NAHMRS 33 % Chinese Journal of Applied Probability and Statistics
a4 2017ESHA Aug., 2017, Vol. 33, No. 4, pp. 349-368
doi: 10.3969/j.issn.1001-4268.2017.04.003

Composite Hotelling’s T-Square Test for High-Dimensional
Data*

LI Ting
(Department of Statistics, School of Management, Fudan University, Shanghai, 200433, China)

Abstract: The paper is concerned with the two-sample mean testing problem in high-dimension
settings. We propose a composite Hotelling’s T-square test, establish its asymptotical normality and
study its local power. The finite-sample priority of the proposed test over existing high-dimensional
tests is shown by simulations and illustrated by a real data-set analysis.

Keywords: high dimension; Hotelling’s T-square test; asymptotical normality; local power
2010 Mathematics Subject Classification: 62H15

Citation: Li T. Composite Hotelling’s T-square test for high-dimensional data [J]. Chinese J.
Appl. Probab. Statist., 2017, 33(4): 349-368.

§1. Introduction

The paper is concerned with the two-sample mean testing problem in high-dimension
settings. An easy example of this problem arises from the case-control study if too many
features are measured in both the case and control groups. Let {X;; : j = 1,2,...,n;}
(i = 1,2) be two p-dimensional simple random samples with mean p; = (i1, pi2, - - -, fip) "

and covariance matrix X;. The problem of interest is to test

Ho:py=po «— Hi:py # po (1)

in the high-dimensional setting, where both the dimension p = p,, and the total sample size
n = ny + no increase to infinity. Let X; and S; be the sample mean and sample variance
for the ith sample (i = 1,2) and define S, = {(n; — 1)S1 + (ny — 1)S2}/(n — 2). The
standard approach to this problem in low dimensional setting is Hotelling’s T-square test [
HT = (nin2/n)(X1 — X2)"S; (X1 — X32). Although owning many nice properties, it
does not work in the high-dimensional setting because the sample variance is not invertible

when p > n.
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In recent years, many remedies to Hotelling’s T-square test have been proposed
to adapt to the high dimensionality. Bai and Saranadasal?, Srivastava and Dul?l and
Srivastava ¥ constructed test statistics by removing S; ! in HT or replacing it with the

inverse of the diagonal of S,. Chen and Qin[® proposed a new test by removing the cross-

T
product terms > X;; X[ (i = 1,2) in [2]’s test. Alternative to the above sum-of-square
j=1
type tests, Cai et al.l® introduced a max type test statistic, which is defined to be the

maximum squared length of certain projections of the mean difference X; — X5 on the p
coordinates. An estimator of the covariance matrix is required in this test.

A natural property for a desirable high-dimensional test is component-wise scale in-
variance. That is, it should be invariant under the transformation X — BX with B
being a invertible diagonal matrix. Unfortunately, except [3] and [4]’s tests, none of the
existing tests own the component-wise scale-invariance. For these tests, a different con-
clusion would be achieved if the underlying data-set is re-scaled in some of its dimensions.
Although [3] and [4]’s tests are component-wise invariant, they ignore the componen-
t dependency information in data. We may expect to have possible power gain if such
information is taken into account appropriately.

We propose a composite Hotelling’s T-square test (CHT) for (1) by integrating the
Hotelling’s T-square tests for all bivariate subvectors of the mean vectors. Its asymptotical
normality is also established. The CHT not only is component-wise scale invariant, but
also takes between-component correlation into account, therefore it is expected to have
better testing power than existing high-dimensional tests especially when the between-
component correlation in data is big. This point is confirmed by our local power analysis
and finite-sample simulation study.

We end the introduction section by introducing necessary notation. Throughout the
paper, we assume for convenience that there exists two constants n; € (0,1) (i = 1,2)
such that n;/n = n; as n — oo, although it is more natural to assume that n;/n — ;.
For a vector X;j, let X; be its kth component and let X;;;) denote a bivariate vector
consisting of the kth and {th components of X;;. Let S = (sk1)pxp = S1/m + S2/n2 with
Si = (s8ik1)pxp (1 =1,2). We use S to denote a 2 x 2 submatrix of S consisting of sy,
Ski, sie and sy. Let 3 = (0y5) = 31/m1 + X2 /n2. The symbols Sy, Xri), 0k and 3y

can be defined similarly. For clarity, we postpone all proofs to the Appendix.

§2. Composite Hotelling’s T-Square Test

Testing hypothesis (1) is equivalent to simultaneously testing Hoay + 1kt = B2k
for all pairs (k,l) such that 1 < k # | < p. If for each (k,l), a desirable test can be
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constructed for testing Hy(), then pooling all these tests together gives a desirable test
for hypothesis (1).
The commonly-used test for Hy(zy is the two-sample Hotelling’s T-square test, which,

up to a scale ning/n?, is

(X 1) — Xoa) 18w} X1y — Xo)
n _
=5 > > (X — Xos,) 1St} (X imart) — Xosa(k))- (2)

niNg ri,re 51,52

Here and in what follows, the subscripts r1, 9 run from 1 to nq and s1, sy from 1 to
ny. Similar to the justification of [5] for their test, we find that the terms with r1 = 79
or s = sy in (2) are not useful for testing hypothesis Hyyy. Naturally, we choose the

following modified Hotelling’s T-square test to serve this purpose,

(X 1py ety — Xosy (60) LS00} (Xt (1) — Xosy (k)
nl(nl — 1)”2(122 — 1)

Ta= > >

r17£7T2 81752

Adding up Tyy’s for all different pairs (k,[) leads to the proposed composite Hotelling’s

T-square (CHT) test statistic, T = ) Tj;.
k£l
The CHT test inherits at least two nice properties from the traditional Hotelling’s

T-square test. On one hand, it captures the information on correlation between any two
dimensions of the data since each T}; sufficiently incorporates this information. Intuitively,
this may make the CHT test to have good power. On the other hand, it is invariant under
a component-wise scale-transformation, i.e., the CHT test keeps unchanged when the data
is recorded under different measurement units.

Roughly speaking, Sz ~ ¥y as n is large. Therefore Ty, ~ Ty; where

n( X1y, ety — Xosy (60) {00} (X () — Xosy (k)
nl(nl — 1)n2(n2 — 1)

lel: >

r17£7T2 81752

Accordingly T can be approximated by 7% = > T}, whose limiting distribution is easier to
k£l
derive than that of T itself. Since X,,’s and Xag,’s are both independent and identically

distributed random vector series and their means are g1, pto, respectively. It can be shown
that E(T*) = 2n(pu1 — po)"A(p1 — pe), where A is a positive definite matrix defined in
Lemma 2. This implies that the null hypothesis Hy in (1) is equivalent to E(T™) = 0. If
Hjy does not holds, then E(7™) tends to be large, so do 7" and 7. Therefore our testing
rule is to reject Hy if T is too large. The critical values can be determined through the

limiting distribution of 7', presented in the next section.
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83. Asymptotics of the CHT Test

The limiting distribution of 7" is obtained through two steps. First, we shall derive
the limiting distribution of 7. Then we show that the difference between T and T™ is
negligible compared with the standard deviation of T*. These two assertions immediately
implies that T" and T™ have the same limiting distribution after standardization.

Following [2] and [5], we make the following assumption on data.

Assumption 1  The data come from X;; = I';Z;; + p;, where I'; = (I'; 1) is a p x
m matrix, I‘ZF:— = 3, and Zz'j = (Zijl,ZijQ,. . .,Zijm)T'S are independent and identically
distributed (i.i.d.) random vectors such that E(Z;;) = 0 and Var(Z;;) = I, an m x m
identity matrix. In addition, m is required to be larger than p and there exists an positive
. 4 e o a
integer « such that E(Z;f) < Ko < oo, E(Zj3}, Z73, -+~ Zl.j‘llq) = E(Z3;,)E(Z,) - E(Zij‘l’q),

q
whenever Y~ oy <4k and [y #ly # - # .
=1

The i.i.d. assumption on Z;;’s implies that X;; (j = 1,2,...,n;) are also i.i.d. obser-
vations for ¢ = 1 and 2, respectively. The fact that m is arbitrary offers much flexibility
in generating a rich collection of dependence structure®). If the observations come from
two p-dimensional normal distributions, Assumption 1 is clearly satisfied. Therefore this

assumption can be regarded as an extension of the normality assumption.

3.1 Limiting Distribution of 7™

We write T™ in a more compact form which will facilitate subsequent presentation.

Lemma 2 The T™* defined in Section 2 can be rewritten as
2n

T*: XT‘_XS TAXT-—X87
ni(ny — ng(ng — 1) 1”1;“2 81§82( n 261) A(Xir, 252) (3)
where A = (ap)pxp With agx = 3 05/ (okkojj — of;) and aw = —ow/(oroun — o).
i7h

The limiting distribution of 7™ hinges on the expectation and variance of T™, which

are given in the following lemma.

Lemma 3 Under Assumption 1, we have E(T™) = 2n(p; — p2)" A(p1 — p2) and
Var (T*) = 16n(p1 — p2)TASA(p1 — p2) + 8tr{(ZA)?H1 + o(1)}.

With the above preparations, we present the limiting distribution of T%.

Theorem 4 Under Assumption 1, as n and p tend to infinity, if n;/n =n; € (0,1)
(i=1,2) and (1 — p2)TASA(p1 — o) = o(n~tr{(XA)?}), then

{T* = 2n(p1 — p2)" Ap1 — p2)}/ /8 {(TA)Z} -5 N(0, 1).
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The assumption n;/n = n; € (0,1) is imposed only for convenience purpose. It is

readily to be replaced by “n;/n — n; € (0,1)”.

3.2 Magnitude of the Difference T — T

We need more conditions than to guarantee that the difference T'— T* is negligible

compared with the standard deviation of T*. Let p; 11 = 0; k1/\/Ti kkOili-

Lemma 5 Suppose Assumptions 1 holds and that there exists 9 € (0, 1) such that
max |piki| < 1—eo uniformly for all n. If p* = o(ntr{(X£A)?}) and n|jp1 — pa||?/p = O(1),
(2

tl;én (T —T*)/\/tr{(XA)?} = 0,(1).

According to Lemma ?7? in the Appendix, a sufficient and necessary condition for
pt = o(ntr{(TA)?}) is p* = o(ntr(R?)), where R = (pg)pxp = D;Y*sD;Y? with
D, = diag{o11,0922,...,0pp}. This condition characterises how the between-component
correlation in data affects the data dimension that the proposed CHT test can handle.
On one hand, if X is a diagonal matrix or there is not any correlation between any pair of
dimensions of the data, then these two conditions are fulfilled if and only if p = o(n). We
do not recommend the CHT test in this situation because the correlation information it
incorporates becomes noise, which downplays its testing capability. On the other hand, if
the correlation coefficient of any two dimensions is a constant p € (0,1) then tr{(XA)%} =

pio2(1+p) 2{1 +0o(1)} (see the example in the next subsection), which means that p* =
o(ntr{(XA)?}) is always true for any p and any fixed p € (0,1) in this example.

3.3 Limiting Distribution of T

The asymptotical normality of 1" is a direct corollary of Theorem 4 and Lemma 5.

Theorem 6 If the conditions in Theorem 4 and Lemma 5 are all fulfilled, then

{T = 2n(p1 — ) A1 — p2) }/v/8tr{(ZA)2} - N(0,1).

Although Theorem 6 shows in theory the limiting distribution of the proposed CHT
test statistic, it is still not ready for practical use because the asymptotical variance

tr{(XA)?} in Theorem 6 is still unknown and needs to be estimated appropriately.

Lemma 7 Assume the conditions in Theorem 6. If p?> = o(y/ntr(R?)), then
tr{(BA)"}/6r{(24)"} = 1+ 0p(1),

where 3 and A are the respective moment estimators of 3 and A.
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The condition p? = o(y/ntr(R?)) excludes the cases with no or too weak between-
component correlation in data. According to the discussion after Lemma 5, when there is
no or too weak between-component correlation, the correlation information incorporated
in tr{(XA)?} is more to be noise than to be signal. We exclude these cases so that the
signal in tr{(XA)?} is big enough.

Theorem 8 If the conditions in Theorem 6 and Lemma 7 are all fulfilled, then
N d
{T —2n(p1 — p2)" A(p1 — p2)}//8tr{(2A)?} — N(0,1).

Theorem 8 implies that if Hy : 1 = po is not true, then the proposed test statis-
tic T tends to be infinity. Naturally, we propose to reject Hy at « significance level if
T/ 8tr{(f]ﬁ)2} > €1_q, the 1 — a quantile of the standard normal distribution.

The proposed CHT test also applies to the one-sample mean testing problem, which
can be regarded as a degenerate two-sample mean problem. Suppose the data are X1, X1o,
..., X1p, with mean p; and we wish to test p1 = po for a given value po. In this case,
S =81, ¥ =3, and the CHT test reduces to

n(Xy, — o)) {8100} (X ra ety — Ba(rry)
T=STu=% % Lry (k1) — Fr2(kl) 1(_)1 Lra(kl) — H2(kD)
k£l k£l r1#ro n1(ny )

and Theorem 8 still holds.

7 (4)

3.4 Local Power

Theorem 8 indicates that the proposed CHT test has an asymptotic normal distribu-
tion under the null hypotheses Hy. It also facilitates us to derive the asymptotic power of

the CHT test under a local alternative,

BCHT((S) ~ (I)( - §a + TL(;TA(S/\/ 2tr{(2A)2} ),

where § = p; — po and ®(-) is the standard normal distribution function.
For comparison, we review the asymptotical powers of several existing competitors of
the CHT test. Under the same heterogeneity assumption on variance, Chen and Qin [

(CQ for short) derived the local power of their s test, i.e.,

Beq(0) = ®( — &a +nll8]*/v/2tr(22)).

When variance homogeneity is assumed, say 31 =39 =3X.=(0.;;), Bai and Saranadasa 2]

(BS) and Srivastava and Dul®! (SD) found that the asymptotical powers of their tests are

Brs(8) = @( — & +nmm2||8]%/v/2tx(22) ),



No. 4 LI T.: Composite Hotelling’s T-Square Test for High-Dimensional Data 355

Bsp(8) ~ ®( — Eo + nimned" D, '8/ /2tr(R2) ),

where D, = diag(oc,11,0c22, -+, 0cpp) and Re = (pek) With pe gt = oc i/ \/TckkOci-

Given that direct comparison on the above powers is intractable, we consider a special
case: Xy = Mo = 3. = (o) with ocpr = 1, ocy = p € (0,1) for k # [. Because
the two variances are equal and the diagonal elements in X, are all one, it follows that
Boq(d) = Bsp(8) ~ Prs(6). Therefore the asymptotical relative efficiency (ARE) of the
CHT test over the CQ, SD and BS tests are all

5TAS tr(X2)
mma[6]? | tr{(ZA)?}

Since tr(52) = p2p2{1 + o(1)}, tr{(SA)2} = pp2(1 + p) {1 + o(1)} and

ARE =

8TAS = mma{(p — 1+ p)|16]> = p(671,)%}/(1 = p?),
where 1, = (1,1,...,1)" is a p-variate vector, we have for large p,

(p—1+p)I8]* = p(871,)* 1 +p
(1=p?)]4]?

where t = (671,)%/(p||8]|?). By Cauchy-Schwarz inequality, we find (671,)% < p||8]? for

any 0 # 0, which implies ¢ € [0,1]. Because p > 0 in this example, we conclude that (i)

ARE > 1, that is, the CHT test is asymptotically more powerful than the rest three tests

ARE = {1+40(1)} = 11__’;f{1+o(1)},

excluding the degenerate and trivial cases p = 0 or 61, = 0; and (ii) the advantage of

the CHT test increases as the correlation coefficient p increases.

84. Simulation and a Real Application

We report a limited simulation study and a real application to investigate the finite-
sample performance of the proposed CHT test. We compare it with the CQ, BS and
SD tests as mentioned before. When p < n — 2, Hotelling’s T-square test is also consid-
ered. Throughout the simulation study, all numbers reported are obtained based on 2 000

random samples and the significance level is 5%.

4.1 A Simulation Study

Let X;; = (Xij1, Xij2, ..., Xijp)" denote the jth observation in the ith sample (i =

1,2; j=1,2,...,n;). We generate X;;’s from the following moving average model (51

Xijke = Zijk + Zijkt1 + -+ Zijhip—1 + Kij k=12,....p,
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where Z;;1’s are i.i.d. from the centralized Gamma(4,1) distribution in the case of equal
variance. In the case of unequal variance, Zs; ;’s are replaced with i.i.d. observations from
the centralized Gamma(3, 1) distribution. We fix g1 = 0 and choose p2 in the same way
as [7]. The percentage of true null hypotheses is set to be 0%, 25%, 50%, 75%, 95% and
100%. For each percentage level of true nulls, three patterns of allocations as specified
in [7] are considered: (i) the equal allocation where all the nonzero pg; are equal; (ii)
linearly decreasing allocations and; (iii) linearly increasing allocations. In addition, g is
subject to ||p1 — p2||/1/tr(X2) = 0.1 throughout this simulation. We choose p = 500 and

ny =ng = 158.

Table 1 Powers and sizes in percentage under the moving average model
with p =500 and n = 158

) Equal variance Unequal variance
Allocation | % of true null
CHT CcQ BS SD CHT CcQ BS SD
0 37.16 34.32 34.64 432 | 41.42 3735 37.38 5.78
25 42.82 33.64 33.96 3.84 | 48.03 3747 37.45 4.45
Eoual 50 52.40 33.30 33.62 298 | 58.97 39.33 39.36 3.38
ua
4 75 73.88 34.08 34.32 1.48 | 82.74 40.09 40.01 2.89
95 100.00 30.82 31.24 0.88 | 100.00 42.13 42.17 1.03
100 7.06 6.58 6.68 0.28 | 7.11 7.02 7.03 0.42
0 34.36 34.34 34.56 542 | 40.03 38.72 38.74 6.02
25 42.10 34.88 35.12 4.42 | 44.68 36.34 36.32 4.94
) 50 50.14 33.58 33.96 290 | 57.45 39.38 39.32 3.10
Increasing
75 72.04 3440 34.76 198 | 79.14 37.68 37.60 2.08
95 99.86 27.44 28.00 0.94 | 100.00 34.38 34.28 0.82
100 7.64 719 729 0.18 | 8.01 7.88 07.85 0.38
0 38.74 3454 34.84 4.08 | 41.13 36.56 36.54 6.13
25 44.66  32.72 33.00 3.70 | 52.36 37.80 37.82 3.88
) 50 55.28 34.52 34.82 3.00 | 61.13 40.14 40.12 3.75
Decreasing
75 73.32 30.50 31.04 1.78 | 81.10 36.14 36.00 2.24
95 99.94 24.88 25.28 0.70 | 100.00 30.46 30.38 0.94
100 7.30 6.75 6.87 0.28 | 6.65 6.74 06.75 0.31

Table 1 tabulates our simulated sizes and powers under the moving average model.
The results in the cases of equal variance and unequal variance are very similar to each
other. When the percentage of true nulls is 100%, the reported numbers are type I errors.
We observe that all type I errors are acceptable and close to 5% although those of the CHT

test are generally slightly larger. In view of power comparison, the CHT test is always
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more powerful than the rest three tests. When none of the hypotheses is true, the CHT test
has comparable and slightly larger powers than the CQ and BS tests. As the percentage of
true null increases, the power of the CHT test becomes larger and larger, however those of
the CQ and BS tests remain nearly unchanged. This observation coincides with the local
power of CQ and BS tests, which are increasing functions of || — pa||/1/tr(X2). When
95% of the hypotheses is true, the powers of the CHT test reaches 100%. Recall that we
fixed | g1 — p2l|/+/tr(X2) = 0.1. This implies that the CHT test has clear advantages over
the CQ and BS tests if the signal is sparse but large.

The above simulation results show the nice testing performance of the CHT test when
the dimension p is much larger than the sample size n, in which Hotelling’s T-square test
is not applicable. Naturally we would ask, how does it perform when the the dimension
p is less than but close to the sample size n? In this case, Hotelling’s T-square test (T?
for short) is applicable and can be taken as a benchmark for comparison. To this end, we
generate data from the same moving average model under two settings: (i) ny = ng = 200,
p =100 and (ii) n; = ng = 100, p = 190. Throughout this simulation, we choose ps such
that |1 — p2]l/+/tr(E?) = 0.01.

The simulation results are reported in Table 2. We have the same findings as in Table
1 about the type I error and power comparisons of the CHT test and both the CQ and
BS tests. We turn our attention to the comparison of Hotelling’s T-square test and the
above three tests. The CHT, CQ and BS tests have similar and slightly inflated type I
errors, while that of Hotelling’s T-square test is almost equal to the nominal, indicating
that it has a better control on type I error. Under setting (i) where p is much smaller than
n1 + ne, Hotelling’s T-square test works well and is clearly the most powerful among all
tests. In comparison, the CHT test has very close performance and it loses less power than
the CQ and BS tests, whose powers keep almost unchanged. As p approaches nj + ny as
in setting (ii), sample covariance matrix S becomes ill conditioned. Hotelling’s T-square

test loses power and superiority, and is uniformly outperformed by the CHT test.

4.2 Real Data Analysis

We illustrate the usefulness of the CHT test by analyzing an amino acid data set,
which is available upon request. The data set consists of hydrophobicity measurements
of 114 family GH11 xylanase amino acid sequences (n; = 23 basophilic and ny = 91 aci-
dophilous), with 202 charged residues (p = 202) in each sequence. The problem of interest
is to test whether the two groups of amino acid sequences have different characteristics at

these 202 sites. The results are shown in Table 3. All the four tests lead to the conclu-
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Table 2 Powers and sizes in percentage under moving average model with

p close to n

) % of p =100, n1 = ny = 200 p =190, n1 = no = 100

Allocation

true null| CHT CQ BS SD T2 | CHT CQ BS SD T2

0 4212 39.36 39.50 13.22 59.00 | 67.12 62.62 62.60 24.52 21.80

25 48.76 37.52 37.82 10.84 90.42 | 79.08 66.14 66.14 23.24 35.78

Eausl 50 54.70 35.42 35.64 8.82 99.08 | 89.94 70.36 70.36 22.20 54.74

ua

a 75 85.84 43.12 43.42 8.20 100.00| 99.64 76.68 76.66 16.96 88.46

95 100.00 76.10 76.80 9.34 100.00|100.00 100.00 100.00 15.72 100.00

100 737 732 743 0.8 490 | 6.53 6.19 6.17 045 4.94

0 39.44 38.84 38.94 14.04 42.16 | 65.48 64.16 64.18 27.22 15.62

25 46.14 38.38 38.56 12.24 75.18 | 75.00 64.38 64.36 23.90 25.84

. 50 58.14 38.28 38.64 10.34 94.60 | 88.88 69.54 69.54 22.56 40.98
Increasing

75 75.38 34.78 35.20 6.58 100.00| 99.30 79.10 79.12 19.70 77.38

95 99.30 23.40 23.64 2.92 100.00|100.00 82.66 82.60 7.84 100.00

100 720 701 710 090 5.09 | 71 734 735 071 487

0 43.74 38.28 38.46 12.06 84.48 | 72.92 64.10 64.10 25.36 29.72

25 49.30 36.46 36.62 10.38 99.06 | 83.40 66.88 66.86 24.50 55.18

. 50 63.18 39.32 39.66 10.36 100.00| 92.38 69.16 69.12 20.52 75.52
Decreasing

75 75.20 32.90 33.60 5.74 100.00| 99.88 81.28 81.30 17.62 98.44

95 86.98 16.74 17.06 2.20 100.00|100.00 59.10 59.14 5.00 100.00

100 6.89 6.43 649 0.79 490 | 7.27r 706 7.06 0.72 5.23

sion that there is difference in hydrophobicity between the two groups. And clearly the
proposed CHT test provides the strongest evidence for the difference of the two groups.

Table 3 Testing results for the amino acid data set
CHT CcQ BS SD
Statistic 7.3482 4.5109 6.1661 4.7529
p-value 1.0048e-13 3.2269¢-06 3.4998e-10 1.0027e-06
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Appendix A: Proofs

Let D = diag{aﬁlﬁ, 02_21/2, . ,0@1/2} where o0j; are the diagonal elements of 3. It
is clear that the CHT based on Xj;’s is equal to that based on Y;; = DXj;’s. A nice
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property of Y;;’s is that their variances and covariances are uniformly bounded, because

|Cov (Yijk, Yiji)| = |71 < 15l kil

VOkkOU = Vi kkTill ilpswl <mi <1, ®)

where p; 1 = 01/ /O kkOill are the correlation coefficients of the ith population. Hence-
forth we shall take X;;’s as Yj;’s for convenience. The quantities Ty, T, T7; and T™ all
keep unchanged.

Under Assumption 1, it follows from X;; = I'; Z;; with I'; = (I'; ju)pxm that Xjj, =
il I's juZiu,r- This together with fact Var (X;;,) < n; implies ) Fiju < n;, and
u= m

ij,r i,ju L,jul i,jus
1<u; #ua<m

m
E(X;, >=21F4 E(Zh,)+3 > T3,,T7., <Komi+3n) < Ko+3.
U=

We further conclude that si; converges in probability to o uniformly. See Lemma 9.
Thus under Assumption 1, all S(;;) are close enough to ¥4y as n is large. Keep in mind
that the ¥ and S are calculated based on Y;;’s.

Proof of Lemma 2 It can be found that

T* = Z U(X1T1 - X2817X17‘2X252)7 (6>

T17#7T2 81752

nl(nl — 1)712(712 — 1)

where U(X, Y) = Z X(Tkl){z(kl)}_lyv(kl). IfX = (Ukl)po7 then
jy

-1
(2(%),1 N _ 1 o —Okl
= =— .
Okl O OkkOUl — O \ —Okl  Okk

Let X3 denote the kth component of X. Since oy = oy, it follows that

Yiryou — X Yyou

X
U(Xx,y)=2y =% . =25 X Yam = 2XTAY .
k#l OkkOll — Oy k1l
This together with (6) implies (3). O

Proof of Lemma 3 Since X;’s are independent and identically distributed (i.i.d.)
with mean g1, Xo;’s i.i.d. with mean ps and they are independent of each other, it can
be verified that E(T™) = 2n(p; — p2)"A(p1 — p2).

We now compute the variance of T*. Let Y;; = X;; — ;. Then

2n in
( ) ni (nl - 1) T1§7’2 1rqy 1ro + ny %A: 1ry (/Ll IJ/Q)
2n An
S Y AY, - S Y A —
+ TLQ(TLQ - 1) 81;82 2s1 252 no ; 2s1 (llfl HQ)
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LYY, Y, = Z A

nl”? r1 S1

Since the expectations of A.’s are all zero and that of their cross product are also zero, it
follows that ;
Var (T*) = E{T* — E(T")}* = 3 E(A%).
k=1

With tedious algebra, we have (only the leading terms are kept)

2 8n? o 1602 .

E(A]) = tr(31A4%, A), E(AY) = (11— p2) ' AS1A(p1 — p2),

ni(n; —1) 1
8n? 16n2

E(A3) = ————tr(3 A%, A), E(A]) = (1 — po) AZo A(py — pa),
nz(nz — 1) 2
1 2

EA2) = 05, a%,4).
ning

The lemma is proved by summing up the above terms and noting that ¥ = (n/n1)%; +
(n/n2)Xs. O

Proof of Theorem 4  This theorem follows from the proof of Theorem 1 of [5]
with our A1/2X¢j in place of their Xj;. ]

Lemma 9 If there exists an absolute constant K > 0 and x > 1 such that E(XZ p) <
K uniformly for all 4, j, k, then H’lge}x|skl — ol = op(1).

Proof To prove this lemma, it suffices to show max |si ki — 0kt = 0p(1) fori = 1,2,

because

max |kt — ow| < max |10 — o1 kt|/m + max |s2. k1 — o2 k1| /M2

We only prove max |s1,k1 — 01,1] = 0p(1) since the proof for ¢ = 2 is the same. The
first subscript 1 will be dropped for convenience if no confusion is caused. Throughout
this proof we assume p1 = 0. It is easy to see that

ni _

1 J—
Skl — Ol = 771 2 (X Xk — oR1) — XX k),
r=1

where Y(l) is the lth component of X. For any positive €, we have

P( max |sy — op| > 26) < max  P(|si — o] > 2¢)

1<I<k<p 1<I<k<p
p(|L s P
< max <— X, X, — 0 ‘>5>+ max X > €
“ici<ksp \Ing TZI( ri X = Otk) 1<I<k<p ( 0l >¢)
E 1 n 2K 25
< max — { X X, — 0 } + max X
< dnax 52,,@ o TZ1( w1 Xrk — Olk) | nax E{X) X}
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We now study the magnitude of the two moments. Note that for each fixed pair
(l,k), Xp1 Xy, — o (r=1,2,...,n) are independent and identically distributed random
variables with mean zero. The condition E(Xﬁ’;) < oo implies that they also have finite 2x
moments. Consequently it can be verified after straightforward but lengthy algebra that
there exists a constant C' > 0 not depending on n such that

1 ™ 2K k
E{* Yo (X X — Um)} <Cn
ni r=1

and E{Y(DY(@}QH < Cn=2x,
Thus, it follows that

1) Cn™f+Cn 2
P<maX|5lk_0'lk| >2€> <p(p+ ) Lon +on ,
1,k 2 g2k

which under the assumption p = o(n"/?) means that max |sie — ouk| = op(1). O
Lemma 10 Under the conditions of Lemma 5, |oj,| < 1 —¢p for any 1 <1 # k < p.

Proof Since oy, = o1 6/m + 0246/m2 and |p; k| = |0ik|/\/Tiudigk < 1 — €0, we
have

O1,1101,kk 02,1102 kk

ol <(1—¢ <
ol < 0) m 2

Meanwhile it can be seen that

01,1102.kk + 01 k02,11

01,1101, kk 02,1102 kk\2 _ 01101 kk 02102 kk
<\/ LV ) < L L

m 72 S 3 M2
(o2 g g g
_ ( 1,1 n 2,11) < 1,kk I 2,kk)_
m 12 m 2
Since 1 = oy = a1 51/m +0a51/n2 for any 1 < 1 < p, we have 0y '\ /G101 1k + 11 2\/T20102.5k
< 1. It then follows from (7) that o] < 1 — eo. O

Proof of Lemma 5 Let U = (Uy;)pxp with

n(Xlrl,k - X2$1,k)(X1T2,l - XQSQ,l)
nl(nl — 1)712(722 — 1)

U= > >

r1#£72 51789
Then it can be verified that Ty — T} = tr[{(S(kl))*l - (E(kl))*l}U(kl)].
We have shown in Lemma 9 that Irllﬁx |ski —oki| = 0p(1). Thus given the gg in Lemma
5, as n is large, P ( H}ﬁx |sk1— o] < 60/3) can be as close to one as possible. In the rest part
of this proof, we study Tj; — T}, conditionally the event FE,, = {H}C%X |spr — o] < 50/3}.
When applying the first order Taylor expansion to study the elements of (S(kl))*l —
(E(kl))_l, we find that they all are bounded by

Chlskk — ork| + Co|sk — o] + C3|sp — o] (8)
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Take for example the (1, 1) element, which is s;;/(skrsy — szl) —oy/(okkoy — J%l). Condi-
tionally on E,, |sk| < 1 — (2/3)ep for k # 1, and |sg| < |ow| +€0/3 < 1 —(2/3)go. The
partial derivative of s;/(skrsy — s%l) with respect to s is bounded by
s? ’ - ‘ (1+¢0/3)?
(skwsu — s2)2 1~ {1 —e0/3)? — (1 — (2/3)e0)2}2
Similarly its partial derivatives with respect to si; and s;; are also bounded.

Therefore it follows that

Tt — Tia| < (Cilsir — owrl + Calsir — ow| + Cslsp — owl) - (|Ukk| + 2|Uki| + [Unl).  (9)
We study the magnitude of E(|Uy|), which is controlled by

1/ E(Ul?l) = \/Var (Ukl) + {E(Uk’l)}2

We need to calculate both E(Uy;) and Var (Uy). It is easy to see E(Uy;) = n(pip — p2k)
“(p10 — p2g). Let My be a 2 x 2 matrix with its (2,1) element being 1 and the rest
elements 0. Then Uy = Qy; which is defined in (11). Lemma 12 implies

Var (Uy) = 4{1+ O(n™ ")} + dn{(oru/m) (15 — p2)® + (02,0%/m2) (11, — p24)?}
<A1+ 0™} +4n{(p1k — par)® + (p1g — p20)?},

where we have used the facts o = 1 and o g < ;. Therefore
E(UR) < {24 n(pak — par) H2 + npag — p2a)?} + o(1),

which means \/E(U%) < 2+ n(p1, — pog)? + nlprg — pog)* + o(1).
Under Assumption 1, there exists a constant K; > 0 such that EX;lj r < K1 and
therefore E|sgx — opr|? < Ka/n for some Ky > 0. Thus summing up both sides of (9) and

employing the Schwarz inequality, we have for some constant K > 0

BIT —T*| <EY |Th — Ty
Kl

P
< Kn™(p=1){p+o(p) + 2n 2 (e 2)?p = O™ 2p2).
=1
Since p* = o(ntr{(XA)?}), we conclude T — T* = o(/tr{(ZA)2}). O

Lemma 11 Let the matrices X and A be those defined in Theorem 4 and R =
(pii)pxp = Do *ED;? with D, = diag{o11,092, . .., 0pp}.

(a) We have tr{(ZA)?} > (p — 1)*r(R?).
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(b) If there exists ¢ € (0,1) such that max |p;;| < 1 — &g holds uniformly for all n, then
17]
tr{(BA)%} < 4(p — 1)*t(R) /23,
Proof Clearly, =1 < prs < 1 and p,r = 1. Let R, 1) be a 2 X 2 matrix consisting

of the elements at the crosses of the rth, sth rows and the kth, lth columns of R. It is
not hard to verify that

r{(ZA)’} = tr{R(D}*AD}/*)R(D)*AD}*)} = 3" " 2o i,
k#l r#s

where 2,5 k1 = t1{ Riys ) (R(it)) ™ Riktrs) (Rrs)) ' }-
Using the fact that

(R(kl))ilz 1 1 1 1— pp 0 1 1
20-pz) \ 1 -1 0  1+pu 1 -1 )

1

2(1 = pi,) (1 = pZ)

(1 = pr){(pri + Prl)2 = 2prs(Prk + Pr) (Psk + pst) + (psk + Psz)z}

+ (L4 o) {(prk — pr1)* = 2015 (psic — pst) (prie — pri) + (s — pst)?},  (10)

we find

Lrs kl =

indicating that x,, 1 is always nonnegative for all » # s and k # [.
We first prove part (a). After splitting (psk, + psi)? into p2(psk + psi)? + (1 — p2s) (psk +

ps1)?, we have

(L= pe){(prie + pri) = prs(psk + ps)} + (L + pr){(prk — prt) — prs(psk — psi) }?
2(1 — pjy) (1 = piy)
(1 — prt) (st + pst)* + (L + prt) (st — pst)?
2(1 = pfy) '
Since the first term is nonnegative and both (1 — p,s) and (1 + p,s) are no less than

(1 = |prs|), it then follows that

Lrs,kl =

+

(psk + psl)2 + (psk - psl)2 1 2 2
> g .
Trs,kl 2(1 + |Pkl‘) 9 (psk + psl)

This immediately implies
tr{(ZA)*} = >1 2 py) = (p—1)*tr(R?
H(BA)} =2 X ansm > 5 20 2 (Pae +pa) = (p— 1)t (R).
k#l r#s k#lr#s
We now prove part (b). Using the fact that |p,s| < 1 and Cauchy-Schwarz inequality,

we have

_2prs(p7"k: + prl)(psk + psl) < (prk + p’rl)z + (psk + psl)2'
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Then it follows that

(1 = p){(prk + pri)* + (s + pst)?} + (1 + pr){(prk — pri)? + (ps — psi)*}
(1= pp) (1 = pZ)

Lrs,kl <

2(p3, + P2+ P+ 0%)
(1 = [pu]) (1 = p2)

The condition |p,s| < 1 — &g implies that 1 — |py| = ¢ and (1 — p2,) = 2eq. Therefore we

have @5 g1 < (p2, + p2 + p% + p%) /8, which means

tr{(SA)%) = k% ; Tyshl < gé)l ; (07x + P71+ P2+ p2) /€6 = 4(p — 1)*tr (R?) /5. m

Lemma 12 For any 1 < k,l < p, let My, be a generic 2 x 2 matrix and let

(X 1y (k1) — Xy (k1)) M) (X1rg (k1) — Xosa (ki)

= 11
O rlgrz 31252 ni (nl - 1)’02(712 - 1) ( )
Under Assumption 1, we have
Cov (Qkt, Qrs) = 2tr{Z s oty Mty kt,rs) My} X {1+ 0(n7 1)}
4n?
+ Tl(ﬂl(kl) = Bagky) My Za(ktrs) M sy (B1(rs) — H2(rs))
4”2 T T
+ 7,72(#1(/%1) - y’?(kl)) M(kl) EQ(kl,rs)M(rs) (Hl(rs) - HQ(TS))‘
Proof We rewrite Qy; as
Qu= % n X e Mk X (ki) n X3 o Mk X2so (k1)
r1#r9 ni (nl - 1) $17#82 722(712 - 1)
= 20X ey Moo X wy
r2,51 ning '
Let Y1 = X1 — p1 and Yo = X5 — po. It then follows that
O — E{Ou} = 3 nY 1L gy M) Yirs (ki) 20 (1 (kty — (k) Mkt Yirs (ki)

r17#£r nl(nl - 1) o ni

Ly nYo5 o M Yoss bty 20Y55, gy Mk (Bar) — Bary)

51#59 nQ(nQ - 1) s1 n2
Yy o Moy Y 5
s1 (k) (RO Do (kD)
_ = J

and Cov (Qu) = E(Qr — E{Qii})? = E{ Z I (ki } .
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It can be verified that the expectation of J,.(x)Jsrs) for 1 < r # s < 5 are all equal
to zero. Let 3,5 17) be a 2 X 2 submatrix of 3 consisting of the elements at the crosses

of the rth, sth rows and kth, {th columns. With tedious algebra, we obtain

2n?
E(JiknyJ1(rs)) = o 1)tl"{21(rs,kl)M(m)21(kz,rs)M(Trs)},
E(J3kn)J3(rs)) = 27”2'51”(22 1) M 11y B (ki rs) M -5
( ) (7’8) nQ(nQ _ 1) (TS, ) ( ) ( ,T’S) (7"5) ’

4n?

E(Jokt)J2(rs)) = Tl(ul(kl) = Bakty) My B (kt,rs) M sy (Hi(rs) = Ha(rs))s
An?

E(Jakny Jagrs)) = E(Nl(kl) — Bakt)) My Bakt re) Mrs) (B (rs) — Ha(rs))s
4n?

E(J5(kt)J5(rs)) = mtr(zg(rs,kl)M(kl)El(kl,rs)M(Trs))-

The lemma is proved by summing up the above covariances and simplifying the summation
using the fact 3z .q) = (n/11) By (k1rs) + (1/12) B (r1rs)- O

Proof of Lemma 7  Without loss of generality, we assume ogr = 1 for all k£ =
1,2,...,p. Let E, be the event defined in the proof of Lemma 7 and z,; be the quantity
defined in the proof of Lemma 12. Lemma (9) implies that the probability of F,, converges
to 1 as n is large. Therefore if Lemma 7 holds conditionally on F,, then Lemma 7 is proved.

Define Zys ji be 2,5 with all p.g’s replaced by prs = 0rs/\/0rr0ss. Thus we have

(A} - w{(BAY = | ¥ Bropt — @ropil X [Brpt — Trsnll
78,k r#s k£l

Conditionally on E,, there exists a constant C; (dependent on €y not on n, 1, j, k,l) such
that

‘frs,kl - xrs,kl| <G Z ‘ars - Urs|-
r,se€{r,s,k,l}

The above two inequalities imply
{(BA?} - u{(BA)’}[ <Ot T ¥ [Frs— 0ns] S16C1P” Y [Gra — ol
i#s,k#l r,se{r,s,k,l} T,
According to Lemma 11, tr{(XA)?} > (p — 1)*r(R?). Thus Lemma 7 will be proved if
we can show Y |G, — 0rs| = op(tr(R?)).
Under Ag’gumption 1 and the assumption o, = 1, X;;’s have uniformly bounded

fourth moments, i.e., there exists Cy > 0 such that max E]X;lj\ < Cy. At the same time,
z?]

there exists a constant C3 > 0 such that max E{(Gp — or1)?} < C3/n. Thus

2
E(Z |k — Ukl!) < P2 E(Gr — om)? < p'C3/n = o({tr(R?)}?),
k,l k,l
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where the last equality follows from the assumption p? = o(y/ntr(R?)). Consequently we

have Z |akl — Ukl’ = op(tr(R2)). O
k,l

Appendix B: Simulation for One-Sample Case

Denote R = (pg;) with pgr = 1 and pg; = p € (0,1). Let Z be a random vector from
N(0, R) and W be a random variable from x?2, independent of Z. The degree of freedom
v may be 4 or 8. Let X = (X1, Xs,...,X,)". We generate data from three models: (1)
multi-normal distribution X = Z + p, (2) multi-t distribution X = Z/W + u, and (3)
multi-y? distribution X; = il ZJQz + p;, where Z;; and p; denote the ith components of

Zj and p, and Zj’s are i.i.d]. copies of Z. Suppose the hypothesis to test is Hy : = 0.

We fix n = 100 and p = 300. Four choices of p are considered: 0, 0.2, 0.5 and 0.8.
The simulated type I errors are tabulated in the first panel of Table 4. We find that when
p > 0, the type I errors of the CHT test are comparable with those of the CQ and BS
tests. When p = 0, the type I errors of the CHT test is much smaller than the significance
level 5%, indicating that the CHT test is very conservative in this situation compared with
the rest three tests. This is probably because the estimation of the zero p values enlarges
the estimated variance of the CHT test.

In power comparison, we generated data-sets with pu; = o = --- = pug =1 and uy =
pg = -+ = pp = 0. The simulated powers are presented in the second panel of Table
4. We also transform the generated data-sets by a component-wise transformation, D =
diag(di1,dag, ..., dpy) with dj;’s ii.d. from the uniform distribution on (0,10); The D
keeps unchanged throughout this simulation. The corresponding simulated powers of the
CQ and BS tests are given in the last panel of Table 4.

When p > 0, the CHT test have uniformly larger powers than the rest three tests. In
particular, under models (2) with v = 4 and p = 0.5 or 0.8, the power gain of the CHT
test over the CQ and BS tests can be as large as 60%. Meanwhile under component-wise
transformation, the CHT test keeps unchanged while the CQ and BS tests both suffer from
component-wise scale changes in data. For example, the powers of the CQ and BS tests
can vary from 41% to 77% under model (1) with p = 0.8, indicating that they show some
sensitivity to scale transformations. When p = 0, the CHT test seems inferior to the rest
three tests, which is probably due to the too conservative variance estimation of T'. There
is room for improvement of the CHT test when the data have little between-component

correlation.
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Table 4 Simulated rejection rates (%) in the one-sample case

Type I error Power Power (scaled)

model |v p
CHT CQ BS SD | CHT CQ BS SD CQ BS

0 | 044 5.09 4.88 5.17 |100.00 100.00 100.00 100.00 | 100.00 100.00
0.2] 631 6.77 6.76 4.62 |100.00 100.00 100.00 100.00 | 100.00 100.00
05| 710 7.05 7.05 1.44 |100.00 94.74 94.74 19.20 | 84.86 84.80
08| 7.45 7.37 7.37 0.30 |100.00 41.28 41.30 138 | 77.08 77.12

0 | 0.01 541 0.03 0.03 | 99.56 99.99 96.75 96.47 | 99.94 96.36
0.2] 5.09 755 551 3.13 | 97.78 96.16 89.05 75.35 | 98.52 94.75

! 05| 6.77 721 6.79 1.33 | 9465 3346 31.38 5.62 | 16.00 14.89

0.8] 695 740 7.15 0.30 | 99.96 17.89 17.25 0.72 | 14.40 13.93

@) 0| 012 584 1.09 0.95 |100.00 100.00 100.00 100.00 | 100.00 100.00
0.2] 593 7.16 6.47 3.95 |100.00 99.99 99.97 99.25 | 100.00 99.98

s 05| 725 751 7.39 1.53 |100.00 64.67 63.35 10.68 | 63.84 62.73

0.8] 7.01 7.07 6.99 0.28 |100.00 25.68 25.45 1.34 | 19.52 19.22

0 | 236 583 5.42 14.38 | 64.78 87.33 86.35 91.37 | 90.06 89.42

A 02] 956 751 7.04 7.18 | 20.22 16.36 15.23 11.96 | 25.83 24.12

05| 891 7.75 7.50 236 | 1457 10.22  9.92 3.11 9.21 8.96

0.8] 833 7.77 7.59 0.78 | 19.66  8.61 8.45 0.84 8.06 7.95

) 0 | 1.03 5.38 5.00 9.12 | 1497 43.8 42.65 47.73 | 46.37 45.61
3 02| 814 745 725 6.09 | 11.76 11.2  10.77  8.01 9.46 9.08

05| 801 727 717 191 | 10.17 837 8.23 2.27 8.47 8.32
08| 7.84 746 7.43 0.52 | 11.97 797 7.91 0.42 8.04 7.95

[7]
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