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§1. Ú ó

8c, Ì6�y�&^ºxÝþ�{©�{��.Ú(�z�.üa. {��.r�

�¯�	)uè�, òÙw�drÝû½��ÅL§, �Ñ]�(�!ÅÖ(���K�.

¦+{��.�|ÇÏ�(�nØkoN, �ÏÙØ^è�]��$�5û½è�´Ä�

�, 3�½§Ýþ"y²LÆnØÄ:.

(�z�.´ÄuÏ�½dnØïá���., �±éè�]�!Å �y76�Ñ

w«b�. 8cù«�{3Å ½d!��VÇ�Ýþ�¡ÓâX­��/ , ;&è�

Äu(�z�.mu�KMV�. [1]®¤�ïþ&^ºx��61Úk���.��.

Merton [2]JÑ
1��(�z�., ÄuBlackÚScholes [3]�Ï�½dnØ, ò�À�

Ãw�wÞÏ�, ��
��Å d��µ4). �´duÙ3��5K!è�]�(�

�¡JÑ
'�î��b½, 3¢SA^¥¿Ø-<÷¿. Jones� [4]�¢yïÄuy, è

�Å �&^d�ÊH�Merton$�. BlackÚCox [5]�t
è��U3�ÏFâUu)

�����, JÑ
ÄgÏL�.(first passage time model), =è�]���$u,�>

.Ku)��. ��>.��½´da�.�'�, S)��>.É�Àûü�K�, Ì�

Äu�À�Ã���z. 	)���>.Ï~�ÅÖd�k', ´è��Ñ�	)]��

.�. Giesecke [6]�@ïá
S)���., Leland [7]b½E¦ëY|GÃ¡Ï{z
êÆ

�©2015c4�20FÂ�, 2016c2�10FÂ�?Uv.
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L�, ��
[YÅ �S)��>., LelandÚToft [8]ÿÐ
Leland��., �Ä
u1

k�ÏÅ ��S)��>..

ù
�.´L
(�z�.�nØµe, �´Ñ´3��½|&Ee?1�þ, @�

�±*ÿ�è�]�ÚÅ d��ý¢d�, ��äk�ýÿ5. ����ýÿ5��n

Øýÿ�áÏ&^d��0, ù´�y¢ØÎ�. �éù�¯K, Cc5ïÄ<
3è��

]�d��b½þ�
U?, §õ� [9]3DÚ�(�z�.¥Ú\DÑ&E, ¿y¢
Ù

UUõÕ1���ºxµ�. Ù	, w�¸Ú4°9 [10]@��¦���«k6Ï5U�7

K]�, U
��À�5�	�O�, òù«6Ï5d�B\�À�Ã, ¦��.�DÚ�

(�z�.�\­è, 3�½§Ýþ-�
DÑ&E�5�K¡K�.

�©�âISÕ1�&E¼�Å�, |^è��ãÖ&EÚ&^P¹?1Ø��&E

b�, ¿ïÄT&E8e�ÄgÏL��VÇ�.. 3è�]�d��Ýþþ, �Ä�¦

6Ï�)�7Ká5Äd, U?w�¸Ú4°9ÄuMerton�.��À6Ï5d�Ýþ�

{, ¦�·AÄgÏL�.¦�S)��>., ÷v
�À�Ã���z, ¿¦�d>.e

���VÇ. d	, ÏLÚ?�¦�6Ï5d�, �©é�d�è��]�d���''X

é��VÇ�K�?1
©Û.

§2. �Ä�¦6Ï5d���`S)��>.

�©�Ä�´ÄgÏL�., =3Å �ÏF�c, eè�]���$u,�¯k�

½��(=��>.VB), Ku)��, Å�<k�½¦ÅÖ<?1»���. 3ÄgÏL�

.¥, ��>.��½´'�Ü©.

b�è�²du1¡��P , �ÏF�T�Å , zü �m�E¦ÂÃ�C. è�]

�Vt9�¦d�St3ºx¥5ÿÝQeÑlAÛÙK$Ä [10], r�Ãºx|Ç, WS
t ÚW

V
t ´

�'Xê�ρ��BL§:

dVt = rVtdt+ σVtdW
V
t , (1)

dSt = rStdt+ σsStdW
S
t . (2)

2.1 �¦6Ï5d��Ýþ

3LelandÚToft�(�z�.¥, rè�]�d�8á�À9Å�<, =

V = Vs + Vd, (3)

Ù¥, V´è�]�, VsÚVd©OL«�Àd�9Å�<d�. �3Ýþþ½è���Àd

�f�, �¦���«y z�7K]�, Ø
�NÄ�]��d�, §��ä�6Ï5.

�¦�6ÏB|5¦�7K]�d�p�uÄ�]��d��, �¦�±kö�±òÙñ

Ñ±¼��	�O�, =¼��¦�“6Ï5d�”. Ïd, �¦�6Ï5d���]�lÄ

�]��7K]��=z¤�5�O�, k7�Ün/�Äù«6Ï5d��K� [2].
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r�¦�6Ï5d�P�MK. dª(3), ���Àd��

f = Vs + MK = V − Vd + MK. (4)

�À¡é6Ä5I¦�, kò]�Cy��¦. ��¦��Cyd�λS�éu��d�Vs

Ø�3$��, �Àò±�¦�/ªCy]�; ��3$��, �Àò±è�]��/ª±

¼��pd�. SL«�¦d�, λL«�¦��CyÇ. è�Øu)���, �Àf�L«

�

f = max{λS, Vs} = Vs + max{λS − Vs, 0}. (5)

dª(4), �¦�6Ï5d��MK = max{λS − Vs, 0}. ���u < T , e3[0, u]�mS,

è���?u�~$E�G�(Øu)��), Ku����¦�6Ï5d�P�MKu =

max{λSu − Vs,u, 0}. Ï��ÀØ¬Ï��dÑpu��d�ÒCñ�¦, Ï~¬��p

���½§Ýâ¬ñÑ, ù��u��[È{ªwOÏ��gd>., Ïd�±òMKuw

�[È{ªwOÏ�. -Xu = Vs,u/(λSu), dItôúª��XuÑlAÛÙK$Ä, ���

σX = σ2 + σ2s − 2ρσσs.

MKu = max{λSu − Vs,u, 0} =
1

λSu
max

{
1− Vs,u

λSu
, 0
}
. (6)

�â©z[11]�[È{ªwOÏ��½d¦), ^Ó���{�¦Ñu��MKu�½d.

MKu =
kk

(1 + k)1+k

[ (λSu)k+1

(Vu − P )k

]
, (7)

Ù¥k = 2r/σ2X , eè�3u��u)��, K�A�MKu = 0. du·��Ä�´ÄgÏ

L�., K3[0, T ]�mo��¦6Ï5d��

MK =

∫ T

0
EQ
[ kk

(1 + k)1+k

[ (λSu)k+1

(Vu − P )k

]
× I(Vt>VB)

]
dt. (8)

2.2 �Àd��Ýþ9�`��>.�)¤

�â©z[8], 3�Ä
Å �|EÂ\!�78�9»�£Â��, ���[0, T ]�m

S�ÜÅ �y76

Vd(V ;VB;T ) =
C

r
+
(
P − C

r

)((1− e−rT )

rT
− I(T )

)
+
(

(1− α)VB −
C

r

)
J(T ), (9)

Ù¥, θ�è�[Ç, α�»���Ç.

I(T ) =
1

rT

{( V
VB

)−w+z
N [q1(T )] +

( V
VB

)−w−z
N [q2(T )]

}
− e−rT

{
N(h1(T )] +

( V
VB

)−2w
N [h2(T )]

}
,
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J(T ) =
1

zσ
√
T

{
−
( V
VB

)−w+z
N [q1(T )]q1(T ) +

( V
VB

)−w−z
N [q2(T )]q2(T )

}
,

q1(T ) =
−b− zσ2T
σ
√
T

, q2(T ) =
−b+ zσ2T

σ
√
T

,

h1(T ) =
−b− wσ2T

σ
√
T

, h2(T ) =
−b+ wσ2T

σ
√
T

,

w =
r − σ2/2

σ2
, b = ln

( V
VB

)
, z =

[(wσ2)2 + 2rσ2]1/2

σ2
,

N(·)L«�´\O�IO��©Ù¼ê.

d©z[7], ��[ñÂÃTB = (θC/r)(1 − V/VB)−x, »�¤�BC = αVB(V/VB)−x,

Ù¥x = w + z. dª(8)���¦6Ïd��L�ª

MK =

∫ T

0
EQ
[ kk

(1 + k)1+k

[ (λSu)k+1

(Vu − P )k

]
× I(Vt>VB)

]
dt

=
kk

(1 + k)1+k

∫ T

0

[ (λSu)k+1

(Vu − P )k

]
× (1− F (t;V ;VB))dt, (10)

Ù¥

F (t;V ;VB) = N [h1(t)] +
( V
VB

)−2w
N [h2(t)] (11)

L«�´V3t��ÄgB�VB�VÇ, äNí��©z[12]. ���B?nMK¥�StÚVt

�~êS, V . K�À�Ãd��

f(V ;VB;T ) = V + TB− BC− Vd + MK. (12)

è��ûüduÉ�À�K�, ��ÑÄu�À�Ã���z, �f(V ;VB;T )éV÷v²

w^��, VBdeª�¦
∂f(V ;VB, T )

∂V

∣∣∣
V=VB

= 0. (13)

dª(9)!(10)!(12)!(13), ¦�

VB =

x+
(
P − C

r

) A
rT

+
C

r
B + 2G

(
w

∫ T

0
N(wσ

√
t )dt+

2

wσ2
N(wσ

√
T )
)

1 + αx− (1− αB)
, (14)

Ù¥

A = z − w − 2zN(zσ
√
T ) + 2we−rTN(wσ

√
T )− 2

/[
σ
√
Tn(zσ

√
T ) +

2e−rT

σ
√
T
n(wσ

√
T )
]
,

B = z − w +
1

zσ2T
+ 2
(
z − 1

zσ2T

)
N(zσ

√
T )− 2

σ
√
Tn(zσ

√
T )

,

G =
kk

(1 + k)1+k

[ (λS)k+1

(V − P )k

]
.

MK = 0�, ´©z[8]�(J.
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§3. �`��>.e�Ø��&E��VÇ�.

±þÏL�Ä
�¦�6Ï5d��K�5)¤
��>., 3�©�Ä�ù�Äg

ÏL�.¥, ��>.´¦���VÇ�7�^�. d	, 3�¦�6Ï5d�Ýþ¥, �

9��dÚ]�d���'5(=ρ), ù¢�þ´�«&E2³. Ø
è��ãÖ�LÚ&

^P¹ù
Ä�¡&E, Õ1�±ÏL�¦d��&E5¼�è��]�d�&E, l


�äè��²EG¹. ±eò(Üè��Ø��&E�Ñ��VÇ, ¿ïÄù«�'5é

��VÇ�K�.

3.1 ÄuãÖ�LÚ&^P¹�Ø��&Eb�

��
ó, Õ1��´�âãÖ�L5¼�è��²E&E. �´, duISè��ã

Ö+nY²Øp, �~~�k§�1�, è��ãÖ&EÑ¬¥yÑ�½�¢�5ÚØ°

(5. ���dÓ�, ��Õ1�®ïá
'��õ�&�XÚ, È\
�þ��r&^P

¹, ù�·�é(�z�.Ø��&E�ïÄJø
�U5.

b�Õ1½Ï3lÑ:t0, t1, . . . , tn¼�è�¹kDÑ�ãÖ¬O&E, ùp=�Äü

��:t = t1�¼�¬O&EV t��/. �t��è�ý¢]�d��Vt, lnVtÚlnV tÑl

éÜ��©Ù, �Yt = lnV t = Z(t) + U(t), Ù¥Ut�DÑ, UtÚZt�pÕá, ÑÑl��

©Ù, ¿�τ����:, τ = inf{l : Vl < VB, 0 6 l 6 T}.
d	, Õ1�*ÿ�è��{¤��P¹, =��t±c´Äu)L��, I(τ>t), �VB

�dª(14)�¦. KÕ13t��¼��&E6�

<t = σ(Yt1 , Yt2 , . . . , Ytn , VB, I(τ>t)).

±eò3Iτ>t = 1�®�<t&E6e?1��©Û.

3.2 ��VÇï�9ρé��VÇ�K�

dª(1), �è�]�d�AÛÙK$Ä� �©)�Vt = eZ0+mt+σWV
t , Ù¥Z0 =

lnV0, V0�®��è�ý¢Ð©]�, m ∈ (−∞,+∞),¦�t−1 lnE[Vt/V0] = m+σ2/2 = r.

d©z[12, 13], ���Zt�Ä�"à ��½��¹e, ¥å$Ä;,ØBL0�VÇ,

±93Ø��&EYt®��^�eý¢]�Zt�^�VÇ.

Ún 1 ���0�Ð©G�Z0 = z0, ���t��Zt = x�^�e, Mt = min{Zs :

0 6 s 6 t} > 0^�VÇ�

Ψ(z0, x, σ
√
t ) = 1− exp

(−2z0x

σ2t

)
. (15)

Ún 2 -Z0 = z0, 3®�è�]�*ÿ�Yt = Zt +Ut�^�e, τ > t, ý¢]�Zt

�^�VÇ�ÝP�b(x |Yt, Zt, t), K

b(x |Yt, z0, t) =
Ψ(z0 − VB, x− VB, σ

√
t )φU (Yt − x)φZ(x)

φY (Yt)
, (16)
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Ù¥, φU , φZ , φY©OL«Ut, Zt, Yt���©Ù�Ý¼ê,Ù¥E(Ut) = u, E(Zt) = mt+z0,

E(Yt) = mt+ z0 + u; D(Ut) = a2, D(Zt) = σ2t, D(Yt) = a2 + σ2t.

DuffieÚLando [13]¿�éÚn2y², ùpò�Ñy²��Ö¿.

y²:

b(x |Yt, z0, t)dx = P(τ > t, Zt ∈ dx |Yt)

=
P(τ > t, Zt ∈ dx, Yt = Zt + Ut)

P(Y = Yt)

=
P(Mt − VB > 0, Zt ∈ dx, Ut = Yt − x)

P(Y = Yt)
.

duZt�Ut�pÕá,

P(τ > t, Zt ∈ dx |Yt) =
P(Mt − VB > 0, Zt ∈ dx)P(Ut = Yt − x)

P(Y = Yt)

=
P(Mt − VB > 0 |Zt ∈ dx)P(Zt = x)P(Ut = Yt − x)

P(Y = Yt)
.

dª(15), K�¦�

b(x |Yt, z0, t) =
Ψ(z0 − VB, x− VB, σ

√
t )φU (Yt − x)φZ(x)

φY (Yt)
.

�Ún2�y. �

3Y = Yt^�e, t��±c�Ã��VÇ�

P(τ > t |Yt) =

∫ +∞

VB

b(z |Yt, z0, t)dz. (17)

K3<′t = σ(Yt1 , Yt2 , . . . , Ytn , VB, I(τ>t) = 1)&E6e, ÏL*ÿ��¹DÑ&E�]�d

�Yt±93t��¼��è�{¤��&E, �±��

½n 3 3®�<′t&E6e, ý¢]�Zt�^�VÇ�ÝP�g(x |Yt, t), K

g(x |Yt, τ > t) =
b(z |Yt, z0, t)∫ +∞

VB

b(z |Yt, z0, t)dz

=

√
β0(t)

π
e−J(ỹ,x̃,z̃0)

[
1− exp(−2z̃0x̃)

σ2t

]
exp

( β21(t)

4β0(t)
− β3(t)

)
Φ
( β1(t)√

2β0(t)

)
− exp

( β22(t)

4β0(t)
− β3(t)

)
Φ
( β2(t)√

2β0(t)

) , (18)

Ù¥, ỹ = y − VB − u, x̃ = x− VB, z̃0 = z0 − VB,

J(ỹ, x̃, z̃0) =
(ỹ − x̃)2

2a2
+

(z̃0 +mt− x̃)2

2σ2t
,
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β0(t) =
a2 + σ2t

2a2σ2t
, β1(t) =

ỹ

a2
+
z̃0 +mt

σ2t
,

β2(t) =
−β1(t) + 2z̃0

σ2t
, β3(t) =

1

2

( ỹ
a2

+
(z̃0 +mt)2

σ2t

)
.

½n 4 3<′t&E6e, è�3�5[t, t+ T ]u)���^�VÇP�H(Yt, t, T ), K

H(Yt, t, T ) = P(τ 6 t+ T |Yt, τ > t) =

∫ +∞

VB

F (T,Z0, VB)g(x |Yt, τ > t)dx. (19)

F (T,Z0, VB)L«]�lZ0²LT�m�ÄgB�VB�VÇ, äNL�ª�ª(11). ½

n4�Ñ
<′tØ��&E^�e,3�ÏFT�c�è���VÇ.�ëêσ = 0.1, r = 0.05,

a = 0.1, t = 1, u = −0.005, Z0 = 86.3, DÑ]�d�&E¢��?y = 86.3, ©O�T = 5,

VB = 78, �	
��>.VBÚ�ÏFTé��VÇH(Yt, t, T )�K�.

ã1 ��>.é��VÇ�K� ã2 �ÏFé��VÇ�K�

dã1, �è����>.���, ��VÇ�¬�p, �Ð©]�d� ���>.

�, ÑlAÛÙK$Ä]�d�$Ä´»B���>.�VÇ�Ò�p. dã2, �ÏFT

��, �A���VÇ���, �Ò´`Å�<±k�Å Ï���, è�Ø�����U

5K��.

3.3 ρé��VÇ�K�

±þ�Ø��&EÌ�´l¬O&Eß²Ý5é��VÇ?1�Ä. �éuþ½�è

�, Ø
ù
Ä�¡&E�	, Õ1��±ÏLè���¦d�5éè��²E?1�ä.

è���¦d�¢�þ´,�«&E2³. 312!, ÏLÚ\�¦�6Ï5d�MK, b

��d�è�]�´Ñl�'Xê�ρ�AÛÙK$Ä, ±eò?ØMK�ρé��VÇ�

K�.

½n 5 �½è��Å y76!»�¤�9[ñÂÃØC, K�Ä�¦6Ï5d�

MK��, ��>.VBþ,, ��VÇHþ,.
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y²: dª(10)Úª(14), MK�L�ª�z{�

MK =
kk

(1 + k)1+k

[ (λS)k+1

(V − P )k

] ∫ T

0
(1− F (t;V ;VB))dt.

dMK�½Â, ��MK = max{λS − Vs, 0}, qÏ�1− F (t;V ;VB) > 0, Ïd

G =
kk

(1 + k)1+k

[ (λS)k+1

(V − P )k

]
> 0.

qÏ�

∂

∫ T

0
(1− F (t;V ;VB))dt

∂V
> 0,

Ïd
∂MK

∂V
> 0.

qdª(14)��

2G
(
w

∫ T

0
N(wσ

√
t )dt+

2

wσ2
N(wσ

√
T )
)

=
∂MK

∂V

∣∣∣
V=VB

> 0.

Ïd\\MK�, ¦���>.O�, d½n4, ��VÇ��p. �

ù�(ØL², \\
MK�, é�Àd��ïþ�\Ün, l
3O���VÇ�,

�±~�Ï��VÇ$�E¤�ºx. ù�L², \\MK�, �Ð�±�ÚISè�Ï~

�Õ1§�Ù²E�1Ú&^¢å
��Õ1éè����VÇ$��y�.

½n 6 �3����'Xêρ∗¦���>.VBÚ��VÇH�ρkXe'X

∂VB
∂ρ
> 0,

∂H

∂ρ
> 0, � ρ > ρ∗;

∂VB
∂ρ
6 0,

∂H

∂ρ
6 0, � ρ 6 ρ∗. (20)

y²: 3�¦6Ï5d��Ýþþ, ρÏLK�k
K�VB, ∂VB/∂ρ�±=���

Ä∂G/∂ρ�¯K.

G =
kk

(1 + k)1+k
· (λS)k+1

(V − P )k
,

-K = kk/(1 + k)1+k, η = λS/(V − P ), K

∂G

∂k
= Kηk(V − P )

(
1 + k + ln

( k

1 + k

)
η
)
.

�η > k/(1 + k)�, λS > V − P , ½|?u���~$E�G�, K

∂G

∂k
> 0, max

[
1,

1 + k

ln(1 + k)− ln(k)

]
6 η 6

1 + k

k
;
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∂G

∂k
6 0, 1 6 η 6 min

[1 + k

k
,

1 + k

ln(1 + k)− ln(k)

]
.

Ï�∂k/∂ρ > 0, (1 + k)/[ln(1 + k)− ln(k)]Ú(1 + k)/k´'uk�üN¼ê, Ïd�3��

���ρ∗¦�∂k/∂ρ�K=�, qÏ�

∂

∫ T

0
(1− F (t;V ;VB))dt

∂V
> 0,

Ïd���3ρ∗¦�(Ø¤á. �

ù�(ØL², �ρ�1½−1�C�, ��>.��, d½n4, ��VÇ��XO�. Ù

²L¹Â´, ρ�1½−1�C�, è�]�d�Ú�d�ÅÄ�\�', Ïd, Õ13?1�

±ûü�, �±ÏLd�''X�Ñ���VÇ5~�Ï��VÇ$�E¤�ºx.

§4. ( å �

DÚ�(�z�.3�½��>.�,   vk�Ä�¦�6Ïd�á5. �©3Ä

gÏL�.���>.�½þ, ò�¦6Ï¤�)�7Ká5Äd�Ä3S, ïá
�\

Ün��.. ¿�3��VÇ�ïÄþ, ÄuãÖ�L9&^P¹�á
è��Ø��&

E8, �Ñ
��VÇ.

�©3ïÄ�¦�6Ï5d�é��VÇ�K�þ, Jø
��#�g´, =|^�

dÚ]�d���'5ïÄé��VÇ�K�. (J�L², ��dÚè�]��\�'
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The Study of Default Probability under Incomplete

Information Based on Structural Model

LI XiuQiong CHEN ShaoGang

(School of Mathematical Sciences, University of Electronic Science and Technology of China,

Chengdu, 611731, China)

Abstract: This paper establish a first passage time model based on the Merton’s structural model

by using the method of geometric Brownian motion. In this paper, we consider the accounting noise

and historical default record and then introduce a new incomplete information hypothesis. Besides, we

introduce the stock’s liquidity value into the model, and apply its method measurement which based on

Merton’s structural model to the first passage time model to obtain the endogenous default boundary.

Based on the incomplete information, the conditional default probability is derived by using the default

boundary. And at the last of this passage, we analysis the effect of the correlation between stock’s price

and company assets on the default probability.

Keywords: structural model; incomplete information; default probability; first passage time model;

default boundary

2010 Mathematics Subject Classification: 62E20


