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Abstract:

In recent years, statistical process control (SPC) has been widely used to monitor the

performance of clinical practitioners, such as surgeons and general practitioners. In this paper, two
risk-adjusted geometric control charts namely cumulative sum (CUSUM) and weighted likelihood
ratio test (WLRT) are proposed to monitor surgery performance in phase II. The performance of
the proposed control charts is evaluated and compared by simulation experiments for different shift
values in the parameters of a risk-adjusted logistic regression model in terms of the average run
length (ARL) criterion. The results show that all methods work well in the sense that they can
effectively detect shifts in the process parameters.
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§1.

Introduction

In the recent years, statistical monitoring the performance of clinical practitioners,
such as surgeons and general practitioners, has increasingly attracted attention of researchers. Since Treasure et al. [1] and Waldie [2] brought the need of formally monitoring
surgical outcomes to the forefront, most of the previous research consider patient’s risks
because a surgical outcome depends on not only surgical-operation performance but also
patients’ risk factors before surgery. A number of methods for surgical monitoring have
been described, including the observed-expected plot [3] , the risk-adjusted CUSUM (RACUSUM) chart [4] , the resetting sequential probability ratio test [5] , the risk-adjusted Shewhart p-chart [6] , the risk-adjusted sets method [7] , the risk-adjusted exponentially weighted
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moving average (RA-EWMA) chart [8] and the likelihood ratio test derived from a changepoint model (LRTCP) [9] . In the related literature, the monitoring charts that took the
risk factor of each patient into account are known as the “risk-adjusted” control charts.
For excellent reviews about these charts, we refer to [9], [10] and [11].
Mohammadian et al. [12] proposed a phase I risk-adjusted geometric control chart
via the LRTCP based on the risk-adjusted logistic regression. Nevertheless, the LRTCP
method has to be computed by maximizing the likelihood ratio with respect to all possible
change locations, which may lead to significant increasing of computational load in phase
II. In phase I, the purpose is to check the quality of historical data and to obtain accurate
estimates of the model parameters, while in phase II, one is interested in detecting shifts
in the model parameters as quickly as possible. In this paper, two risk-adjusted geometric
control charts namely CUSUM and WLRT are proposed to monitor surgery performance
in phase II. The performance of the proposed control charts is evaluated and compared
by simulation experiments for different shift values in the parameters of a risk-adjusted
logistic regression model in terms of the ARL criterion. The results show that all methods
work well in the sense that they can effectively detect shifts in the process parameters.
The remainder of this article is organized as follows. In Section 2, the statistical
model and the proposed CUSUM and WLRT schemes are introduced. A real case study
is given in Section 3. In Section 4, the performance of the proposed CUSUM and WLRT
control charts are further compared through Monte Carlo simulations. Section 5 concludes
this article and gives further discussion.

§2.
2.1

The Statistical Model and Proposed Schemes
Statistical Model

Let Xi = (xi1 , xi2 , . . . , xip )T is a p × 1 vector reflecting the risk factors of patient
i, where patients were ordered according to the operation time. Following [4] and [12],
the probability of unsuccessful surgery of the ith patient is πi obtained using the logistic
regression model
πi =

exp(β T Xi )
,
1 + exp(β T Xi )

(1)

where β = (β1 , β2 , . . . , βp )T is a vector of risk factors’ coefficients.
We monitor the surgical performance every time when a new unsuccessful surgery
emerge. Let Ij denotes the jth unsuccessful surgery occur at the Ij th patient, and Zj
be the number of patients between (j − 1)th and jth unsuccessful surgery. It is easy to
see that Zj is a geometric random variable with the probability mass function shown in
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equation (2).
P(Zj = zj ) =

zjQ
−1

(1 − πIj−1 +i )πIj .

(2)

i=1

Following [12], we suppose that an assignable cause occurring at an unknown time τ
causes the risk-adjustment’s parameters β to changes from βIC to another unknown value
βOC , say,

βIC ,
β=
β ,
OC

j = 1, 2, . . . , τ ;
j = τ + 1, τ + 2, . . . .

We will explore two risk-adjusted geometric control charts to detect the shifts in the
model parameters as quickly as possible.

2.2

CUSUM Control Chart

The classic CUSUM chart methodology was initially developed by Page [13] for industrial problems. Hawkins and Olwell [14] give a detailed background of CUSUM charts and
their applications. Steiner et al. [4] utilized a RA-CUSUM chart to monitor the binary
survival status of any given patient during a 30-day period after surgery. In this subsection, we extend the RA-CUSUM chart proposed by Steiner et al. [4] to monitor surgical
performance.
At any time when the jth unsuccessful surgery occur, according to equation (2), the
log-likelihood function can be derived as
lj (β) = ln(πIj ) +

zP
j −1

ln(1 − πIj−1 +i ).

(3)

i=1

Let βd denotes the design parameter which represents the out of control (OC) parameter of most interest to detect. Then, we can express the loglikelihood CUSUM monitoring
statistics as
Cj = max{0, Cj−1 + ∆j },

(4)

where C0 = 0 and ∆j = lj (βd ) − lj (βIC ). When the CUSUM statistics Cj in (4) is
larger than the control limit, we can declare the model parameter β has deviated from the
nominal value, which means the process is OC.
Here, from equations (1), (2) and (4), we can see the proposed CUSUM chart is a
risk-adjusted geometric control chart. Nevertheless, this control chart requires a preferred
design parameter, which has significant influence on the control chart’s performance. If we
concern about both the increase and decrease of the β T Xi , we can combine two CUSUM
charts (multiple CUSUM chart). If there lacks information about the OC scenarios to
design effective CUSUM chart, a more robust procedure is to use the WLRT to construct
control chart.
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WLRT Control Chart

The control chart based on the WLRT was used by various authors, including Li et
al. [15] ,

Qi et al. [16] , Shang et al. [17] , Zhou et al. [18] , etc. Li et al. [15] standardized the

weights by dividing a sequence of constants to ensure that all of the weights sum up to
one. Qi et al. [16] and Zhou et al. [18] included a pseudo “sample” in the weighted-loglikelihood function to confirm that the short-run false alarm of the WLRT chart is not
too large. Shang et al. [17] expanded the WLRT statistics to asymptotically equivalent
Wald-type charting statistics using standard Taylor’s expansion arguments of likelihood
functions. In this subsection, we extend the WLRT chart proposed by Qi et al. [16] and
Zhou et al. [18] to monitor surgical performance because this scheme has desired in-control
(IC) performance.
At any time when the jth unsuccessful surgery occur, we can first express the weighted-log-likelihood function as
wlj (β) =

j
P

wk lk (β),

(5)

k=0

where the weights w0 = (1 − λ)j , wk = λ(1 − λ)j−k , k = 1, 2, . . . , j, such that

j
P

wk = 1,

k=0

and λ ∈ (0, 1) is a smoothing parameter. Then, given the value of λ, we can obtain the
maximum weighted likelihood estimate (MWLE) of β
βbj = arg max wlj (β),
β

using the Newton-Raphson approximation. Finally, we can express the WLRT statistic as
Wj = 2[wlj (βbj ) − wlj (βIC )].

(6)

When the WLRT statistic in (6) is larger than a prespecified upper control limit (UCL),
the corresponding control chart generates OC signal.
Here, the initial value of l0 (β) can be calculate by the IC dataset which can be
obtained from Phase I or by simulation. In Section 3 and Section 4, we obtain the loglikelihood l0 (β) by simulation, and the random seed is chosen as 174 109. To alleviate the
computation burden, we denote q as a sufficiently large integer to make λ(1 − λ)q close
to 0. When j 6 q, we make use of all available samples up to the current time point j to
estimate βbj and calculate Wj . Otherwise, we only use the most recent q sets of sample
observations to estimate βbj and calculate Wj .
In Section 3 and Section 4, we use the bisection searching algorithms to find the
control limits for the CUSUM and WLRT charts.
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A Real Data Example

In this section, we analyzed a cardiac surgery dataset which was used by various
authors, including Steiner et al. [4] , Paynabar et al. [9] and Mohammadian et al. [12] , etc.
Following [12], the probability of unsuccessful surgery given by (1) was appropriate:
πi =

exp(−3.680 + 0.077xi )
,
1 + exp(−3.680 + 0.077xi )

(7)

where xi is the Parsonnet score of ith patient. We present an application of our proposed
methodology: monitoring the cardiac surgery dataset from 1994 to the end of 1995. There
are 2 103 operation data with 164 deaths in 2 years (1994 – 1995). Hereafter, we use the
notation h to denote the control limit coefficients, and adjust the control limits of different
charts to make their ARL0 as close as 200 by convention.
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The CUSUM and WLRT control charts for the cardiac surgery
dataset from 1994 to the end of 1995

It is important to point out that the CUSUM chart in Section 2.2 is a one-sided control
chart, while the WLRT chart in Section 2.3 is a two-sided control chart. The proposed
CUSUM and WLRT control charts are constructed in Figure 1. For a relatively fair
comparison, the CUSUM1 chart in Figure 1 is a multiple CUSUM chart, which combines
two CUSUM charts with different design parameters. We first adjust the control limits of
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these two CUSUM charts to make their ARL0 as close as 400. Then we choose the control
limit of the CUSUM1 chart as 1.0078 to make its ARL0 as close as 200. The parameter of
one CUSUM chart is chosen as (−3.680, 0.087) for the increase of β T Xi . The parameter
of the other CUSUM chart is chosen as (−5.0, 0.077) for the decrease of β T Xi . Similarly,
CUSUM2 with (−3.680, 0.095) and (−5.0, 0.077); CUSUM3 chart with (−3.680, 0.177) and
(−4.0, 0.077). The smoothing parameter λ of the WLRT chart is chosen as 0.025, 0.05 and
0.1 respectively. The WLRT0.025, WLRT0.05 and WLRT0.1 charts generate OC signal
when j equals 136, 136 and 117 respectively. However, all the CUSUM statistics fall below
the control limits. In one sense, this shows that the CUSUM chart requires a preferred
design parameter.

§4.

Performance Comparisons

In this section, the performance of the proposed CUSUM and WLRT charts will be
further compared through Monte Carlo simulations. We obtain all results in this section
based on 5 000 replications. A Fortran program is also available from the authors upon
request.
To generate the OC simulated data, a random Parsonnet score xi is generated independently from the empirical distribution of Parsonnet scores obtained from the first
2 years of data (corresponding to 1992 and 1993). After that, the randomly generated
xi is substituted into equation (7) to calculate the probability of unsuccessful surgery πi .
Then, the obtained πi is used to generate a binary outcome through a Bernoulli distribution. Finally, the geometric random variable is calculated by counting the number of
binary variables with value of zero before a binary variable with value of one.
The comparisons of ARL are reported in Table 1. The exact values of ARL0 are listed
in the first row in Table 1, and the corresponding ARL1 for different shifts are summarized
in the rest of Table 1. From Table 1, we can observe that the performance of the CUSUM
chart might deteriorate if the real OC parameter is far from the design parameter βd . For
instance, when βOC = (−3.680, 0.087), the ARL1 of the CUSUM1 chart is 81.7, while it
is 169 for the CUSUM3 chart. As mentioned in Section 3, the design parameters of the
CUSUM1 chart are (−3.680, 0.087) and (−5.0, 0.077), while the design parameters of the
CUSUM3 chart are (−3.680, 0.177) and (−4.0, 0.077). Consequently, it is reasonable that
the performance of the CUSUM1 chart is better than the CUSUM3 chart when βOC =
(−3.680, 0.087). In addition, the performance of the CUSUM3 chart is unsatisfactory
when βOC = (−3.55, 0.077). This also shows that the CUSUM chart requires a preferred
design parameter. From Table 1, we can also find that the ARL1 of the WLRT chart
increases with the parameter λ above the line βOC = (−2.96, 0.077), and decreases below
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CUSUM1
βOC
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Comparisons of ARL when τ = 0

CUSUM2

CUSUM3

WLRT0.025 WLRT0.05

WLRT0.1

h = 1.00078 h = 0.99883 h = 0.99981 h = 0.07562 h = 0.18734 h = 0.44750

(−3.68, 0.077)

200 (184)

200 (192)

200 (190)

200 (186)

200 (191)

200 (193)

(−3.55, 0.077)

149 (116)

155 (134)

219 (215)

135 (112)

152 (137)

178 (167)

(−3.68, 0.087) 81.7 (52.1)

84.7 (62.1)

169 (164)

83.8 (63.6)

97.5 (82.1)

129 (116)

(−3.40, 0.077) 88.7 (56.5)

89.4 (66.3)

149 (142)

67.0 (42.5)

75.2 (56.3)

98.3 (84.6)

(−3.68, 0.095) 47.8 (21.1)

45.5 (25.4)

98.1 (93.6)

44.5 (25.1)

48.5 (33.2)

64.0 (52.4)

(−2.96, 0.077) 39.4 (13.7)

34.5 (15.0)

42.3 (37.3)

26.8 (8.04)

25.0 (9.53)

26.1 (14.0)

(−3.68, 0.350) 16.4 (1.79)

12.7 (1.55)

4.95 (0.88)

12.2 (0.91)

10.1 (0.82)

8.38 (0.76)

(−3.68, 0.004) 6.43 (4.98)

6.42 (4.98)

7.80 (4.61)

5.56 (2.87)

5.02 (2.75)

4.66 (2.77)

(−5.00, 0.010) 1.88 (1.11)

1.88 (1.11)

2.31 (1.30)

2.18 (1.19)

2.01 (1.10)

1.88 (1.04)

(−6.00, 0.001) 1.26 (0.53)

1.26 (0.53)

1.42 (0.68)

1.39 (0.65)

1.33 (0.60)

1.28 (0.55)

NOTE: Standard deviations are in parentheses.

the line βOC = (−2.96, 0.077). This shows that the control chart WLRT0.025 is better
than WLRT0.05, and WLRT0.05 is better than WLRT0.1 for detecting smaller shifts;
while the control chart WLRT0.1 is better than WLRT0.05, and WLRT0.05 is better than
WLRT0.025 for detecting larger shifts. In other words, the WLRT charts with smaller
parameter λ perform better for detecting small shifts, while those with larger parameter
λ perform better for detecting larger shifts. This result is consistent with the traditional
EWMA control chart.
Table 2
CUSUM1
βOC
(−3.55, 0.077)

Comparisons of CED when τ = 20

CUSUM2

CUSUM3

WLRT0.025 WLRT0.05

WLRT0.1

h = 1.00078 h = 0.99883 h = 0.99981 h = 0.07562 h = 0.18734 h = 0.44750
137 (117)

144 (134)

213 (215)

127 (112)

146 (138)

174 (168)

(−3.68, 0.087) 71.7 (52.9)

76.7 (62.9)

164 (163)

80.7 (65.1)

94.5 (82.9)

125 (116)

(−3.40, 0.077) 78.2 (56.0)

79.9 (66.4)

146 (142)

63.1 (44.1)

70.7 (56.7)

95.6 (85.0)

(−3.68, 0.095) 40.7 (21.9)

39.2 (26.0)

95.6 (93.9)

44.0 (28.1)

47.9 (35.0)

63.4 (53.3)

(−2.96, 0.077) 32.8 (14.7)

28.6 (15.5)

41.1 (37.3)

25.2 (11.1)

23.4 (11.2)

24.3 (14.6)

(−3.68, 0.350) 13.2 (3.24)

10.2 (2.80)

4.48 (1.16)

12.0 (4.05)

9.95 (3.25)

8.21 (2.50)

(−3.68, 0.004) 6.21 (5.02)

6.21 (5.03)

6.99 (4.57)

5.93 (3.35)

5.50 (3.18)

5.12 (3.11)

(−5.00, 0.010) 1.81 (1.09)

1.81 (1.09)

2.15 (1.27)

2.24 (1.29)

2.08 (1.20)

1.94 (1.12)

(−6.00, 0.001) 1.26 (0.54)

1.25 (0.54)

1.36 (0.63)

1.41 (0.67)

1.35 (0.63)

1.31 (0.59)

NOTE: Standard deviations are in parentheses.

We also compare the conditional expected delay (CED) [19] in Table 2 due to the
detection ability being dependent on the time point of the change [20] . For the illustration

448

Chinese Journal of Applied Probability and Statistics

Vol. 33

purpose, we only present the CED’s results when τ = 20, and discard any series in which a
signal occurs before the (τ +1)th observation. In general, the results show that all methods
work well in the sense that they can effectively detect shifts in the process parameters.

§5.

Conclusion Remarks

In this article, we propose two risk-adjusted geometric control charts, namely CUSUM
and WLRT, derived from a change-point model based on the risk-adjusted logistic regression to monitor surgery performance in phase II. The performance of the proposed control
charts is evaluated and compared by simulation experiments for different shift values in
the parameters of a risk-adjusted logistic regression model in terms of the ARL criterion.
The CUSUM control chart requires a preferred design parameter, which has significant influence on the control chart’s performance. If there lacks information about the OC
scenarios to design effective CUSUM chart, the more robust WLRT chart can be deployed.
In this article, we focused on each patient’s binary survival status after surgery. In
fact, the patient’s survival status can also be divided into more than two outcomes, such
as died, full recovery, survives an operation but remained bed-ridden for life. Tang et
al. [21] developed a risk-adjusted CUSUM chart based on more than two outcomes. Thus,
it makes sense to develop such a WLRT chart and study its performance.
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