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§1. Ú ó

äãT´��vk£´�ëÏã, éu?¿ü�º:α 6= β ∈ T . �αβ´ë�αÚβ�

��´», ´»αβ¥¹k�>êP�d(α, β), ¡�α�β�ål.

�T´��±o��º:�ÛÜk��Ã�äã, éuT¥�?¿ü�º:σÚt, XJ

σ´?3l�º:o�t���´»þ, KP�σ ∧ t. ·�^σ ∧ tL«Ó�÷vσ ∧ t 6 t�

σ ∧ t 6 σ�lo���º:. éuTþ�?�º:t, |t|L«oÚt�m�ål. ��º:XJ

Ù��º:�ål�n, K¡Tº: u1n�. LnL«T�1n�þ¤kº:�fã, Lmn

L«T�¹kln��m��¤kº:�fã, AOT (n) = Ln0L«T�¹kl0�(�)�n�

�¤kº:fã. XJäãT��º:kN���º:, 
Ù¦º:kN + 1���º:,

·�¡dä�Cayleyä, P�TC,N . éuCayleyäTC,Nþ�z��º:t, 3§�e��Ñ

kN���º:, ·�¡ùN�º:�t�f�, t�ùN�º:�I�. é∀ t ∈ TC,N , P1t

�t�I�. �©Ì�ïÄ��äTC,2 (�ã1). �
�B, ·�òTC,2{P�T2. éu��

äþ?�º:t, Pt1Út2�t�ü�f�.

�(Ω,F ,P)��VÇ�m, {Xt, t ∈ T2}�½Â3(Ω,F ,P)þ�ä�I�ÅL§, �A

�T2�fã, PXA = {Xt, t ∈ A}, ^|A|L«A¥º:��ê, xAL«XA�¢y.

∗I[g,�ÆÄ7�8(1OÒ: 11571142)]Ï.

�©2016c1�20FÂ�, 2016c4�20FÂ�?Uv.
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½Â 1 ([1; ½Â1]) �T2���ä, {Xt, t ∈ T2}´½Â3VÇ�m(Ω,F ,P)þ�

�G��mG¥����ÅCþ8Ü, �p = {p(x), x ∈ G}´Gþ�VÇ©Ù, Pt =

(Pt(y1, y2 |x)), x, y1, y2 ∈ G, t ∈ T2´½Â3G×G2þ���ÅÝ
,÷vPt(y1, y2 |x) > 0,

∀ y1, y2, x ∈ G, 9
∑

(y1,y2)∈G2

Pt(y1, y2 |x) = 1, ∀x ∈ G, XJ∀n > 1,

P
(
XLn = xLn |XT (n−1)

= xT
(n−1))

=
∏

t∈Ln−1

Pt(xt1 , xt2 |xt),

Ú

P(Xo = x) = p(x), ∀x ∈ G,

K¡{Xt, t ∈ T2}�äkÐ©©Ùp��ÅÝ
P3G¥�����äþ�àg©{ê¼ó.

XJ∀ t ∈ T2, Pt = P , ùpP = (P (y1, y2 |x)), x, y1, y2 ∈ G´½Â3G×G2þ��Å

Ý
, {Xt, t ∈ T2}�3G¥�����äþàg©{ê¼ó. �d©z[1]®y²{Xt, t ∈
T2}�d½Â1½Â���ä�àg©{ê¼ó�¿�^�´∀n > 1Ú∀xT (n) ∈ ST (n)

,

P
(
XT (n)

= xT
(n))

= p(xo)
∏

t∈T (n−1)

Pt(xt1 , xt2 |xt). (1)

ä�I�ÅL§´Cc5uÐå5�VÇØ���#�ïÄ��. BergerÚYe [2]ïÄ


àgäþ,
²­�Å|��Ç. BenjaminiÚPeres [3]�Ñ
ä�Iê¼ó�½Â¿ï

ÄÙ~�59�~�5. Yang [4]ïÄ
àgä�Ik�G�ê¼ó�r�ê½nÚìCþ

©5(AEP). YangÚYe [5]ïÄ
àgä�I��àgê¼ó�r�ê½nÚìCþ©5.

HuangÚYang [6]ïÄ
��k.ä�Iê¼ó�r�ê½nÚìCþ©5. Dong� [7]ï

Ä
Cayleyä�Ik�G��àgê¼ó�r�ê½nÚìCþ©5. �¡È� [8]ïÄ


ä�Iê¼ó��d½Â. Guyon [9]½Â
3?¿G��m�����äþ©{ê¼ó,

¿ïÄ
Ù4�½n. Dang� [1]ïÄ
��ä�àg©{ê¼ó��d½Â!r�ê½

nÚ�H{½n. 
¥I [10]o(
Cc5ä�Iê¼ór4�½n�eZïÄ.
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��©ÙÄkïÄ��äk�G�©{ê¼ó��ÅSó8ÑyªÇ�r�ê½Æ,

��ïÄ��äk�G�©{ê¼ó¼ê�r�ê½n, ��íØ����äk�G�©

{ê¼ó�Shannon-McMillan½n.

§2. r4�½n

Ún 2 ([11; Ún3.1]) �T2���ä, {Xt, t ∈ T2}´X½Â1¤½Â�3��G

��mG¥�����ä�àg©{ê¼ó, {gt(x, y1, y2), t ∈ T2}´½Â3G3þ�¼

ê. ∀ t ∈ T2, ∃α > 0, s.t. E[eα|gt(Xt,Xt1 ,Xt2 )|] < ∞, �L0 = 0, Fn = σ(XT (n)
), n > 1.

�|λ| 6 α, -

tn(λ, ω) =
e
λ

∑
t∈T (n−1)

gt(Xt,Xt1 ,Xt2 )∏
t∈T (n−1)

E[eλgt(Xt,Xt1 ,Xt2 ) |Xt]
, n > 1,

K{tn(λ, ω),Fn, n > 1}´�K�, �E[tn(λ, ω)] = 1.

Ún 3 ([1; ½n3]) �T2, {Xt, t ∈ T2}, {gt(x, y1, y2), t ∈ T2}XÚn2¤½Â, -{an,

n > 1}´��ÅCþS�, �

B =
{
ω : lim

n→∞
an(ω) =∞

}
,

D(α) =
{
ω : lim sup

n→∞

1

an

∑
t∈T (n−1)

E
[
g2t (Xt, Xt1 , Xt2)eα|gt(Xt,Xt1 ,Xt2 )| |Xt

]
=M(ω)<∞

}
∩B,

Hn(ω) =
∑

t∈T (n−1)

gt(Xt, Xt1 , Xt2),

Gn(ω) =
∑

t∈T (n−1)

E[gt(Xt, Xt1 , Xt2) |Xt],

@ok

lim
n→∞

Hn(ω)−Gn(ω)

an
= 0, a.e. ω ∈ D(α).

Ún 4 ([1; íØ1]) �T2���ä, {Xt, t ∈ T2}´X½Â1¤½Â�3��G��

mG¥�����ä�àg©{ê¼ó, {gt(x, y1, y2), t ∈ T2}3G3þ��k., @o

lim
n→∞

Hn(ω)−Gn(ω)

|T (n)|
= 0, a.e.

Ún 5 ([7; Ún3]) �T2´��ä, φ(x)´½Â3«m4þ�k.¼ê, φ3x = a?

ëY(a ∈ 4). �{at, t ∈ T2}´¢ê�. XJ

lim
n→∞

1

|T (n)|
∑

t∈T (n−1)

|at − a| = 0,
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@o

lim
n→∞

1

|T (n)|
∑

t∈T (n−1)

|φ(at)− φ(a)| = 0. (2)

§3. r�ê½ÆÚShannon-McMillan½n

½Â 6 �T2���ä, {Xt, t ∈ T2}´X½Â1¤½Â�3��G��mG¥���

��ä�àg©{ê¼ó, Sk(T
(n)) (k ∈ G)´�ÅCþ8{Xt, t ∈ T (n)}¥kÑy�gê,

Sl,k1,k2(T (n))´�ÅSó8{(Xt, Xt1 , Xt2), t ∈ T (n−1)}¥Só(l, k1, k2) (l, k1, k2 ∈ G)Ñy

�gê, =

Sk(T
(n)) = |{t ∈ T (n) : Xt = k}|,

Sl,k1,k2(T (n)) = |{t ∈ T (n−1) : (Xt, Xt1 , Xt2) = (l, k1, k2)}|,

´�

Sk(T
(n)) =

∑
t∈T (n)

Ik(Xt), (3)

Sl,k1,k2(T (n)) =
∑

t∈T (n−1)

Il(Xt)Ik1(Xt1)Ik2(Xt2), (4)

ùp

Ik(i) =

1, i = k;

0, i 6= k.

½Â 7 �{Xt, t ∈ T}´3Gþ���ä�I�ÅL§, P

P (xT
(n)

) = P(XT (n)
= xT

(n)
).

-

fn(ω) = − 1

|T (n)|
lnP (XT (n)

),

fn(ω)¡�XT (n)
���Ý, e{Xt, t ∈ T2}´X½Â1¤½Â�3��G��mG¥���

��ä�àg©{ê¼ó, d(1)k

fn(ω) = − 1

|T (n)|

[
lnP (Xo) +

∑
t∈T (n−1)

lnPt(Xt1 , Xt2 |Xt)
]
, (5)

fn(ω)3�½¿ÂþÂñu~ê(L1Âñ, VÇÂñ, a.e.Âñ), ù3&EØ¥¡���Ý½

n½Shannon-McMillan½n½ìC�©5(AEP).
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Ún 8 ([1; ½n4]) �G = {0, 1, 2, . . . , b− 1}´k�G��m, {Xt, t ∈ T2}´3G¥
���ÅÝ
{Pt, t ∈ T2}X½Â1¤½Â���ä�àg©{ê¼ó, Sl(T

(n))X(3)¤½

Â. �P = (P (y1, y2 |x)), x, y1, y2 ∈ G´,���ÅÝ
, P1(y1 |x) =
∑
y2∈G

P (y1, y2 |x),

P2(y2 |x) =
∑
y1∈G

P (y1, y2 |x), P1 = (P1(y |x)), P2 = (P2(y |x)), -Q = (P1 + P2)/2, b�

=£Ý
QH{, XJ∀x, y1, y2 ∈ G,

lim
n→∞

1

|T (n)|
∑

t∈T (n)

|Pt(y1, y2 |x)− P (y1, y2 |x)| = 0, (6)

@o

lim
n→∞

Sl(T
(n))

|T (n)|
= π(l) a.e., l ∈ G, (7)

Ù¥π = (π(0), π(1), . . . , π(b− 1))�dQ(½���²­©Ù.

½n 9 3Ún8�^�e, Sl,k1,k2(T (n))X(4)¤½Â, @o

lim
n→∞

Sl,k1,k2(T (n))

|T (n)|
=

1

2
π(l)P (k1, k2 | l) a.e., l, k1, k2 ∈ G, (8)

Ù¥π = (π(0), π(1), . . . , π(b− 1))�dQ(½���²­©Ù.

y²: 3Ún4¥-gt(x, y1, y2) = Il(x)Ik1(y1)Ik2(y2), K

Hn(ω) =
∑

t∈T (n−1)

gt(Xt, Xt1 , Xt2)

=
∑

t∈T (n−1)

Il(Xt)Ik1(Xt1)Ik2(Xt2) = Sl,k1,k2(T (n)),

Gn(ω) =
∑

t∈T (n−1)

E[gt(Xt, Xt1 , Xt2) |Xt]

=
∑

t∈T (n−1)

∑
(xt1 ,xt2 )∈G2

gt(Xt, xt1 , xt2)Pt(xt1 , xt2 |Xt)

=
∑

t∈T (n−1)

∑
(xt1 ,xt2 )∈G2

Il(Xt)Ik1(xt1)Ik2(xt2)Pt(xt1 , xt2 |Xt)

=
∑

t∈T (n−1)

Il(Xt)
∑

(xt1 ,xt2 )∈G2

Ik1(xt1)Ik2(xt2)Pt(xt1 , xt2 |Xt)

=
∑

t∈T (n−1)

Il(Xt)Pt(k1, k2 | l),

dÚn4�

lim
n→∞

1

|T (n)|
[Sl,k1,k2(T (n))−

∑
t∈T (n−1)

Il(Xt)Pt(k1, k2 | l)] = 0, a.e.,

d^�(6)´y

lim
n→∞

1

|T (n)|
∑

t∈T (n−1)

|Il(Xt)Pt(y1, y2 |x)− Il(Xt)P (y1, y2 |x)| = 0,
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¤±

lim
n→∞

1

|T (n)|
|Sl,k1,k2(T (n))−

∑
t∈T (n−1)

Il(Xt)P (k1, k2 | l)| = 0, a.e., (9)

Ï�

Sl(T
(n)) =

∑
t∈T (n)

Il(Xt), lim
n→∞

|T (n−1)|
|T (n)|

=
1

2
,

dª(7)�

lim
n→∞

∑
t∈T (n−1)

Il(Xt)

|T (n)|
= lim

n→∞

Sl(T
(n−1))

|T (n−1)|
|T (n−1)|
|T (n)|

=
1

2
π(l), l ∈ G, a.e., (10)

dª(9)9(10)��(8). �

½n 10 3Ún8�^�e, ft(x, y1, y2)´½Â3G
3þ�¼ê, ÷v∃α > 0, s.t.

lim sup
n→∞

1

|T (n)|
∑

t∈T (n−1)

E
[
f2t (Xt, Xt1 , Xt2)eα|ft(Xt,Xt1 ,Xt2 )||Xt

]
<∞,

�gt(x, y1, y2) = ft(x, y1, y2)pt(y1, y2 |x), g´½Â3G3þ�,��¼ê, XJ∀x, y1, y2 ∈
G,

lim
n→∞

1

|T (n)|
∑

t∈T (n−1)

|gt(x, y1, y2)− g(x, y1, y2)| = 0, (11)

�gk�, K

lim
n→∞

1

|T (n)|
∑

t∈T (n−1)

ft(Xt, Xt1 , Xt2) =
b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

1

2
π(l)g(l, k1, k2), a.e., (12)

Ù¥π = (π(0), π(1), . . . , π(b− 1))�dQ(½���²­©Ù.

y²: du

Hn(ω) =
∑

t∈T (n−1)

ft(Xt, Xt1 , Xt2),

Gn(ω) =
∑

t∈T (n−1)

E[ft(Xt, Xt1 , Xt2) |Xt]

=
∑

t∈T (n−1)

∑
k1,k2∈G2

ft(Xt, xt1 , xt2)Pt(xt1 , xt2 |Xt)

=
∑

t∈T (n−1)

b−1∑
k1=0

b−1∑
k2=0

ft(Xt, k1, k2)pt(k1, k2 |Xt)

=
∑

t∈T (n−1)

b−1∑
l=0

Il(Xt)
b−1∑
k1=0

b−1∑
k2=0

ft(l, k1, k2)pt(k1, k2 | l)

=
b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

∑
t∈T (n−1)

Il(Xt)gt(l, k1, k2)
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=
b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

∑
t∈T (n−1)

Il(Xt)gt(l, k1, k2),

¤±dÚn4k

lim
n→∞

1

|T (n)|

[ ∑
t∈T (n−1)

ft(Xt, Xt1 , Xt2)−
b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

∑
t∈T (n−1)

Il(Xt)gt(l, k1, k2)
]

= 0, a.e.,

(13)

qd(11)k

lim
n→∞

1

|T (n)|

∣∣∣ b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

∑
t∈T (n−1)

Il(Xt)gt(l, k1, k2)

−
b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

∑
t∈T (n−1)

Il(Xt)g(l, k1, k2)
∣∣∣

6 lim
n→∞

1

|T (n)|
b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

∑
t∈T (n−1)

|gt(l, k1, k2)− g(l, k1, k2)| = 0, (14)

Ï� ∣∣∣ 1

|T (n)|
b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

∑
t∈T (n−1)

Il(Xt)gt(l, k1, k2)−
b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

1

2
π(l)g(l, k1, k2)

∣∣∣
6
∣∣∣ 1

|T (n)|
b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

∑
t∈T (n−1)

Il(Xt)gt(l, k1, k2)

− 1

|T (n)|
b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

∑
t∈T (n−1)

Il(Xt)g(l, k1, k2)
∣∣∣

+
∣∣∣ 1

|T (n)|
b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

∑
t∈T (n−1)

Il(Xt)g(l, k1, k2)−
b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

1

2
π(l)g(l, k1, k2)

∣∣∣
6

b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

1

|T (n)|
∑

t∈T (n−1)

|gt(l, k1, k2)− g(l, k1, k2)|

+
b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

g(l, k1, k2)
∣∣∣ 1

|T (n)|
∑

t∈T (n−1)

Il(Xt)−
1

2
π(l)

∣∣∣
=

b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

1

|T (n)|
∑

t∈T (n−1)

|gt(l, k1, k2)− g(l, k1, k2)|

+
b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

g(l, k1, k2)

∣∣∣∣∣
∑

t∈T (n−1)

Il(Xt)

|T (n−1)|
|T (n−1)|
|T (n)|

− 1

2
π(l)

∣∣∣∣∣
=

b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

1

|T (n)|
∑

t∈T (n−1)

|gt(l, k1, k2)− g(l, k1, k2)|

+
b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

g(l, k1, k2)
∣∣∣1
2

Sl(T
(n−1))

|T (n−1)|
− 1

2
π(l)

∣∣∣, (15)

dÚn8!(13)!(14)Ú(15)��(12), ½ny.. �
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íØ 11 ([1; ½n5]) 3Ún8^�e, fn(ω)´X(5)¤½Â���Ý, @o

lim
n→∞

fn(ω) = −
b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

1

2
π(l)P (k1, k2 | l) lnP (k1, k2 | l), a.e., (16)

Ù¥π = (π(0), π(1), . . . , π(b− 1))´dQ(½���²­©Ù.

y²: �ft(x, y1, y2) = − lnPt(y1, y2 |x), -α = 1/2, ∀ t ∈ T2,

E
[
f2t (Xt, Xt1 , Xt2)eα|ft(Xt,Xt1 ,Xt2 )| |Xt]

=
∑

(xt1 ,xt2 )∈G2

ln2 Pt(xt1 , xt2 |Xt)e
−[lnPt(xt1 ,xt2 |Xt)]/2Pt(xt1 , xt2 |Xt)

=
∑

(xt1 ,xt2 )∈G2

ln2 Pt(xt1 , xt2 |Xt)[Pt(xt1 , xt2 |Xt)]
1/2 6 16b2e−2,

¤±∀ t ∈ T2,

E
[
e|ft(Xt,Xt1 ,Xt2 )|/2 |Xt

]
<∞,

9

lim sup
n→∞

1

|T (n)|
∑

t∈T (n−1)

E
[
f2t (Xt, Xt1 , Xt2)e|ft(Xt,Xt1 ,Xt2 )|/2 |Xt

]
6 16b2e−2.

-φ(x) = x lnx, (φ(0) = 0), ´�φ(x)´½Â3[0, 1]þ�ëY¼ê. -

gt(l, k1, k2) = −Pt(k1, k2 | l) lnPt(k1, k2 | l),

g(l, k1, k2) = −P (k1, k2 | l) lnP (k1, k2 | l).

dÚn5Ú(6)�∀ k1, k2, l ∈ G,

lim
n→∞

1

|T (n)|
∑

t∈T (n−1)

|Pt(k1, k2 | l) lnPt(k1, k2 | l)− P (k1, k2 | l) lnP (k1, k2 | l)| = 0,

�gt(l, k1, k2)÷v(11). ¤±d½n9, k

lim
n→∞

− 1

|T (n)|
∑

t∈T (n−1)

lnPt(Xt, Xt1 , Xt2)

= − 1

2

b−1∑
l=0

b−1∑
k1=0

b−1∑
k2=0

π(l)P (k1, k2 | l) lnP (k1, k2 | l), a.e., (17)

dª(5)Ú(17)��(16). �
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The Strong Law of Large Numbers and the

Shannon-McMillan Theorem for Nonhomogeneous

Bifurcating Markov Chains Indexed by a Binary Tree

ZHANG Yan YANG WeiGuo

(Faculty of Science, Jiangsu University, Zhenjiang, 212013, China)

Abstract: In this paper, we first study the strong law of large numbers for the frequencies of occurrence

of random ordered couples of states for nonhomogeneous bifurcating Markov chains indexed by a binary

tree. Then the strong law of large numbers are studied for functions of the nonhomogeneous bifurcating

Markov chains indexed by a binary tree. As a corollary, we obtain the shannon-McMillan theorem for

these Markov chains with finite state space.

Keywords: two rooted tree; nonhomogeneous bifurcating Markov chains; strong law of large numbers;

Shannon-McMillan theorem
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