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§1. Ú ó

gþVÊ�c�", SchefféÄgJÑ·�Á��O�Vg±5, T���ïÄuÐ

�8Ì�küa�O. �a´3�«�`OK�Ä:þJÑ��O. ~XSchefféõ�ª�

.9�A�üX/�f�OÚüX/¥%�O [1], Cox�OÚ¶�O� [2]. ~^��`�

OOKkD-�`OK!G-�`OK!A-�`OK�� [3], Ù¥D-OK´A^��2��

�«µd�O�`5�OK. ,�a�O´3þ!5Úè5�cJeJÑ�·�þ!�

O [4]. ©z[5]ÏLAÏC��?á�N¥�þ!5�Ð��O��·�þ!�O, d�N

õ©zí2uÐ
ù��{ [6, 7]. ùa�O´ò·�Á�:þ!�Sü3Á��S, §é

�.�b���, Ï�äkÊH5Úè5.

üa�O�k`³. ���, XJý¢�.�/ª®�, æ^�`�O¤ïá��.�

ý¢�.¬��C, Ùýÿ�J�¬�`; ��XJÁ�ö¿Ø��ý¢�.�/ª, Kþ

!�O��è. 3¢SA^¥, ·�Á��Ï~�¹kÙ§�½�N\�å^�, ù�Ò

¦�Á�«�C���E,. Cc5, éuØ5K«�þW¿�O�¯KÚåÚOÆ[Ú

¢Só�ö�À.

éuq©þ�·�XÚ, �A´�©þ'~x1, x2, . . . , xq�¼ê, d�©þ'~¤(½

�q − 1�üX/�L«�

Sq−1 =
{

(x1, x2, . . . , xq) :
q∑
i=1

xi = 1, xi > 0, i = 1, 2, . . . , q
}
.
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XJ�.�¹kÙ§��å^�, Á���L«�

Ds =
{

(x1, x2, . . . , xq) :
q∑
i=1

xi = 1, xi > 0, i = 1, 2, . . . , q, C ′s
}
,

Ù¥C ′sL«N\�å^�.

3·�Á�¥, N\�å^�Ì�kn«/ª.

(i) okþ!e.�å�^�: C ′s : 0 6 aj 6 xj 6 bj 6 1, j = 1, 2, . . . , q;

(ii) �5�å^�: C ′s : 0 6 aj 6
q∑
i=1

cjixi 6 bj 6 1, j = 1, 2, . . . ,m;

(iii) ��5�å^�: C ′s : aj 6 φj(x1, x2, . . . , xq) 6 bj 6 1, j = 1, 2, . . . , l;

Ù¥aj , bjÑ´®��~ê, φj(x1, x2, . . . , xq)´�Cþ���5¼ê.

��.¹k��5�å^��, «�Ds/G4Ø5K. Äuþ!�O�g�, LiuJÑ

�«�{, U3¹kE,�å�·�«�þ�Eþ!�O:, ¿��Ñ
¢~ [8]. l�`

�O��Ý5w, XJ·��.�¹k�5�å½þ!e.�å^�, Äu&EÝ
��

a�`OKe, �`�O:��U´,
4àº:, �å>.¥%±9c¥%¤|¤�8

Ü. ©z[11]¥0�
okþ!e.�å�4àº:Ú�å>.¥%±9c¥%�O��

{. �¹k��5�å�«�Dsk�UØ�34àº:�c, ½ö¤k�4àº:½c¥

%|¤�:8¿Ø�½´�`�O:. 8c'u�å«�S��`�O�ïÄ��õ´?

ØÀJ4àº:9>.:�|Ü¯K.

�ud, �©�E�«·^u·�Á��O¥|¢D-�`�O��{, =MDRS (mix-

ture design random search)�{. T�{Ì�Ú½´: ÄkdMonte-Carlo�[��{�)

�|Ð�, ,�$1|¢S�, 3z�ÚS�¥�)eZ�Å:, ÏL'�(½#�S�

:8. ¦^MDRS�{�±|¢ÑäkE,�å^�e�·�Á��CqD-�`�O),

ù|)�±��ïþÁ��O���IO, =�k��Ñ�Ù¦�O`uCq��`)

�, â´k�. �©ÄkJÑ�.�Ä�b�ÚA�~^�úª; 13!0�
MDRS�{

Ð���)Úe.�å�Å:�)¤; 14!0�
3E,«�þD-�`��Å|¢�{,

=MDRS�{�S�|¢L§; 15!?Ø\:Á�Ú>.|¢; ��o(Ú?Ø�?�Ú

ïÄ�¯K.

§2. �.�Ä�b��D-�`OK

b�·��Ä����5�.�Ä�/ª�

y = βTf(x) + ε,

Ù¥y´�ACþ, f(x) = (f1(x), f2(x), . . . , fm(x))T´�½�'ux = (x1, x2, . . . , xq) ∈
X�¼ê�þ, Á��X�ÿÀ�mþ�;8, β = (β1, β2, . . . , βm)T´���ëê�þ,

ε´�ÅØ�, Ï~�b�E(ε) = 0, Var (ε) = σ2.
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Pτj = (xj1, xj2, . . . , xjq) ∈ X , j = 1, 2, . . . , N´Á��X¥�N�Á�:. Py =

(y1, y2, . . . , yN )T�NgÁ��(J. eNgÁ��kk�ØÓ��O:, P�τ1, τ2, . . . , τk.

b�3Á�:τi�ÿÝ�wi, P

ξ =

(
τ1 τ2 . . . τk

w1 w2 . . . wk

)
.

¡ξ ∈ Ξ���äkÿÝ�k:�O, Ξ¡��O�m. ½Â&EÝ
�

M(ξ) =

∫
X
f(x)fT(x)ξ(dx).

�det(M(ξ)) 6= 0�, ¡ξ����ÛÉ��O, ���Ä��OÑb½��ÛÉ�. XJ£

8�.�Ø�Ñl��©Ù, Kβ����¦�Oβ̂äk��5, =kβ̂ ∼ N(β, σ2M−1(ξ)),

éu�½��&Y²α�±(½��~êc(α), ¦�β��&ý¥�±L«�

{β : (β − β̂)TM−1(ξ)(β − β̂) 6 c(α)}.

D-�`�O��n´ò&EÝ
�1�ª��z, l¦�ëê�þβ��&ý¥NÈ�

�. D-�`OK�Lã�

det(M(ξ))→ sup
ξ∈Ξ

.

G-A�d½n´^u�ä���O´Ä��D-�`��OK. éu?¿�τ ∈ X , ¡'

uτ�¼êδ(τ, ξ) = fT(τ)M−1(ξ)f(τ)���¼ê, �Oξ´D-�`�O�¿©7�^�´

max
x∈X

δ(x, ξ) = m,

=¦���¼ê�����u£8�§¥��ëê��ê.

�
�¡?Ø�I�, 3d·��Ñ:�:8�ålúª. -A,B ⊂ X , éu?¿�

x ∈ A, ½Â:x �B�ål�

d(x,B) = inf{d(x, y) : y ∈ B},

Ù¥d(x, y) = [(x− y)(x− y)T]1/2.

§3. Ð���)�e.�å�Å:8

�
(½�`�Oξ∗, ��¡I�(½�`�O:8, ,��¡I�(½T:8¥�

:¤éA�ÿÝ. ¦^MDRS�{Ì�kn�Ú½: Äk3E,�å«�Dsþ)¤�|:

8���Å|¢�Ð�, Ùg$1�Å|¢S�, ��é¤���(J?1N�, ½öò(

J2��Ð�?1e�ÓS�, ±d5�äù|:8´ÄÜ·. �!Ì�0��)Ð��

�{±9�Ee.�å�Å·�:8.
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3.1 Ð���)

éu��k:�O, 3�Å|¢cI��)�|Ð�T (0) = {τ (0)
1 , τ

(0)
2 , . . . , τ

(0)
k } ⊂ Ds,

¿�¦�
k∑
j=1

d(τ
(0)
j ,T ∗)¦�U��, =�¦�Ð©:8T (0)��`:8T ∗¦�U��

C. �Ð�¤éA��O�ξ(0), Ïd·�I�ÀJ�Ð�A¦�detM(ξ(0))¦�U�

�. �O��B, ·�k5½��O:ÿÝ��, 3O�&E
1�ª�·�o´-

diag(w1, w2, . . . , wk) = Ik, Ik´k�ü 
, (½:8±�2éÿÝ?1N�.

e¡Äk¦^Monte-Carlo�{)¤�Å:8, 2l¥Ä�eZ�Bootstrap�Å��,

²L'��±(½Ð�:8, äNL§Xe.

)¤���ÅÝ
Y = {yij}N,qi,j=1, ùp�¦N � k, Ù¥yij ∼ U(0, 1), i = 1, 2, . . . , N ,

j = 1, 2, . . . , q, ��yijm�pÕá. PÝ
T = {xij}N,qi,j=1´dÝ
YÏL_C���.

�±U�ê_C�{ [9], ½ÂT¥����

xij =
ln(1− yij)
q∑
j=1

ln(1− yij)
, i = 1, 2, . . . , N, j = 1, 2, . . . , q. (1)

½öUì©z[10]�_C�{, -
xij =

(
1− y1/(q−j)

ij

) j−1∏
l=1

y
1/(q−l)
il , j = 1, 2, . . . , q − 1;

xiq =
q−1∏
l=1

y
1/(q−l)
il , i = 1, 2, . . . , N.

(2)

Pτi = (xi1, xi2, . . . , xiq)´Ý
T�1i1��. d(1)½(2)ÏLC��¤���Ý
T , Ù�

1��þ÷v^�
q∑
j=1

xij = 1, τi ∼ U(Sq−1), i = 1, 2, . . . , N , ¿�τ1, τ2, . . . , τN´�pÕ

á�. Ý
T¥��1��τ1, τ2, . . . , τNÑ´S
q−1þ��Å·�Á�:. PT = {τ1, τ2, . . .,

τN} ⊂ Sq−1L«dÝ
T��1����Á�:¤|¤�8Ü.

éuüX/þäkE,�å�«�Ds, eT¥TÐkn�:á\DsS, òùn�:|¤

�8ÜP�

T0 = {τ1, τ2, . . . , τn} = T ∩Ds, n 6 N.

òT0¥��:U1ü�¤�Ý
P�T0 = (τT
1 , τ

T
2 , . . . , τ

T
n)T = {xij}n,qi,j=1, �N���, á\

«�DsS�Å:��ênkCq'X

n ≈ N Vol(Ds)

Vol(Sq−1)
,

Ù¥Vol(x)L««�x�NÈ, �kVol(Sq−1) =
√
q/(q − 1)!, ¤±�Nv
��ÒU�y

á\«�Ds��Å·�:v
õ.
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�né��, ·�F"Ulùn�:¥é��|:8{τi1 , τi2 , . . . , τik}, {i1, i2, . . . , ik} ⊂
{1, 2, . . . , n}, ¦�3�ÿÝ^�eéA��O�&E
1�ª����. e�?1�¡'

�, K$�þé�Ø´¢y, ¿�, ·�I�(½��´�|Ð�, ���yù|:8“�

Ð;;=�. ·�æ^'��Å����{?1À�.

3:8T0¥�Å�)n�Bootstrap��, P�Ti = {τi1 , τi2 , . . . , τik} ⊂ T0, i = 1, 2,

. . . , n, PTiéA��O�ξi, 3�ÿÝ^�eO�Ñ��detM(ξi), i = 1, 2, . . . , n¿ÀÑ

Ù¥���ö, P�

ξ(0) = arg max
16i6n

detM(ξi).

ξ(0)¤éA�Á�:8P�T (0) = {τ (0)
1 , τ

(0)
2 , . . . , τ

(0)
k } ⊂ Ds, ±d���Å|¢S��Ð

�. �,, �,Ð��À�'��, �l�þBootstrap��¥ÀÑ��`ö��ÑU(

½�|�Ð�Ð�.

3.2 �Ee.�å�·�Á�:

���©þx1, x2, . . . , xq�e.�å�a1, a2, . . . , aq, dd¤(½�äke.�å�

q − 1�üX/�L«�

Sq−1
a =

{
(x1, x2, . . . , xq) :

q∑
i=1

xi = 1, 0 6 ai 6 xi 6 1, i = 1, 2, . . . , q
}
. (3)

Sq−1
a Ø´�:½´�8�¿�^�´

q∑
i=1

ai < 1, ��©þ�AäkÛþ.�å: 0 6 ai 6

xi 6 1−
q∑
j 6=i

aj ,K¡S
q−1
a ��òz�äke.�å�·�Á��O�.�A´üX/Sq−1

a ¥

�?¿�:, ·��±ÏL�5C���ªòSq−1
a ¥�g,©þ�I=��ÃN\�å�

IO·�üX/¥��I. P:A�g,©þ�I9[©þ�I©O�

x(A) = (x1(A), x2(A), . . . , xq(A)),

z(A) = (z1(A), z2(A), . . . , zq(A)).

-Iq�q�ü 
, a = (a1, a2, . . . , aq)
T�e.�å��¤��þ, 2P1L«����1�

q��þ. Kü«�Im�C�'X�

x(A) = Dz(A), (4)

Ù¥D =
(
1−

q∑
i=1

ai
)
Iq + a⊗ 1T. eD�òz, K(4)ª�_C��

z(A) = D−1x(A) =
1

R
(x(A)− a), (5)
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Ù¥R = 1−
q∑
i=1

ai > 0.

dd��, ²L�5C��Sq−1¥?¿�:A′3Sq−1
a ¥k����éA�:.

e¡·��E�«AÏ�äke.�å�«�. �τ = (x1, x2, . . . , xq) ∈ Sq−1´üX

/Sq−1¥��:, ���~ê0 < a0 < 1, P

a = (a1, a2, . . . , aq)
T, ai = (xi − a0)I(xi > a0), i = 1, 2, . . . , q, (6)

Ù¥I(·)�«5¼ê.

d�w,k
q∑
i=1

ai =
q∑
i=1

(xi − a0)I(xi > a0) < 1, =÷v�òz^�. -(3)¥��©þ

�e.�å�(6), d�«�Sq−1
a ´���¹τ:q− 1�üX/, �:τ�Sq−1

a ¥�q− 2�²

¡�ål�ai, i = 1, 2, . . . , q. AO�, XJI(xi − ai) = 1, i = 1, 2, . . . , q, Kτ:�Sq−1
a ¥

�q − 2�²¡�ålÑ´a0, d�τ´üX/Sq−1
a �¥%. ��BQã, ·�¡a0�e.�

åþ, a�e.�å�þ, Sq−1
a ´±τ�¥%, e.�åþ�a0�üX/.

d3.1!¥��ê_C���{(1)½_C��{(2)��±)¤��ÃN\�å��

Å·�:8T = {τ1, τ2, . . . , τN0} ⊂ Sq−1, òù
�Å·�:U1ü�¤Ý
T = (τT
1 , τ

T
2 ,

. . . , τT
N0

)T = {xij}N0,q
i,j=1, 2��5C�, -

Ta = TDT = T (qa0Iq + 1⊗ aT).

PTa = {α1, α2, . . . , αN0} ⊂ Sq−1
a ´dTa��1��|¤�:8, Ta¥����T¥��

�´��éA�, §´dN0�ÃN\�å��Å·�:�S
q−1
a ¥���N�, P

T (τ,N0, a0) = {τ} ∪Ta

´�¹τ:±9Sq−1
a S�N0��Å·�:�8Ü. òT (τ,N0, a0)¥�:U1ü�¤Ý
,

P�

ME(τ,N0, a0) = [τT, αT
1, α

T
2, . . . , α

T
N0

]T. (7)

2�ÄN\�å, -

TDs(τ,N0, a0) = {τ} ∪ (Ta ∩Ds)

L«�¹τ:9«�Ds ∩ Sq−1
a S��Å·�:|¤�8Ü. �eN0��Å·�:²L�5

C��kn0 (n0 6 N0)�á\Ds ∩ Sq−1
a S, òTDs(τ,N0, a0)¥�:U1ü�¤Ý
, P�

CE(τ,N0, a0) = [τT, αT
i1 , α

T
i2 , . . . , α

T
in0

]T. (8)

~X3n©þ·�XÚ¥, �τ1 = (0.6, 0.3, 0.1), τ2 = (0.1, 0.1, 0.8), )¤ü|�¹

τ1, τ2��Å·�:8T (τ1, 50, 0.1)ÚT (τ2, 150, 0.15), Xã1(a)¤«. 3o©þ·�XÚ



1 2Ï o1�, ÜÂ©: äkE,�å·�Á��ìCD-�`�O 209

¥, �τ3 = (0.3, 0.2, 0.2, 0.3), τ4 = (0, 0.1, 0.1, 0.8), )¤ü|�¹τ3, τ4��Å·�:8

T (τ3, 500, 0.1)ÚT (τ4, 1 500, 0.1), Xã1(b)¤«.

ã1 (a)n©þ·�XÚ¥ü|�¹τ1, τ2��Å:8T (τ1, 50, 0.1)ÚT (τ2, 150, 0.15)

(b)o©þ·�XÚ¥�¹τ3, τ4��Å:8T (τ3, 500, 0.1)ÚT (τ4, 1 500, 0.1)

I�5¿�´·�½Â�Ý
(8)Ø
1�1τ´�½��	, Ù{�1Ñ´�pÕ

á��Å·�:, ¿�ÑÑlüX/Sq−1
a þ�þ!©ÙU(Sq−1

a ). ,	, Ï��ªá\«

�DsS��Å·�:�êØ(½, ¤±TÝ
�1ê�´Ø(½�. �N0é��, Uá

\DsS�:ên0Ak±e'X

n0 ≈ N0
Vol(Ds ∩ Sq−1

a )

Vol(Sq−1
a )

.

XJDs ∩ Sq−1
a 6= φ, ·�oU
ÏLO�N0��{�)v
õ��Å·�:¦�á\«

�Ds ∩ Sq−1
a S.

§4. MDRS�{�S�|¢L§

�¼�3äkE,�å�Á��Dsþ�D-�`�O, ·�I�(½�|:8T ∗ =

{τ∗1 , τ∗2 , . . . , τ∗k}Ú��ÿÝ�þw = (w1, w2, . . . , wk), ¦�3Á��Dsþ��O

ξ∗ =

(
τ∗1 τ∗2 . . . τ∗k

w1 w2 . . . wk

)

´D-�`½´CqD-�`�.

�d, �©Äk�Ä3�ÿÝ^�e, k(½�|:8, ,�2O��:�ÿÝ, ��

dG-A�d½n5u��O´Ä�D-�`. 34.1!Ú4.2!O�&E
1�ª�, ·�o´

-diag(w1, w2, . . . , wk) = Ik.
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ùpk�ÑA�PÒ, �Ý
A = {aij}n,mi,j=1��1���ai = (ai1, ai2, . . . , aim),

i = 1, 2, . . . , n. PA[i] = ai´Ý
A�1i1, PA[−i] = [aT
1, a

T
2, . . . , a

T
i−1, a

T
i+1, . . . , a

T
n]TL«

òA�i1GØ�¤���(n− 1)×m�Ý
. �km��þb = (b1, b2, . . . , bm), ½Â

R{b, A[−i]} = [aT
1, . . . , a

T
i−1, b

T , aT
i+1, · · · , aT

n]T,

L«òA�1i1O���þb.

e¡©ü«�¹?ØMDRS�{��Å|¢L§.

4.1 �:|¢

XJ®��£8�.¥��ëêØ�õ, ·��±�Ä3zÚ�Å|¢¥4k�:Ó

�?1|¢, äNÚ½Xe.

ÄkUì3.1!¥��{)¤k:T (0) = {τ (0)
1 , τ

(0)
2 , . . . , τ

(0)
k } ⊂ Ds��S�Ð�, �½

��êN0Úe.�åþ�Ð�a
(0). òk�:�\(8)l)¤k�Ý
, /X:

C
(0)
i = CE(τi, N0, a

(0)), i = 1, 2, . . . , k. (9)

�Ý
C
(0)
i ¥�kN

(0)
i 1, C

(0)
i ´dτÚS

q−1

a(0)
∩DsS�N

(0)
i − 1��Å·�:U1ü�¤

�Ý
, ±C
(0)
i [j]L«C

(0)
i �1j1, 2lC

(0)
1 , C

(0)
2 , . . . , C

(0)
k ¥��Ñ�1, |¤k1�Ý


Zl =


C

(0)
1 [i1]

C
(0)
2 [i2]

...

C
(0)
k [ik]

 ,
ij = 1, 2, . . . , N

(0)
i , j = 1, 2, . . . , k,

l = 1, 2, . . . ,
k∏
i=1

N
(0)
i .

(10)

-N (0) =
k∏
i=1

N
(0)
i , ù�, ��Ý
Zl (l = 1, 2, . . . , N (0))éA��OP�ξ

(0)
l (l = 1, 2, . . .,

N (0)), O�Ñ¤k�OéA�&E
1�ª, ¿-

ξ(1) = arg max
16l6N(0)

detM(ξ
(0)
l ).

Pξ(1)¤éA��O:�T (1) = {τ (1)
1 , τ

(1)
2 , . . . , τ

(1)
k }, =�¤�g|¢S�. E±þL§

eZg, �ª���|:8. ±þS�L§�±8B�XeÚ½:

Ú½1 �)Ð�T (0) = {τ (0)
1 , τ

(0)
2 , . . . , τ

(0)
k } ⊂ Ds;

Ú½2 j = 0, �)k�Ý
C
(j)
i = CE(τ

(j)
i , N0, a

(j)), i = 1, 2, . . . , k. ¿dd�)N (j)�

Ý
Z
(j)
l , l = 1, 2, . . . , N (0)X(10)¤«;

Ú½3 ξ
(j)
max = arg max

16l6N(j)
detM(ξ

(j)
l ), T (j+1) = {τ̃ (j)

1 , τ̃
(j)
2 , . . . , τ̃

(j)
k }.
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Ì�Ú½2ÚÚ½3, ¿-j = j + 1, ξ(j+1) = ξ
(j)
max, �½��é���êε > 0, -a(j+1)

= a(j) − (a(0) − ε(k
√
q(q − 1) )−1)/M , S��1MÚÊ�S�. e¡ÏL��¢~5(½

ý¥«�S�CqD-�`�O.

~ 1 òn«¤©���à¯Lx1!à�¯Lx2±9à�Lx3·Ü3�å�¤n�,

¿�¤ã�. 3dÁ�¥, Á�öa,��´K�ã����Ý, =3�½�^åe, �½

�Ý�ã����´õ�, �â¢�²�, Á�öa,��+��Cq��

0.27 6 x1 6 0.59, 0.15 6 x2 6 0.45, 0.2 6 x3 6 0.34, (11)

éäkþ!e.�å�+��\?U, C¤��ý¥��, /�(x1 − 0.43

0.16

)2
+
(x2 − 0.3

0.15

)2
+
(x3 − 0.27

0.07

)2
6 1.

dý¥�¥%3y1ö�·�:τ1 = (0.43, 0.3, 0.27), 0.16, 0.1590.07©OL«x1, x2,

x3C§���. e¡ÏL�:|¢��{, (½��±n�Scheffé¥%õ�ª�.

y =
3∑
i=1

βixi +
∑
i<j

βijxixj + β123x1x2x3

�£8�.e�7:�O.

ÏL3.1!¥��{�)�|Ð�, zÚ|¢±�S�:�¥%�)N0 = 4��Å·

�:, -M = 1400, a(0) = 0.08, ε = 0.0001, ù��?11400ÚS�, �ª&E
�1�ª

��detM(ξ(1400)) = 6.8489e-23. �ª(½�7��O:©O�τ1 = (0.544, 0.216, 0.240),

τ2 = (0.317, 0.380, 0.303), τ3 = (0.504, 0.191, 0.305), τ4 = (0.393, 0.271, 0.337), τ5 = (0.467,

0.330, 0.203), τ6 = (0.353, 0.410, 0.236), τ7 = (0.43, 0.3, 0.27); �O:89S�L§&E


1�ª�Cz�¹Xã2¤«.

ã2 (a)�ª(½�7��O: (b)ÏL1400gS�&E
�1�ª�Ñ:ã
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XJ�~¥æ^4àº:�O, dN\�å(11)�)6�4àº:, ©O´τ ′1 = (0.35,

0.45, 0.20), τ ′2 = (0.51, 0.15, 0.34), τ ′3 = (0.59, 0.21, 0.20), τ ′4 = (0.27, 0.39, 0.34), τ ′5 = (0.59,

0.15, 0.26), τ ′6 = (0.27, 0.45, 0.28), 3dÄ:þV\��¥%:τ7 = (0.43, 0.3, 0.27)�¤7

:�O, ù�¬uyù��O�&E
M(ξ′)´òz�, §�¹k��é��A��λ =

2.542234e-15. ùp`²ü::

(i) �:|¢=�é��ëê�ê����/, XJ��zÚS�|¢�)N0��Å

·�:, @o�gS��UI�éNk
0�(J?1'�, �N0��, O�þ¬:ìO\, Ø

´¢�, XJN0��qØU�y�3U¦detM(ξ)O��:8. ÏLÁ�L², 3Nk
0 6

105�?1�:|¢´�1�.

(ii) �½��é��~êε > 0, ½Â1MÚ�e.�åþ�a(M) = ε/[k
√
q(q − 1) ],

Ke.�åþz�Ú±Ú�(a(M) − a(0))/M �, §U�yS�?1�1MÚ�k

k∑
i=1

d(τ
(j+1)
i ,T (j)) 6 ε

¤á, 3S�L§¥, e.�åþÅÚ �, l|¢���Åì �, ±d��Lõ�Å

:�á\Ds ∩ Sq−1
a S.

ã3´��¼êδ(τ, ξ)3�å«�S��pã, lã¥��, ��¼ê3ý��>.«

���7, �´²LO�, 3>.��3:¦���¼êÑ�u7, ·�¤���(J�,Ø

´D-�`�, ���¼ê����7�ÉØ�, �±����CqD-�`).

ã3 DsS��¼ê��pã

4.2 Å:|¢

Xc©¤ã, ��.��ëê��õ�, ¦^�:|¢�O�þ¬�~�. ~Xéuo

©þ��Schefféõ�ª¥�¹10���ëê, éA��Ú�OI��10��O:, XJ3

CE(τi, N0, a
(0))¥zÚ�)N0 = 10��Å:, @o�ÚS�I�'�1110�Ý
�1�ª

�, ù´Ø´¢��.
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�d, ·��Äæ^Å:�Å|¢��{. Äkd3.1!¥��{�)�|Ð©:8,

òz�:U1ü��Ý
T (0) = [(τ
(0)
1 )T, (τ

(0)
2 )T, . . . , (τ

(0)
k )T]T. �Ý


C
(j)
i = CE(τ

(j)
i , N0, a

(j)), i = 1, 2, . . . , k

�kN
(j)
i 1.

Å:|¢´òÐ©:8T (0) = {τ (0)
1 , τ

(0)
2 , . . . , τ

(0)
k }¥τ

(0)
1 ?1�Ú|¢, ò�C

(0)
1 [i],

i = 1, 2, . . . , N
(0)
1 �T

(0)[−1]Ü¿, -

Z
(0)
1i = R{C(0)

1 [i], T (0)[−1]}, i = 1, 2, . . . , N
(0)
1 . (12)

�Ý
Z
(0)
1i , i = 1, 2, . . . , N

(0)
1 Ñ´k × q�Ý
, Ø1�1ØÓ	, Ù{�1Ñ�Ó, ù
Ý


¤éA��O�ξ
(0)
1i , i = 1, 2, . . . , N

(0)
1 , O�Ñù
�&E
1�ª, ¿ÀÑ���, P

�

ξ
(0)
1 = arg max

16l6N(0)
1

detM(ξ
(0)
1i ).

ξ
(0)
1 ¤éA�:8�T

(0)
1 = {τ (1)

1 , τ
(0)
2 , . . . , τ

(0)
k }, ^T

(0)
1 O�T (0), òT:8¥�:U1ü

¤Ý
T
(0)
1 2?1e�ÚS�. ù�L§¡��Ú|¢.

e¡2éτ
(0)
2 ?1�Ú|¢, -

Z
(0)
2i = R{C(0)

2 [i], T
(0)
1 [−2]}, i = 1, 2, . . . , N

(0)
2 .

aq�, O�Ñ¤k�OéA�&E
1�ª¿ÀÑ��ö, ?���|:8T
(0)

2 =

{τ (1)
1 , τ

(1)
2 , . . . , τ

(0)
k }. ±daí, ��ék��O:Ñ?1
�Ú|¢, K¡dL§��Ó|

¢. 1�Ó|¢¤(½�|¢:8�

T (1) = T
(0)
k = {τ (1)

1 , τ
(1)
2 , . . . , τ

(1)
k }.

EMÓ|¢, �ª���|:8T (M) = T
(M−1)
k = {τ (M)

1 , τ
(M)
2 , . . . , τ

(M)
k }. ±þS

�L§�±8B�XeÚ½:

Ú½1 �)Ð�T (0) = {τ (0)
1 , τ

(0)
2 , . . . , τ

(0)
k } ⊂ Ds;

Ú½2 i = 1, j = 0, �)N
(j)
i �Ý
C

(j)
i = CE(τ

(j)
i , N0, a

(j)). ¿dd�)N
(j)
i �Ý


Z
(j)
il = R{C(j)

i [l], T
(j)
i−1[−l]}, l = 1, 2, . . . , N

(j)
i ;

Ú½3 -ξ
(j)
i = arg max

16l6N(j)
i

detM(ξ
(j−1)
il ), T

(j)
i = {τ (j)

1 , . . . , τ
(j)
i , τ

(j−1)
i+1 , . . . , τ

(j−1)
k }.
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�½e.�åþÐ�a(0)Ú��é���êε, -a(j) = a(j−1) − (a(0) − ε)/M . -j =

j + 1, �j > k�, i = i+ 1, �T (j) = T
(j−1)
k , �i >M�Ê�.

éuk:�O, Å:�Å|¢�z�Ú|¢�õ'�N0�(J, �Ó|¢�I�'�

kN0�(J, '�:|¢��!�
S�, ¿�²L¢�, Å:�Å|¢�(J�U��C

qD-�`. dD-�`OK��, XJ�O´�Ú�O, 3z:�ÿÝA��, éu��Ú�

O, z��O:?�ÿÝk�UØ��, ùÒI�(½���O:?�ÿÝ. e¡?Ø3�

O:(½��/e2(½�:ÿÝ��{.

4.3 ÿÝ�(½

�eUì4.2!¥��{�ª(½
�|:8T ∗ = {τ∗1 , τ∗2 , . . . , τ∗k}, ·��ÏL�Å
|¢��{5(½�`ÿÝ. �w(0) = (w

(0)
1 , w

(0)
2 , . . . , w

(0)
k )´��k�1�þ, ±w(0)��

�Å|¢�Ð�, -

ξ(0) =

(
T ∗

w(0)

)
=

(
τ∗1 τ∗2 . . . τ∗k

w
(0)
1 w

(0)
2 . . . w

(0)
k

)
��Ð©�O.

,�3zÚ�Å|¢¥, �½T ∗éÿÝ�þ?1�Å|¢. äN�U±eÚ½?1.

Ú½1 -i = 0, d(7)½ÂM (i) = ME(w(i), N0, a
(i)), �M (i)��1��©O�M (i)[j],

j = 1, 2, . . . , N0. 2P

ξ(i) =

(
T ∗

w(i)[j]

)
;

Ú½2 -i = i + 1, a(i+1) = a(i) −M−1(a(0) − ε), ξ(i+1) = arg max
16j6N(i)

detM(ξ
(i)
j ), Ù

¥ξ(i+1)¤éA�ÿÝ�þP�w(i+1).

E±þÚ½Mg, �ª(½��O�ÿÝ��þw(M) = (w
(M)
1 , w

(M)
2 , . . . , w

(M)
k ).

w,, z�Ú|¢, éu�O�&E
1�ª�Ñ´üNØ~�. �due.�åþ��

�, U¦�ÿÝ�þ�ªÂñ���é����S. �·��ª(½
��k:�O��O

:8T ∗Ú§¤éA�ÿÝ, Ò�±^G-A�d½n5u��Oξ´Ä�D-�`�. e¡·

�±��¢~5`²Å:|¢�k�5. 3dÚ^©z[8]¥�~1�Á��?1O�.

~ 2 n©þ·�XÚ¥, �Ä��Becker£8�.

H1 : y =
3∑
i=1

βixi +
∑
i<j

βij min(xi, xj)

H2 : y =
3∑
i=1

βixi +
∑
i<j

βijxixj
xi + xj

H3 : y =
3∑
i=1

βixi +
∑
i<j

βij(xixj)
1/2

(13)
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3«�Ds =
{

(x1, x2, x3) :
3∑
i=1

xi = 1, xi > 0, x2
1 + x2

2 6 0.36
}
�ìC�ÚD-�`�O.

éu±þn��.?1Å:�Å|¢, �Ð�Äz��.Ñ¦^�Ú�O, �´uy

XJæ^�Ú�O, z��.ÑÃ{��D-�`. �d, é���.?1
N�, 1���

.æ^7:�O, �ü��.æ^8:�O, zÚ|¢�)100�e.�å�Å·�:,�?

1100Ó�Å|¢. L1´¦^MDRS�{²LÅ:�Å|¢�����ª(J.

L1 DsSBecker�.�CqD-�`�O

�.H1 �.H2 �.H3

x1 x2 x3 w x1 x2 x3 w x1 x2 x3 w

0 0 1 0.171 0 0.6 0.4 0.13576 0 0.182 0.818 0.09347

0.5 0 0.5 0.148 0.292 0.524 0.184 0.13293 0 0.001 0.999 0.14618

0.333 0.334 0.333 0.159 0.538 0.265 0.197 0.12797 0.268 0.537 0.195 0.11935

0.568 0.193 0.239 0.134 0.247 0.247 0.506 0.13540 0.225 0 0.775 0.11007

0 0.5 0.5 0.153 0.6 0 0.4 0.13458 0.6 0 0.4 0.14643

0.425 0.423 0.152 0.104 0 0.329 0.671 0.08607 0 0.6 0.4 0.14221

0.202 0.565 0.233 0.131 0 0 1 0.15828 0.536 0.269 0.195 0.11001

0.334 0 0.666 0.08902 0.169 0.175 0.656 0.13229

detM(ξ(700)) = 2.370336e-09 detM(ξ(800)) = 2.348032e-11 detM(ξ(800)) = 2.162175e-09

3�.H2¥��O:(0, 0, 1)´��Cq�, 3O�_Ý
�¬�)Ã��(Ï�

x1x2/(x1 + x2)��¬Ñy0/0�/ª), &E
�1�ª�´òT:O��(0, 0.001, 0.999)

2?1O�¤�. l±þ(J¥�±uy, ØØ=��., Ù¥Ñ�¹
º:(0, 0, 1), �

.H2ÚH3Ñ¹k(0.6, 0, 0.4)Ú(0, 0.6, 0.4). ¤±3�O�Ð, é�.a.Ã{ä½�, �±

¦^MDRS�{éõ��.|¢D-�`�O, �ªÀJõ��.�`:8¥Ñ�¹��O

:.

ã4 –ã6©O´�.H1, H2, H3�(J, Ù¥(a)´�ª(½��O:, (b)´S�L§

¥&E
1�ª��Ñ:ã, î¶�S�|¢�gê, p¶�&E
1�ª�, (c)´éA

�.���¼ê�¡ã. le�ã¥(c)��, ��¼ê�¡Ñ´36e�, ¿�3>.

?��6, ù`²¤(½��O´CqD-�`�.

§5. \:Á��>.|¢

3¢S)�)¹¥¬��ù���/, Á�öéb½�£8�.JÑ
�O, �´¢

S[Ü�JØZ, ù�I�é�.?1N�,½���.a., ½UC�O:. �
�k�

êâØ�L¤, �Ä���.�, 3®(½��O:Ä:þV\eZ��O:, 2g?1Á

�. @o¤V\��O9ÙÿÝÑI�(½.
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ã4 �.H1�(J

ã5 �.H2�(J

ã6 �.H3�(J

·��Ä3�k�O:8T�Ä:þV\p�Á�:, ¦��O3#��.e��C

qD-�`. Ó��, ��±¦^�Å|¢��{(½I�V\�:8.

ÄklS = {s1, s2, . . . , sN} ⊂ Ds¥ÀÑeZ�Bootstrap��, z|���¹p�:,

U1ü�¤N0�Ý
, �®(½�k:�Oξ�Ý
�TÜ¿, l¤k�O¥ÀÑ&E
1

�ª��ö, -S (0) = {s(0)
1 , s

(0)
2 , . . . , s

(0)
p } ⊂ Ds, ¿±d��S�Ð�. ,�2A^MDRS

�{?1|¢. äN�U±eÚ½?1.
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Ú½1 �)Ð�S (0) = {s(0)
1 , s

(0)
2 , . . . , s

(0)
p } ⊂ Ds;

Ú½2 i = 1, j = 0, �)N
(j)
i �Ý
C

(j)
i = CE(τ

(j)
i , N0, a

(j)). ¿dd�)N
(j)
i �Ý


Z
(j)
il = R{C(j)

i [l], S
(j)
i−1[−l]}, l = 1, 2, . . . , N

(j)
i .

-V
(j)
il = [(Z

(j)
il )T, T T]T, ¤éA��O�ξ

(j)
il , l = 1, 2, . . . , N

(j)
i ;

Ú½3 -ξ
(j)
i = arg max

16l6N(j)
i

detM(ξ
(j−1)
il ), S

(j)
i = {s(j)

1 , . . . , s
(j)
i , s

(j−1)
i+1 , . . . , s

(j−1)
k }.

�½e.�åþÐ�a(0)Ú��é���êε, -a(j) = a(j−1) − (a(0) − ε)/M . -j =

j + 1, �j > p�, i = i+ 1, j = 0, �S (j) = S
(j−1)
k , �i >M�Ê�.

V\��O:, ØØ´�:|¢�´Å:|¢Ñk���Ó�?, Ñ´ò�k��O

:Ý
�½, 2��Å:Ý
Ü¿, ±d?1S�, ��(JÂñ��½��.

ÏLeZÓ|¢�, åÐ©Ñ��O:ý�Ü©:¬“Ü”½“CqÜ”3A�:?.

���, éu�½�é��~êε > 0, 3S�L§¥XJkd(τi, τj) 6 ε, K@�τi�τj´

Ü�. ~X·��Ä3,�å«�DsS�)100�Ð©�O:, ÏLeZÓS��¬uy

ù100�:�ªÑÜ�A�:þ, ù`²3D-�`OKe, ·��I��½A�“�”�

�O:=�. éõ:?1�Å|¢, ��I�òÜ�:Ü¿, Ü¿�K�: XJV\:�

��O:Ü, ���O:, V\:�V\:Ü, �D-OKe�`ö.

�òÜ:Ü¿, �±Uì±e�{?1: �¤���(J´dk + p�:U1ü��

Ý
T , Pτi, i = 1, 2, . . . , k + p´Ý
T�1i1��. �½��é���êε > 0, 2½Â�

�k + p��
E, E¥�¹Ìé���þn�Ü©¥����½Â�Iij = I(d(τi, τj) < ε).

E¥Ø�¹Ìé���en�Ü©���Ü-�0. ,�2éE¥���?1N�. äN

�: XJ
k+p∑
j=1

Iij > 1, K-E�1i1����0, XJ
k+p∑
j=1

Iij = 1, KE�1i1��ØC. ·�

rN���Ý
P�G = {gij}k+p
i,j=1, ��¤��Ý
¥keZ1�0. -ri =

k+p∑
j=1

gij , i =

1, 2, . . . , k + pÒL«τi:±9�τi:Ü�:��ê. ò�þr = (r1, r2, . . . , rk+p)
T�TÜ

¿�(T, r)�, òr = 0�1íØ=�GØE�:.

±~1¥�.H1�~, XJ·�m©�Ä�´�Ú�O, 36:�O�Ä:þV\p��

O:, P�S = {s1, s2, . . . , sp} ⊂ Ds, 3d, ·��Ä
n«�¹: =V\:��ê©O

�p1 = 24, p2 = 48, p3 = 96, �ª(½��O:� ��ã7���Ó. `²¤V\��O

:Ä��®k��O:Ü.

ã7¥�9��O:©O�: τ1 = (0.6, 0, 0.4), τ2 = (0, 0, 1), τ3 = (0.423, 0.425, 0.152),

τ4 = (0, 0.6, 0.4), τ5 = (0.221, 0.558, 0.221), τ6 = (0, 0.5, 0.5), τ7 = (0.5, 0, 0.5), τ8 = (0.557,

0.221, 0.222), τ9 = (0.333, 0.333, 0.333). dG-A�d½n�±�y: 3�ÿÝ^�e�9:

�O´D-�`�.
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ã7 ã¥ùÚ�:��k��O:, “*”�V\��O:

duD-�`OK¤�½��O:��©Ù3üX/�>.9º:þ, 3�å«�DsS

�´aq�, ~1Ú~2¥, �O:Ñ©Ù3�å«��>.þ. XJ�
¦�D-�`OK

e|¢��(J��°(, �±�Ä3>.þ?1�Å|¢.

���, �5�å«��>.´q − 2��²¡, ��5�å�>.K´q − 2�

¡. éuτ ∈ Sq−1, �å>.�±L«�η(τ) = 0�/ª, éu��å>.NC��

:τ ′, XJ§�>.éC, =éu��é���êε > 0, kd(τ ′,C ) 6 ε¤á, Ù¥C =

{τ : τ ∈ Sq−1, η(τ) = 0}. erC¥�τ ′�C��:P�τ0 = (x01, x02, . . . , x0q), ·�F"

U�)±τ0�¥%, 3�å>.þ��Å·�:.

Äk, �½��~êc > 0, -a1 = max{x01 − c, 0}, b1 = min{x01 + c, 1}, ò��©þ
½Â�þ!©Ù��Å:, -x1 ∼ U(a1, b1), 2-

ai = max{x0i − c, 0}, bi = min
{

max
{
x0i + c, 1−

i−1∑
j=1

xj

}
, 1
}
,

xi ∼ U(ai, bi), i = 2, 3, . . . , q − 2.

ù�, τ ′�cq − 2�©þÑ´Ñlþ!©Ù��ÅCþ, �e�ü�©þd>.�åÚÄ

��åû½, =dη(xq−1, xq;x1, x2, . . . , xq−2) = 0Ú
q∑
i=1

xq = 1)Ñ�ü�©þ.

d±þÚ½)¤�N��Å:τ ′1, τ
′
2, . . . , τ

′
N9τ0|¤�8ÜP�Tη(τ0, N, a) = {τ0} ∪

{τ ′1, τ ′2, . . . , τ ′N}, aqu13!¥�?Ø, ·�½Â���å>.þ�:8Ý
: LEη(τ0,

N, a)´�å>.ηþ��Å:8Tη(τ0, N, a)U1ü��Ý
. ·�¡a´>.�åþ.

Ó��, �±¦^MDRS�{3>.þ?1�Å|¢. ~Xã7¥, ·��Ä3n�>

.η1(τ) = x1 = 0, η2(τ) = x2 = 0þ��)ü��Å:, 3η3(τ) = x2
1 + x2

2 = 0.36þ�)n

��Å:, �½¥%:Úº:, 3>.þÀ½Ð��, ��½:ü�¤Ý
, é7�:?1|

¢, UìÅ:|¢��{, z�Ú|¢´lÙ¥��>.þ��Å:8
LEη(τ,N, a)«�

Ñ�1, O�Kþ�Ú¤(½�Ý
¥�,�1, zÚO��1, Å1O�, ¿5½>.�

åþaÅìC�, ��|¢«� ���½��. >.|¢Ä�g��14!¥¤?Ø´�
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��, 3dÒØEKã
.

§6. ( Ø

�©¦^MDRS�{3äkE,�å�·�Á��S|¢D-�`�O:8, ¿(½�

O:�ÿÝ, ÏL¢~�y
T�{�k�5. Ød�	, ·�^ù«�{ïÄ
Ù¦�.

3ØÓ��å«�S�D-�`�O, �)õ�ª�.!�\·��.!�ê�.!àg�

., ±9ù
�.·Ü¤���.��. ÏLMDSR�{ÑUé�D-�`, ½CqD-�`

��O:89éA�ÿÝ, �u�Ì, d?Òvk��?Ø. ���J�´, SA�{nØþ

´�VÇÂñu�Û�`)�, ��©�E�MDRS�{¿vk�SA�{@�, SA�{z

�Ú|¢ÑU�½VÇØÀJ�c�`), MDRS�{¥zÚ|¢��det(M(ξ))Ñ´

üN�ü�. 3d`²ü::

(i) 3�å«���, ��¼ê�&EÝ
1�ªÑ¬Ñyõ4���/, zÚS�Ñ

�y&EÝ
1�ªüNØ~, 3|¢«�SÅÚN�, �ªU(½��CqD�`��

O.

(ii) zÚS��)äke.�å«�S��Å:8, e.�åþÐ�·����
. ~

XÀJ�å«����»�1/q, ,��XS�?1, e.�åþ��C�, ±d �|¢

«�. z�ÚS�Ñk�Uá\ÛÜ�`), e�ÚS�Ñk�½�VÇaÑÛÜ�`

), �Ò´`z�ÚS�ÑkÅ¬“�Ö”þ�ÚS���ØÀJ. ���, e.�åþ�

�, ��)��Å:�õ, aÑÛÜ�`�VÇ�Ò��, ¤±3Å:|¢¥, ·����

�)�Å:ê  '�:|¢�õ�õ, ¿�$��m�´�±�É�. dã2¥(b)�±

uy, 3NõÚS�¥det(M(ξ))´vku)Cz�, ��e.�åþ���½§Ý�âk

þ,�ª³, dd��éõÚS�Ù¢´Ã��, �´·�qØU4e.�åþ ���

¯, @�¬O�á\ÛÜ�`)�VÇ. �ud, ·��±}Á����ëêt(j), zÚS�

�k�det(M(ξ(j+1))) − det(M(ξ(j))) > t(j)�â�É#), ÄK#�)�Å:, 2?1

'�. ���É��Å|¢¢Sþ´�Å|¢��«Ø , §UJp�Ç, ¦��¯���

`(J, �´��ëê���I��?�Ú�(½.

o�, MDRS�{{ü´1, ¿��Å|¢�(J�±?�ÚNÁ, ù��U¦�(J

�\%C�`�O:8, ,��½:8, éÿÝ�þ?1`z?¦)Ñ÷vD-�`OK

e�ÿÝ. T�{U3á�mS�Á�öJø�X�·^uØÓ�.3E,�åe�C

qD-�`��O�Y.
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Asymptotically D-Optimal Design of Mixture Experiment

with Complex Constraints

LI GuangHui ZHANG ChongQi

(School of Economic and Statistic, Guangzhou University, Guangzhou, 510006, China)

Abstract: It is difficult to get an accurate optimum design when the experimental design area is very

irregular under complex constraints. This paper constructs a random search algorithm for mixture ex-

periments designed (MDRS). Firstly, generating an initial points set in areas with complex constraints by

the Monte-Carlo method, then use MDRS algorithm iterative to approximate optimum set. By way of

example verification, this method is effective. It can be used as a standard measure of other designs, that

is the only effective when given superior to other designs approximate optimal solution.

Keywords: Monte-Carlo method; D-criterion; information matrix
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