(θ, ε, v)σϕv(M(θ, ε, v))). (7)

qv > 1/q + (2− q)/(2qδ) > 0, �2qv − 2− (2− q)/δ > 0, q + (q − 2)/(2vδ) > 0. k

-ε→ 0, 2-θ → 0, K

(7)→ 0. (8)

éuI22

ε1/v
∑

n>M(θ,ε,v)

ϕ′(n)I22 = ε1/v
∑

n>M(θ,ε,v)

ϕ′(n)em
(

1 +
(ε
√
ES2

nϕ
v(n))2

nmEX2
1

)−m
6 ε1/v

∑
n>M(θ,ε,v)

ϕ′(n)em
(

1 +
(εϕv(n))2

m

)−m
6 Cε1/v

∑
n>M(θ,ε,v)

ϕ′(n)em(εϕv(n))−2m

6 Cε1/v−2m
∫ ∞
M(θ,ε,v)

ϕ′(x)ϕ−2mv(x)dx

6 Cε1/v−2mϕ−2mv+1(M(θ, ε, v))

6 Cθ4mv−2. (9)

-mv > 1/2, �(9)→ 0.

nÜ(8)Ú(9)=�(4)→ 0, ½n5�y. �

½n6�y²: ½n6�y²�½n5aq, �Ùy²ØÓ�?3u1�Ú:

d^�(iii)�±íäÑ¼êf(g−1(x))´üN4O�, ¤±

ε1/v
∑

n>M(θ,ε,v)

ϕ′(n)I11 = ε1/v
∑

n>M(θ,ε,v)

nϕ′(n)P(|X1| > ε
√
nσϕv(n)/m)

= ε1/v
∑

n>M(θ,ε,v)

nϕ′(n)P(f(g−1(|X1|)) > cn2ϕ′(n))

= ε1/v
∑

n>M(θ,ε,v)

n2ϕ′(n)

n
P(f(g−1(|X1|)) > cn2ϕ′(n)). (10)

duxϕ′(x)´úC¼ê, ∀ δ > 0, kxϕ′(x)x−δ 6 c, ϕ′(x) 6 cxδ−1, ϕ(x) 6 cxδ,

(10) 6 ε1/vc
∑

n>M(θ,ε,v)

n2ϕ′(n)

ϕ1/δ(n)
P(f(g−1(|X1|)) > cn2ϕ′(n))

6 ε1/vc
∑

n>M(θ,ε,v)

θ2/δε1/(vδ)n2ϕ′(n)P(f(g−1(|X1|)) > cn2ϕ′(n))
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6 cε1/v+1/(vδ)θ2/δE(f(g−1(|X1|))2I(m|X1| > ε
√
M(θ, ε, v)σϕv(M(θ, ε, v)))).

Ïdéuv > 0, k-ε→ 0, 2-θ → 0, K(10)→ 0. �

�� �©��
[!��
?�nó�ÆÇ+=�Ç�G%��, 3d�La�.
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Precise Asymptotics for Partial Sums of Nonstationary ND
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Abstract: In this paper, by using central limit theorem of ND sequences and probability inequality, the

precise asymptotics for partial sums of nonstationary ND sequences is investigated, and the same results

with it under that of NA sequences are obtained.
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