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§1. Ú ó

N�èk)ÚRobbins [1]JÑ
��Âñ�Vg, �8, ¯õÆö�®²rÕá�/�

��Âñ5�(Jí2�
ØÓ�/, ��
´L�¤J, �©z[2–5]��. 3Ãõ�¤

J¥, �['5
Xeü��¡�K�ïÄ. Ù�, o�á� [6]ïÄ
ÕáÓ©Ù�ÅCþ

S�\�Ú���Âñ5, ����Âñ5���¿�^�; ùÇE [7]Ø�ò©z[6]¥�

(Jí2�NAS�, �?1
U?, ��
����(J. Ù�, Gut [8]ïÄ
ÕáÓ©Ù
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Ú(ØÑk¤U?. �©¤^��{�±c©z¥��{ØÓ, ±c���Ñ´ky²�

�Âñ, 2|^��Âñ5y²Ý��Âñ. 
�©´ÄkÏéÝ��Âñ5��d^�,

2|^T�d^���y²
Ý��Âñ5, ù«�{�±c��{�{B.

�{Xi, i > 1}´½Â3VÇ�m(Ω,F ,P)þ��ÅCþS�, N´g,ê8, Fs =

σ(Xi, i ∈ S ⊂ N)´σ-�. 3F¥�½σ-�H , G , -

ϕ(H ,G ) = sup{|P(B |A)− P(B)|; A ∈H , P(A) > 0, B ∈ G },

ék > 0, -

ϕ̃(k) = sup{ϕ(FS ,FT ) : k�f8S, T ∈ N, �dist(S, T ) > k}. (1)

w,, 0 6 ϕ̃(k + 1) 6 ϕ̃(k) 6 1, �ϕ̃(0) = 1.

½Â 1 ¡�ÅCþS�{Xi, i > 1}�ϕ̃·Ü�, XJ�3k ∈ N , ¦�ϕ̃(k) < 1.

ϕ̃·Ü�Ï~�ϕ·Ük�½�aq, �¿Ø�Ó, §�pØ�¹. ¯¢þ, 3Ï~�

ϕ·ÜXêϕ(k)¥, (1)ª¥�S, T©O´[1, n]Ú[n + k,∞]¥�f8; ,	, ϕ̃·Ü��¦�

3,k ∈ N , ¦ϕ̃(k) < 1, ù�:�'ϕ·ÜXêϕ(k) → 0, k → ∞f�õ. Ïd, ϕ̃·Ü�

ÅCþS�´�a�2����·ÜS�.

½Â 2 ¡�ÅCþS�{Xi, i > 1}´�VÇ��k.�, e�3�ÅCþX9�~

êC, ¦é?¿�x > 09i > 1, ÑkP(|Xi| > x) 6 CP(|X| > x)¤á, d�P�{Xn} < X.

�©�½: c, ci (i = 1, 2), CL«~ê, 3ØÓ�/�L«ØÓ��. x+ = max{0, x},
xk+ = (x+)k.

§2. Ì�(JÚy²

Ún 3 (RosenthalØ�ª) [14] �{Xi, i > 1}´"þ��ϕ̃·Ü�ÅCþS�, é

∀ r > 2, kE|Xi|r <∞, K�3�6ur, k, ϕ̃(k)�~êc = c(r, k, ϕ̃(k)), ¦�

E
(

max
16j6n

∣∣∣ j∑
i=1

Xi

∣∣∣r) 6 c[ n∑
i=1

E|Xi|r +
( n∑
i=1

EX2
i

)r/2]
, ∀n > 1. (2)

Ún 4 �{Xi, i > 1}´ϕ̃·Ü�ÅCþS�, {cij , 1 6 j 6 i, i > 1}´¢~ê
�,

K�3�iÃ'��~êC, é∀ i > 1, ÷v(1

2
− P

(
max
16j6i

|cijXj | > ε
)) i∑

j=1
P(|cijXj | > ε)

6
(C

2
+ 1
)
P
(

max
16j6i

|cijXj | > ε
)
, ∀ ε > 0. (3)
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y²: �ì©z[11]¥Ún2.2�y², �Ñ. �

Ún 5 �{Xij , i > 1, j > 1}´�ÅCþ
�, {ai, i > 1}Ú{ci, i > 1}þ��¢ê
�, r > 0. eé∀ ε > 0, k

∞∑
i=1

ai

∫ ∞
1

P
(

max
16k6i

∣∣∣ k∑
j=1

Xij

∣∣∣ > εcit
1/r
)

dt <∞, (4)

K
∞∑
i=1

aic
−r
i E

{
max
16k6i

∣∣∣ k∑
j=1

Xij

∣∣∣− εci}r
+
<∞. (5)

y²: é∀ ε > 0, k

∞∑
i=1

aic
−r
i E

{
max
16k6i

∣∣∣ k∑
j=1

Xij

∣∣∣− εci}r
+

=
∞∑
i=1

aic
−r
i

∫ ∞
0

P
(

max
16k6i

∣∣∣ k∑
j=1

Xij

∣∣∣− εci > t1/r
)

dt

=
∞∑
i=1

aic
−r
i

∫ (εci)
r

0
P
(

max
16k6i

∣∣∣ k∑
j=1

Xij

∣∣∣− εci > t1/r
)

dt

+
∞∑
i=1

aic
−r
i

∫ ∞
(εci)r

P
(

max
16k6i

∣∣∣ k∑
j=1

Xij

∣∣∣− εci > t1/r
)

dt

6 εr
∞∑
i=1

aiP
(

max
16k6i

∣∣∣ k∑
j=1

Xij

∣∣∣ > εci

)
+
∞∑
i=1

aic
−r
i

∫ ∞
(εci)r

P
(

max
16k6i

∣∣∣ k∑
j=1

Xij

∣∣∣ > εci

)
dt

= εr
∞∑
i=1

aiP
(

max
16k6i

∣∣∣ k∑
j=1

Xij

∣∣∣ > εci

)
+ εr

∞∑
i=1

ai

∫ ∞
1

P
(

max
16k6i

∣∣∣ k∑
j=1

Xij

∣∣∣ > εcit
1/r
)

dt.

qé∀ c > 1, k

(cr − 1)
∞∑
i=1

aiP
(

max
16k6i

∣∣∣ k∑
j=1

Xij

∣∣∣ > εci

)
=
∞∑
i=1

ai

∫ cr

1
P
(

max
16k6i

∣∣∣ k∑
j=1

Xij

∣∣∣ > εci

)
dt

6
∞∑
i=1

ai

∫ cr

1
P
(

max
16k6i

∣∣∣ k∑
j=1

Xij

∣∣∣ > c−1t1/rεci

)
dt

6
∞∑
i=1

ai

∫ ∞
1

P
(

max
16k6i

∣∣∣ k∑
j=1

Xij

∣∣∣ > c−1t1/rεci

)
dt.

dε�?¿5Ú(4)ª��þª�u∞, l
(5)ª¤á. �

½n 6 �{Xi, i > 1}´"þ��ϕ̃·Ü�ÅCþS��{Xn} < X. �κ > 1, γ >

0, r > 0, α > max{−1,−1/γ}, m > max{0, (1 − γ)/(κ − 1)}, �α > −1/2�, �b�
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m < (2+2αγ)/(1+2α)9κ > max{1, (3−γ+2α)/(2+2αγ)}, {cij 6 σiji−(1+αγ)/mjα, i >
1, 1 6 j 6 i}´~ê
�, �|σij | 6 c2, ∀ i > 1, 1 6 j 6 i, Ù¥c2´�~ê. ee�ü^�

¤á:

(i) r÷v: r <


m(κ− 1)/(1 + αγ), max{−1,−1/γ} < α < −1/(γ +mκ−m),

γ +mκ−m, α = −1/(γ +mκ−m),

mκ/(1 + αγ −mα), α > −1/(γ +mκ−m);

(ii) X÷v:


E|X|(mκ−m)/(1+αγ) <∞, max{−1,−1/γ} < α < −1/(γ +mκ−m),

E|X|(mκ−m)+γ ln(1 + |X|) <∞, α = −1/(γ +mκ−m),

E|X|mκ/(1+αγ−mα) <∞, α > −1/(γ +mκ−m).

K
∞∑
i=1

iκ−2E
{

max
16l6i

∣∣∣ l∑
j=1

cijXj

∣∣∣− ε}r
+
<∞, ∀ ε > 0. (6)

y²: é∀ i > 1, 1 6 j 6 i, x > 0, P

X
(1)
ij = XjI(|cijXj | > x1/r), X

(2)
ij = XjI(|cijXj | 6 x1/r).

u´

∞∑
i=1

iκ−2
∫ ∞
1

P
(

max
16l6i

∣∣∣ l∑
j=1

cijXj

∣∣∣ > εx1/r
)

dx

6
∞∑
i=1

iκ−2
∫ ∞
1

P
(

max
16l6i

∣∣∣ l∑
j=1

cijX
(1)
ij

∣∣∣ > εx1/r/2
)

dx

+
∞∑
i=1

iκ−2
∫ ∞
1

P
(

max
16l6i

∣∣∣ l∑
j=1

cijX
(2)
ij

∣∣∣ > εx1/r/2
)

dx

.
= I1 + I2.

e¡©Oy²I1 <∞, I2 <∞.

kyI1 <∞. du

I1 6
∞∑
i=1

iκ−2
∫ ∞
1

P
( i⋃
j=1

(|cijXj | > x1/r)
)

dx

6
∞∑
i=1

iκ−2
∫ ∞
1

P
( i⋃
j=1
|Xj | > c−1i(1+αγ)/mj−αx1/r)

)
dx

6
∞∑
i=1

iκ−2
∫ ∞
1

i∑
j=1

P(|Xj | > c−1i(1+αγ)/mj−αx1/r))dx

�
∫ ∞
1

{ ∞∑
i=1

iκ−2
i∑

j=1
P(|X| > c−1i(1+αγ)/mj−αx1/r)

}
dx,



1 2Ï �¥: ϕ̃·Ü�ÅCþS�\�Ú�Ý��Âñ5 143

-ξ = u(1+αγ)/mv−α, ζ = v, Ku = ξm/(1+αγ)ζmα(1+αγ), v = ζ, �

∂(u, v)

(ξ, ζ)
=

m

1 + αγ
ξm/(1+αγ)−1ζmα/(1+αγ),

u´d^�(ii)�

∞∑
i=1

iκ−2
i∑

j=1
P(|X| > c−1i(1+αγ)/mj−αx1/r)

�
∫ ∞
1

∫ u

1
uκ−2P(|X| > c−1u(1+αγ)/mv−αx1/r)dudv

=
m

1 + αγ

∫ ∞
1

dξ

∫ ξm/(1+αγ−mα)

1
ξmκ−m/(1+αγ)−1ζmα(κ−1)/(1+αγ)P(|X| > c−1x1/rξ)dζ

�



∫ ∞
1

ξmκ−m/(1+αγ)−1P(|X| > c−1x1/rξ)dξ,

max{−1,−1/γ} < α < −1/(γ +mκ−m)∫ ∞
1

ξmκ−m+γ−1 ln ξ P(|X| > c−1x1/rξ)dξ, α = −1/(γ +mκ−m)∫ ∞
1

ξmκ/(1+αγ−mα)−1P(|X| > c−1x1/rξ)dξ, α > −1/(γ +mκ−m)

�



E
∣∣∣ X
x1/r

∣∣∣(mκ−m)/(1+αγ)
, max{−1,−1/γ} < α < −1/(γ +mκ−m),

E
∣∣∣ X
x1/r

∣∣∣(mκ−m)+γ
ln(1 + |X|), α = −1/(γ +mκ−m),

E
∣∣∣ X
x1/r

∣∣∣mκ/(1+αγ−mα), α > −1/(γ +mκ−m).

(Ü^�(i)��I1 <∞.

2yI2 <∞. Ï�∀ i > 1, EXi = 0, ¤±d^�(ii)��

0 6 sup
x>1

x−1/r max
16l6i

∣∣∣ l∑
j=1

EcijX
(2)
ij

∣∣∣

6



i∑
j=1

E|cijXj |(mκ−m)/(1+αγ)I(|cijXj | > 1),

max{−1,−1/γ} < α < −1/(γ +mκ−m)
i∑

j=1
E|cijXj |mκ−m+γI(|cijXj | > 1), α = −1/(γ +mκ−m)

i∑
j=1

E|cijXj |mκ/(1+αγ−mα)I(|cijXj | > 1),

α > −1/(γ +mκ−m)�mκ/(1 + αγ −mα) > 1

sup
x>1

i∑
j=1

E
∣∣∣ cijXj
x1/r

∣∣∣mκ/(1+αγ−mα)I(|cijXj | 6 x1/r),

α > −1/(γ +mκ−m)�mκ/(1 + αγ −mα) < 1
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�


i−(κ−1), max{−1,−1/γ} < α < −1/(γ +mκ−m),

i−(κ−1) ln i, α = −1/(γ +mκ−m),

i−(κ−1), α > −1/(γ +mκ−m).

�i→∞�, þªªu0. l


sup
x>1

x−1/r max
16l6i

∣∣∣ l∑
j=1

EcijX
(2)
ij

∣∣∣→ 0, i→∞.

-

I3 =
∞∑
i=1

iκ−2
∫ ∞
1

P
(

max
16l6i

∣∣∣ l∑
j=1

(
cijX

(2)
ij − EcijX

(2)
ij

)∣∣∣ > εx1/r/4
)

dx <∞. (7)

Ïd�yI2 <∞, �Ly²(7)ª¤á=�.

�p, ¦p > max{2, r, mκ + γ, mκ/(1 + αγ), mκ/(1 + αγ −mα), 2mκ/(2 − γ)I(0 <

γ < 2), 2mκ/2αγ−2mα−m−2}, dMarkovØ�ª!Ún3!CrØ�ª!JensenØ�ªk

I3 �
∞∑
i=1

iκ−2
∫ ∞
1
x−p/r

{ i∑
j=1

E
∣∣cijX(2)

ij − EcijX
(2)
ij

∣∣p +
( i∑
j=1

E
(
cijX

(2)
ij − EcijX

(2)
ij

)2)p/2}
dx

�
∞∑
i=1

iκ−2
∫ ∞
1
x−p/r

i∑
j=1

E
∣∣cijX(2)

ij

∣∣pdx+
∞∑
i=1

iκ−2
∫ ∞
1

x−p/r
( i∑
j=1

E
(
cijX

(2)
ij

)2)p/2
dx

.
= I4 + I5.

du

I4 = p
∞∑
i=1

iκ−2
∫ ∞
1

x−p/r
{ i∑
j=1

∫ ∞
0

tp−1P(|cijXj |I(|cijXj | 6 x1/r) > t)dt
}

dx

= p
∞∑
i=1

iκ−2
∫ ∞
1

x−p/r
{ i∑
j=1

∫ x1/r

0
tp−1P(|cijXj | > t)dt

}
dx.

2d^�(i), (ii), p��{ÚI1 <∞�y²k

p
∞∑
i=1

iκ−2
∫ ∞
1

x−p/r
{ i∑
j=1

∫ x1/r

0
tp−1P(|cijXj | > t)dt

}
dx

�
∫ ∞
1

x−p/r
{∫ x1/r

0
tp−1

( ∞∑
i=1

iκ−2
i∑

j=1
P(|X| > i(1+αγ)/mj−αt/C)

)
dt
}

�



∫ ∞
1

x−p/rdx

∫ x1/r

0
tp−1E

∣∣∣X
t

∣∣∣mκ−m/(1+αγ)dt,
max{−1,−1/γ} < α < −1/(γ +mκ−m)∫ ∞

1
x−p/rdx

∫ x1/r

0
tp−1E

∣∣∣X
t

∣∣∣γ+mκ−m ln
(

1 +
∣∣∣X
t

∣∣∣)dt, α = −1/(γ +mκ−m)∫ ∞
1

x−p/rdx

∫ x1/r

0
tp−1E

∣∣∣X
t

∣∣∣mκ/(1+αγ−mα)dt, α > −1/(γ +mκ−m)
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�



∫ ∞
1

x−m(κ−1)/(r(1+αγ))dx, max{−1,−1/γ} < α < −1/(γ +mκ−m)∫ ∞
1

x(γ+mκ−m)/rdx, α = −1/(γ +mκ−m)∫ ∞
1

x−mκ/(r(1+αγ−qα))dx, α > −1/(γ +mκ−m)

<∞.

=I4 <∞.

��y²I5 <∞, ©n«�¹?Ø:

(a) �max{−1,−1/γ} < α < −1/(γ+mκ−m)�,em(κ−1)/(1+αγ) > 2�0 < γ < 2,

w,d�E|X|2 <∞, l
k

i∑
j=1

E
(
cijX

(2)
ij

)2 � i∑
j=1

(cij)
2 �


i−2(1+αγ)/m, max{−1,−1/γ} < α < −1/2,

i−(2−γ)/m ln i, α = −1/2,

i−(−1−2γ+2(1+αγ)/m), α > −1/2.

em(κ− 1)/(1 + αγ) > 2�γ > 2, Ó�kE|X|2 <∞, α > −1/2, K

i∑
j=1

E
(
cijX

(2)
ij

)2 � i∑
j=1

(cij)
2 � i−(−1−2γ+2(1+αγ)/m).

em(κ− 1)/(1 + αγ) < 2, dα < −1/(γ +mκ−m)kmα(κ− 1)/(1 + αγ) < −1, 2

d^�(ii)�

x−2/r
i∑

j=1
E
(
cijX

(2)
ij

)2
6 x−m(κ−1)/((1+αγ)r)

i∑
j=1

E|cijXj |m(κ−1)/(1+αγ)

� x−m(κ−1)/((1+αγ)r)
i∑

j=1
|cij |m(κ−1)/(1+αγ)

� i−(κ−1)x−m(κ−1)/((1+αγ)r).

nþ: �max{−1,−1/γ} < α < −1/(γ +mκ−m)�, (Üp��{kI5 <∞.

(b) �α = −1/(γ + mκ −m)�, d�3γ + mκ −m > 2, 0 < γ < 2Úγ + mκ −m > 2,

γ > 2�, ©Ok(a)¥�cü«�¹Ó��(J, eγ +mκ−m < 2, d^�(ii)k

x−2/r
i∑

j=1
E
(
cijX

(2)
ij

)2
6 x−(m(κ−1)+γ)/r

i∑
j=1

E|cijXj |m(κ−1)+γ

� x−(m(κ−1)+γ)/r
i∑

j=1
|cij |m(κ−1)+γ

� x−(m(κ−1)+γ)/ri−(κ−1) ln i.

��α = −1/(γ +mκ−m)�, (Üp��{�kI5 <∞.
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(c) �α > −1/(γ+mκ−m)�,3mκ/(1+αγ−mα) > 2, 0 < γ < 2Úmκ/(1+αγ−mα)

> 2, γ > 2�, ©Ok(a)¥�cü«�¹Ó��(J, emκ/(1 + αγ −mα) < 2, d

α > −1/(γ +mκ−m)kmακ/(1 + αγ −mα) > −1, 2d^�(ii)k

x−2/r
i∑

j=1
E
(
cijX

(2)
ij

)2
6 x−mκ/((1+αγ−mα)r)

i∑
j=1

E|cijXj |mκ/(1+αγ−mα)

� x−mκ/((1+αγ−mα)r)
i∑

j=1
|cij |mκ/(1+αγ−mα)

� x−mκ/((1+αγ−mα)r)i−(κ−1).

¤±�α > −1/(γ +mκ−m)�, (Üp��{Ó�kI5 <∞.

Ïd(7)ª¤á, �=I2 <∞.

dÚn5��: (6)ª¤á. ½n6�y. �

½n 7 �{X,Xi, i>1}´Ó©Ù�ϕ̃·Ü�ÅCþS�, κ > 2, γ > 0, α > max{−1,

−1/γ}, m > max{0, (1−γ)/(κ−1)},�α > −1/2�,�b�m < (2+2αγ)/(1+2α)9κ >

max{1, (3 − γ + 2α)/(2 + 2αγ)}, {cij 6 σiji
−(1+αγ)/mjα, i > 1, 1 6 j 6 i}´~ê
�,

�|σij | > c1, ∀ i > 1, 1 6 j 6 i, Ù¥c1´�~ê. e�3,�r > 0Úε > 0, ¦�(6)¤

á, K^�(ii)¤á. e�k^�(i)¤á�é∀ i > 1, k
i∑

j=1
cij = 1Úc1 6 |σij | 6 c2, Kk

EX = 0.

y²: é∀ ε > 0, r > 0, e(6)ª¤á, Kk

∞∑
i=1

iκ−2P
(

max
16l6i

∣∣∣ l∑
j=1

cijXj

∣∣∣ > ε
)
<∞. (8)

l

∞∑
i=1

iκ−2P
(

max
16j6i

|cijXj | > ε
)
<∞. (9)

qÏ�κ > 2, �k

lim
i→∞

P
(

max
16j6i

|cijXj | > ε
)

= 0. (10)

�i¿©��, dÚn4Ú(10)ªk

∞∑
j=1

P(|cijXj | > ε)� P
(

max
16j6i

|cijXj | > ε
)
.

2d(9)ªk
∞∑
i=1

iκ−2
i∑

j=1
P(|cijXj | > ε) <∞.
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?
k
∞∑
i=1

iκ−2
i∑

j=1
P(|X| > c−11 j−αi(1+αγ)/mε) <∞.

¤±^�(ii)¤á.

?�Úe�k^�(i)¤á, �
i∑

j=1
cij = 1, c1 6 |σij | 6 c2, Kd^�(ii)Ú½n6�y²

k
∞∑
i=1

iκ−2P
(∣∣∣ i∑

j=1
cij(Xj − EXj)

∣∣∣ > ε
)
<∞, ∀ ε > 0.

(Ü(8)ª�EX = 0. �

5P 8 (i) 3½n6¥, -α = 0, κ = 1, σij ≡ 1, =cij = i−1/m, Kd½n6��©

z[12]¥�½n.

(ii) e{Xi, i > 1}´"þ��NA�ÅCþS�, 3½n6Ú½n7¥, -m = γ = 1, Kd

½n6��©z[7]¥�½n2.1�¿©5¤á; d½n7��©z[7]¥�½n2.1�7�

5¤á.

5P 9 3½n6Ú½n7¥, ·�k

(i) max{−1,−1/γ} < −1/(m(κ− 1) + γ).

(ii) 1 +αγ−mα > 0. ¯¢þ, �−1/(m(κ− 1) +γ) < α 6 0�, w,k1 +αγ−mα > 0;

�α > 0�, dm < (2 + 2αγ)/(1 + 2α)�1 + αγ −mα > m/2 > 0.

(iii) �α > −1/2�, eγ > 1, K(3 − γ + 2α)/(2 + 2αγ) 6 1; e0 < γ < 1, K(3 − γ +

2α)/(2 + 2αγ) > 1.

(iv) �α > −1/2�, k(1 − γ)/(κ − 1) < (2 + 2αγ)/(1 + 2α). ¯¢þ, eγ > 1, w,k

(1 − γ)/(κ − 1) < (2 + 2αγ)/(1 + 2α); e0 < γ < 1, dκ > (3 − γ + 2α)/(2 + 2αγ)

�(1− γ)/(κ− 1) < (2 + 2αγ)/(1 + 2α).

íØ 10 ½n6Ú½n7�^�ØC, -{cij = σij(i − j + 1)αi−(1+αγ)/m, i > 1, 1 6

j 6 i}, K½n6Ú½n7�(Ø�,¤á.

�α > −1�, P

Aαn =
(α+ 1)(α+ 2) · · · (α+ n)

n!
, n = 1, 2, . . . , Aα0 = 1.

½n 11 �{Xi, i > 1}´"þ��ϕ̃·Ü�ÅCþS��{Xn} < X. ,	b�r >

0, m > 0, κ > 1, −1 < α 6 0, �−1/2 < α 6 0�, �b�m < 2(1 + α)/(1 + 2α), ee�

^�¤á:
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(i) r÷v: r <


m(κ− 1)/(1 + α), −1 < α < −1/(1 +mκ−m),

1 +mκ−m, α = −1/(1 +mκ−m),

mκ/(1 + α−mα), −1/(1 +mκ−m) < α 6 0;

(ii) X÷v:


E|X|(mκ−m)/(1+α) <∞, −1 < α < −1/(1 +mκ−m),

E|X|1+mκ−m ln(1 + |X|) <∞, α = −1/(1 +mκ−m),

E|X|mκ/(1+α−mα) <∞, −1/(1 +mκ−m) < α 6 0.

K

∞∑
i=1

iκ−2+r(1+α)(m−1)/mE
{

max
06l6i

∣∣∣ 1

A1+α
i

l∑
j=0

Aαi−jXj

∣∣∣− εi−(1+α)(m−1)/m}r
+
<∞, ∀ ε > 0.

(11)

y²: é∀ i > 1, 0 6 j 6 i, -cij = i(1+α)(m−1)/mAαi−j/A
1+α
i . q�α > −1�, k

lim
i→∞

Aαi Γ(1 + α)/iα = 1.

u´�3�~êc1Úc2, �i¿©��, kc1i−(1+α)/m(i− j)α 6 cij 6 c2i−(1+α)/m(i− j)α, 0 6 j 6 i− 1,

c1i
−(1+α)/m < cii < c2i

−(1+α)/m, j = i.

Ïd, - cij = σiji
−(1+α)/m(i− j)α, 0 6 j 6 i− 1,

cii = σiii
−(1+α)/m, j = i,

Ù¥c1 < σij < c2, ∀ 1 6 j 6 i, i > 1.

l
é?¿�½�i > 1, ε > 0, dCrØ�ª!^�(i)Ú^�(ii)��

iκ−2+r(1+α)(m−1)/mE
{

max
06l6i

∣∣∣ 1

A1+α
i

l∑
j=0

Aαi−jXj

∣∣∣− εi−(1+α)(m−1)/m}r
+
<∞, ∀ ε > 0.

Ïd, �y(11)ª, �Leª¤á=�:

∞∑
i=1

iκ−2E
{

max
06l6i

∣∣∣ l∑
j=0

cijXj

∣∣∣− ε}r
+
<∞. (12)




E
{

max
06l6i

∣∣∣ l∑
j=0

cijXj

∣∣∣− ε}r
+
6 2rE

{
max

06l6i−1

∣∣∣ l∑
j=0

cijXj

∣∣∣− ε/2}r
+

+ 2rE{|ciiXi| − ε/2}r+.
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qdu

∞∑
i=1

iκ−2
∫ ∞
1

P(|ciiXi| > εx1/r)dx

6
∫ ∞
1

( ∞∑
i=1

iκ−2P(|CX| > εi(1+α)/mx1/r)
)

dx

�
∫ ∞
1

E
( |X|
x1/r

)m(κ−1)/(1+α)
dx,

�α = −1/(1+mκ−m)�, m(κ−1)/(1+α) = 1+mκ−m;�−1/(1+mκ−m) < α 6 0�,

m(κ− 1)/(1 + α) < mκ/1 + α−mα. d^�(i)Ú^�(ii)��

∞∑
i=1

iκ−2
∫ ∞
1

P(|ciiXi| > εx1/r)dx <∞.

2dÚn5k
∞∑
i=1

iκ−2E{|ciiXi| − ε/2}r+ <∞.

(ÜíØ10��(12)ª¤á, �(11)ª¤á. �

½n 12 �{Xi, i > 1}´"þ��ϕ̃·Ü�ÅCþS��{Xn} < X. �κ > 1, −1

< α 6 0, m > 0, r > 0�r�÷v½n11¥�^�(i), �−1/2 < α 6 0�, �b�m <

2(1 + α)/(1 + 2α). e�3ε > 0, ¦�(11)ª¤á, �1 < κ < 2�, ?�Úb�{X,Xi,

i > 1}´î²­�ϕ̃·Ü�ÅCþS�, K½n11¥�^�(ii)¤á��m > 1�EX = 0.

y²: e(11)ª¤á, Kk

∞∑
i=1

iκ−2P
(

max
06l6i

∣∣∣ 1

A1+α
i

l∑
j=0

Aαi−jXj

∣∣∣ > εi−(1+α)(m−1)/m
)
<∞, ∀ ε > 0.

2�ì©z[9]¥½n3.2�y², �Ñ. �

5P 13 e{Xi, i > 1}´"þ��NA�ÅCþS�, d½n11Ú½n12��©z

[10]¥��A�(J.
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Complete Moment Convergence for Weighted Sums of

ϕ̃-Mixing Random Variable Series
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(School of Information and Communication, Wuhan College, Wuhan, 430212, China)

Abstract: In this paper, the complete moment convergence for weighted sums of ϕ̃-mixing random vari-

able series are investigated. By using Rosenthal type inequality, we obtain complete moment convergence

theorems for weighted sums of ϕ̃-mixing random variable series, which generalize and improve the corre-

sponding results.
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