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Abstract: In this paper, the asymptotic behavior of the weak solution (ut):>0 to the non-local
Cauchy problems as stated in (1) is considered. Only using lower bounds of jumping kernel J(z,y)
for large |z —y|, it is obtained that ||ut||p < ¢(t)||uol|q with any 1 < ¢ < p < oo and large ¢. Explicit
and sharp formulas for ¢(¢) are also given.
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§1. Introduction and Main Results

Let J(z,y) be a non-negative symmetric function on R? x R? such that J(z,y) =
J(y,x) for all 2,y € R®. In this paper, it is aim to study the asymptotic behavior of weak
solution to the following non-local Cauchy problems:

drult, ) = lim / (ult, y) — ut, 2))J (2, y)dy
e>0 JyeRd:|y—z|>e

= p.v./ (u(t,y) — u(t,z))J(x,y)dy in Ry x R (1)
Rd

with the initial condition (0, x) = ug(z) satisfying ug € LY(R¥) N LP(R?) for 1 < ¢ <p <
oo. Here, p.v. f pa -+ - dy indicates the Cauchy principal value. For example, (1) includes
the case that J(z,y) = ¢/|z — y|9T® with a € (0,2) and ¢ > 0, which is the kernel
corresponds to the fractional Laplacian. Throughout this paper, we assume that J is a
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Lévy-type kernel; this is, .J satisfies that J(z,z) = 0 for all z € R? and

sup [(LAJo— yP) (e, )dy < o
r€ER
For a smooth kernel J with compact support, it is proved in [1] that the solution u

of the equation (1) has decay estimate
el pogray < et~ W2DED] gy (2)

for any ¢ € [1,00) and ¢ large. Note that this decay rate is the same as the one that holds
for solutions of the classical diffusion heat equation. When the jump kernel J(x,y) has

lower bound of the form

J(z,y) > ci]x — y| (@2

for all |x — y| > ¢o with o € (0,1) and some constants ¢1,co > 0, it is proved in [2] that

el Loy < et~ W EDEHD g (3)
for any ¢ € [1,00) and t large. Both papers mentioned above adopt the so-called energy
method by combining with Sobolev type inequalities. In particular, in [2] the fractional
Sobolev-type inequality is used to derive (3). The motivation of this paper is twofold. First
we want to see how energy methods can be applied to non-local Cauchy problems with
more general kernels J, and second we establish weak Poincaré inequalities for non-local
operators, which yield a more direct approach than these of [1,2].

To taste main contribution of this paper, we present the following statement.

Theorem 1 Assume that there are constants ¢y > 0, a > 0 and 8 € R such that for
any z,y € R? with |z — 3| large enough,

(1 + |z — yl))

J(I‘,y) >CO<1/\ |£C—y|d+a

Let u be the weak solution of (1) associated to an initial condition ug € LI(R%) N LP(R?)

with 1 < g < p < co. Then, there exist positive constants c1, tg such that for all £ > %,

ey [t~/ n=Bd/o IRy ac(0,2), BER;
lully < § e [t/ D2 GV g ), a=2, B> -1

et~ 4/a=1/P) 2 g0 | a>2o0ra=2 <1
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It is clear that the assertion above for the case « € (0,2) and 5 € R extends (3)
proved in [2]. The assertion for the case @ > 2 (or a = 2 and § < —1) indicates that (3)

holds for a large class of jump kernels J which satisfies that sup [ |z — y|?J(z,y)dy < oo.
zER
The estimates in Theorem 1 are more delicate, e.g. see the case a =2 and § > —1. We

believe that Theorem 1 could not be obtained by the fractional Sobolev-type inequality,
due to the appearing of the logarithmic factor.

At the end of this section, we shall briefly present the idea of the proof. The symmetry
assumption on J allows us to use the energy approach, as done in [3]. For simplicity, we
will avoid the dependence on ¢ of the function u. For p > 1, we multiply the equation (1)
by plu[P~2u and integrate, obtaining that

Ol = (Do, ™) e
= w(t, z) [P 2u(t, z) |p.v. U —ult,x T x
= [ttt [px. | (wt.s) —ut.2) T )dy]a
=1 [ [ @) = w@) ()P u(w) - @ Pu() I dyda. (@

Now, we recall the following inequality: let p > 1 and a,b # 0, then, there exists a constant

C' depending only on p, such that
(a—b)(Jal""2a — [bP7?b) = Cla — bP, (5)
see, e.g. [2; Appendix]. Hence, combining with both the conclusions above, we obtain

Or|lullh < —cp/ lu(z) —u(y)|PJ(x,y)dedy =: —cpDp(u,u). (6)

Therefore, the main task of our arguments is to present good estimates for Dy, (u, u).

§2. Preliminary Properties of Weak Solution

Throughout this paper, we assume that there exists a unique weak solution u (¢, x) to
the equation (1). For simplicity, we denote by u(t,z) this unique solution. This section
is mainly concerned about some properties for this unique weak solution w(t,x). As it
is common in the literature, we adopt the weak solution for the problem (1) by formally
multiplying the equation by a suitable test function and then integrating by parts, see [4;

Section 2]. Define the following symmetric bilinear form

1

D(u,v) = 3 /(u(x) —u(y))?J (z,y)dzdy, u,v € F,
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where

F ={u e L*(RY) : D(u,u) < co}.

Let Ciip(Rd) be the totality of Lipschitz continuous functions on R with compact support.

Since

sup / (1A |z — ) (2, y)dy < oo,
zERI

according to [5; Example 1.2.4], CEP(R%) C .% and the pair (D,CiP(R%)) is a closable
Markovian symmetric form on L2(R%). Let 2 be the closure of CoP(R?) with respect to
the norm || f||p, := /D(f, f) + [|f]3. Then, (D, 2) is a regular Dirichlet form on L?(R?).
Let up € L2(R%), a function u € L?((0,00) x R?) is called a weak solution of the problem
(1), if for any ¢y > 0,

to

/0/ u@tcpdardt+/ ©(0, x)up(z)dxr = D(u(t), p(t))dt
0 Rd Rd 0

for every ¢ € C1((0,00) x R%).

The main result of this section is as follows:

Proposition 2 Let u(t,z) be the unique weak solution u(t,x) to the equation (1).

Then, we have the following two statements:

(i) If up € LP(R?) for some 1 < p < oo, then u(t) € LP(R?) for every t > 0, and
|u(t)]lp < [luollp. Even more, if ug > 0 then [, u(t,z)dz = [pq uo(z)dz.

(i) For any ug € L%(R%), dyu(t) € L*(R) for every t > 0.

Proof Let (T});>0 and (L, 2(L)) be the Markovian semigroup and the generator
associated with the regular Dirichlet form (D, 2), respectively. For any ug € L?(R%),
define u(t, z) = Tyup(x). Then, u(t) € Z(L) such that for any v € C,l;ip(Rd) and t > 0,

/Lu(t)vdx = —D(u(t),v).

In particular, for any ¢ € C}((0,00) x RY) and any ¢ > 0,

to to to
/ Orupdrdt = / / Lupdxdt = — D(u(t), p(t))dt,
0 Rd 0 Rd 0

which implies that u(¢, ) is a weak solution to the equation (1).
By the assumption that there exists a unique weak solution (¢, x) to the equation (1),
we can assume that u(t, z) satisfies the properties above. Then, assertion (ii) immediately

follows from the argument above. On the other hand, it is well known that (7})>o can be
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extended or restricted to a Markovian semigroup on LP(RY) with p € [1, 0], see e.g. [5]
or [6]. By [7; Theorem 1.1], the Dirichlet form (D, Z) is conservative, i.e. T;1 = 1, a.e.

for all t > 0. Having these facts at hand, we also prove assertion (i). O

83. General Results of Decay Rates for Non-Local
Problems
In order to get the decay rates for non-local Cauchy problems, we will study weak-
Poincaré inequalities for energy form Dy (u,u). There may be two ways to establish such
functional inequalities. The first one is based on the information on the jump kernels J.
This approach is more direct, but the assumption that J(x,y) is positive everywhere is
required. For the second argument we make use of the Fourier analysis and the comparison
with the operator of the convolution form. Despite of the complexity, such idea can give

us sharper estimates than those yielded by the first one. We remark that Fourier methods

are not directly applicable to the jump kernels which are not in convolution form.

3.1 The Case that J(z,y) is Positive Everywhere

Proposition 3 For any 1 < ¢ < p < o0, there exist two constants c¢1,cy > 0 such

that for all » > 0,

IfID < c1B(ear) Dy(f, )+l fIB,  f € LY(RY) N LP(RY), (7)
where

Br)=r"®=0  sup  J(ay) (8)

|/~ | <r—4/(d(p—q))

Proof For any f € LY(R%) N LP(RY) with 1 < ¢ < p < co and for any s > 0, define

1
fs(x) = / f(2)dz.
|B(078)| B(z,s)
We have, by the Holder inequality,
Il < gy [ 17
slloo X sup z)dz
‘B(Ov 8)| z JB(z,s)

1 1/q
< - - q
Slip <‘B(07 3)‘ /B(x,s) |f(2)‘ dz)

< B0, )7V £ g5
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and so, by Jensen’s inequality and Fubini’s theorem, for any 1 < g < p < o0,

A / Fu(2)0d
= p—q o a
I [ g ron]a:

_ 1
< Hfs”goq/w ” \f(y)\qdydz

= I By /\f \dy/Byy)dz

= IIfSHZS"HfHZ
< IB(0, 8)[~ /| £,

Therefore, for any f € LI(R?) N LP(R?) with 1 < ¢ < p < oo and for any s > 0, by the
inequality that (a + b)? < 2P~ 1(aP? + bP) for all a,b > 0 and Holder’s inequality,

LB < 2P7HIF = Fulll + 207 I
-1 1 _ g -1 ~(-a)/
<2 [ (gt fo, @ = Fwldy) dn 250,001
ot [( L _ y = ~(p-a)/
=2 [ (G o, 1)~ F0Id) o 2300, -0 1

¢ 1 _ -1 ~(p=a)/
s¥ / <|B(0,S)I/B(x,s)|f(fv) F)lPdy)de + 27| B(0, )|~ #= 2/ 7|

>t swp  J(y)
0<|z’—y/|<s ) ) .
) ( B0.5)] ) / /B(x,s>'f<$> FWIP I (e, y)dyda

+207 1 B0, s)| " 0/e | £
2=t sup  J(2',y)7!

0<|z’—y'|<s 1 —(p—q)/
< D , P B , p—q)/q b
( ’B(O, S)’ ) P(f f) + | (0 5)| ||f||q

This yields the desired assertion by setting r = 2P~1B(0, s)|~P~9/¢ in the inequality
above. 0

The inequality (7) in Proposition 3 is the so-called L, — Lq-weak Poincaré inequality
in the literatures, which was first established in [8] for the case p = 2 and was used to
describe various decay of Markov semigroups. Note that, the function (r) < oo only
when J(z,y) is positive everywhere. On the other hand, since D,(f, f) > 0, without loss
of generality we may and do assume that 3 is decreasing; otherwise we can use }ggfn B(s) to

replace B(r). We will use the following statement.
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Theorem 4 Let § be the function given by (8). Assume that the function § is
decreasing. Then, for any 1 < ¢ < p < 00, there exist positive constants ¢y, o such that for
all t > g,

luellp < G (ert) P uolly,

where

L B(s)

and G7L(r) = inf{s > 0: G(s) < r}.
Proof According to (6) and Proposition 3,

—luellp + rlluelg

c3B(car)
Using the fact that |jul|; < [Juollq for all ¢ > 0, and taking r = |Ju¢|b/(2|luolly) in the

Ot[lue|lf < —epDp(ur, ur) < r>0.

inequality above, we get that

C2HUth B
QWM@<—%MN%5mwﬁ>
q

If [Jug]|h = 2]||uolly/ca for every t > 0, then the inequality above along with the fact that 8
is decreasing gives us

Ollwelly < —eslluellp, >0,

which implies that tlim |lu¢||5 = 0 and this is a contradiction. Hence, there exists tg €
—00

—
w0

[0,00) such that [ju]|h < 2||uo||y/c2 for t = tg. Due to (6), the function t > |lug|/} i
decreasing, and so ||ug|[h < 2||luglf/ca for any t > to.

In the following, for any ¢ > to and r > 0, set f(t) = callue|[b/(2]|uoly) and ¢(r) =
r/B(r). Then, we have

F'(t) < —cop(f(1), > to,
f(to) < 1.

Furthermore, using the fact that f(¢) is a decreasing function,

atv) - | gyu

fro s [y s
- S
f(to)sos
1
_/fto)go(s / )

= cr+ 06(t — to),
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which along with the decreasing property of G yields that
Ft) <G Her + co(t —to)).

In particular, there exist two positive constants cg, t1 such that
ft) <G Hest),  t=t

The required assertion immediately follows from the inequality above. O

Example 5 Assume that there are constants ¢y, a > 0 and 5 € R such that for any
z,y € RY,

In’(1+ |z — y]))

Then, for any 1 < ¢ < p < 00, there exist positive constants ¢y, tg such that

el < et =2 WU g g, ¢ > to.

Proof According to the assumption on J(z,y), there is a constant ¢; > 0 such that
for r € (0,1),
B(r) = r—4q/(d(p—q)) lnfﬁ(l/r).

Then, for any r € (0,1),

G(r) = cor@d/@P=0) 1= (1 /r).
Therefore, for any r > 0 large enough,

G Hr) = ey[r ' In P p]de-)/(eq),

The proof is complete. O

3.2 The General Case that J(z,y) is Only Non-Negative

To consider the general case that J(z,y) is only non-negative, we will compare with
an equation in the convolution form. We note that the convolution form of the equation

allows the use of Fourier analysis to obtain decay bounds.

Proposition 6  Assume that

J(ﬂ?,y) >J0($_y)v 95,?/€Rda
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where Jj is a non-negative measurable function on R?. Then, there exists a constant ¢ > 0

such that for any r > 0,
I£1B < @(er/DDa(f. )+ fIF,  fe LN B NLHRY,

where
1
(e B U LR RS

Proof Define

Doa(f.g) = / (F(@) = 7)) (9(@) — 9@) ol — y)dady,  f.g € C(RY.

By the Fourier transform, we have

Doa(f,g) = / 36 F(©)b(E)ae.

where
fle) = my 2 [ € gz

is the Fourier transform of f. Thus, for every s > 0,
| [Forae <o) [I7@Poes < o)Duas. )
>s
Therefore, for any s > 0,

113 = / o)
- / FO)Pde + / Fo)ae
{1€]=s} {l¢|<s}
< ®(s)Doa(f, f) +cs?|| £113.

By setting 7 = ¢s? in the inequality above, we prove the desired assertion by the fact that
Doa(f, f) < Da(f, f) for all f e C2(RY). O

Theorem 7 For any 1 < g < p < 00, there exist positive constants ¢y and ¢y such
that for all ¢ > tg,
luellp < (G (cot)) /7P Ju] 4,

1 g(gl/d
G(r) :/ il )ds

where

S

and ®(r) is defined in Proposition 6.
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Proof According to Proposition 6 and the proof of Theorem 4, there exist positive

constants ¢; and ty such that for all ¢ > t,
usll2 < G~ (ert)?Juoll1.

Using this and the iteration argument, we can arrive that for any & > 1 there exist

ca,t1 > 0 such that for all ¢t > tq,
k _ i _ _ k
l|ut][org < '1:[1(G L(eat) Y @D [y, = (G Heat)) VDE1/25) .

Now, for any 1 < ¢ < p, we take k > 1 such that 2¥¢ > p. Setting

= (1—2)(1—;)_1 e (0,1),

and using the interpolation and the fact that ||usl|q < ||ug||q for all ¢ > 0, we get that for
all >t

lutellp < el 15 el 1™
— —1/2k 0 —
< (@ Heat) VD2 gl o) oy~

< (G eat) VT P ugg-

The proof is complete. (Il
In the following, we assume that Jj is radial and will establish some estimates for this
case. For any £ € R?, using the fact that Jy is radial and the inequality that

1
1—cosr> CO2S r2, re(—1,1),

we obtain
6(6) = / (1~ cos(€. 2)) Jo(|z])d
- / (1 - cos([€]1)) o)z

cos1
>R [ JaPae
{lélzal<1)

cos1
>R [ (s Q
{lzI<1/1¢[}

Recall that a measurable and positive function [ : (1,00) — (0, 00) is said to vary

regularly at infinite with index « if for every A > 0,

L(Ar)

=\’
r—00 l(r)
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Proposition 8 The following statements hold.

(i) Assume that Jo(|z|) = 1(]z])/|z|?, where [ varies regularly at infinite with index —a €
(—2,0]. Then, there is a constant ¢; > 0 such that for all ¢ € R? with |£| small enough,
d(&) = c1l(1/]€]). In particular, if there are o € [0,2), € R and ¢z > 0 such that for
z € R with |z| large enough,

Cc2
’z‘d—&-a

Jo(|z]) = In? |z|.

Then there is a constant c3 > 0 such that for all £ € R? with |¢| small enough,
6(€) = eslg|* " (1/]¢)).

(i) Assume that there are two constants ¢4 > 0 and 3 > —1 such that for z € R? with |z

large enough,
C4
|2[d+2

Jo(|z]) = In? |z|.

Then, there is a constant c5 > 0 such that for all £ € R? with |£| small enough,
6(€) = csl¢ P (1/l¢]).

(iii) If fral2/*Jo(|2])dz < 0o, then there is a constant g > 0 such that for all { € R? with
|€| small enough, #(£) > cg|¢|%.

Proof  The assertion (i) is a consequence of Karamata’s theorem ([9; Proposi-
tion 1.5.8]) and (9). By some calculations, the assertion (ii) follows from (9). It is also
easy to see that the assertion (iii) immediately follows from (9) and the assumption that
Jra l212Jo(|2])dz < oc. O

As an application of all the results in this subsection, we present the following ex-
amples. In particular, the assertion in Example 9 (i) below improves that of Example
5.

Example 9 (i) Assume that there are constants ¢cyp > 0, a > 0 and € R such

that for any z,y € R? with |z — y| large enough,

lnﬁ(l + |z — y]))
‘$_y’d+a

J(x,y) = co(l A
Then, for any 1 < ¢ < p < o0, there exist positive constants cj, tg such that for all
t = to,
ey [t B/ g1 /a=1/p |||, ae(0,2), B eR;
Jullp < S ¢ [t=2 = FAY2 GV a=1/p||ye]l,, a=2, 8> —1;

Clt*(d/2)(1/q71/p)||u0‘|q, a>2o0ra=2 4<-1
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(i) Assume that there are constants ¢y > 0 and 3 < —1 such that for any z,y € R? with

|x — y| large enough,

Inf(1+ |z —

J(x,y) 260(1/\ il +]wd y!))
|z =yl

Then, for any 1 < ¢ < p < o0, there exist positive constants cj, tg such that for all

t = to,
luelly < exp [ =1 (= = )20 o]l
q p

Proof (i) When « € (0,2) and 8 € R, we apply Proposition 8 (i) and get that for
r > 0 small enough,
G(r) =< r= 1B /r).

For the case that @ = 2 and § > —1, it follows from Proposition 8 (ii) that for » > 0 small
enough,
G(r) =< r=2dm=0+0 (1 /r),

Note that, if & > 2 or @ = 2 with 8 < —1, then [p4|2[*Jo(|2[)dz < oo. Hence, by
Proposition 8 (iii), we find that
G(r) = r~2/?,

The proof is complete. O

Acknowledgements The author would like to thank the editors and two anony-
mous referees for their helpful comments and suggestions. He is also grateful to Wang

Jian for his very valuable suggestions and helpful comments.

References

[1] Ignat L I, Rossi J D. A nonlocal convection-diffusion equation [J]. J. Funct. Anal., 2007, 251(2):
399-437.

[2] Chasseigne E, Felmer P, Rossi J D, et al. Fractional decay bounds for nonlocal zero order heat
equations [J]. Bull. Lond. Math. Soc., 2014, 46(5): 943-952.

[3] Ignat L I, Rossi J D. Decay estimates for nonlocal problems via energy methods [J]. J. Math. Pures
Appl., 2009, 92(2): 163-187.

[4] Brandle C, de Pablo A. Nonlocal heat equations: decay estimates and Nash inequalities [OL].
2015 [2015-11-10]. https://arxiv.org/abs/1312.4661v4.

[5] Fukushima M, Oshima Y, Takeda M. Dirichlet Forms and Symmetric Markov Processes|[M]. 2nd rev.
and ext. ed. Berlin: Walter de Gruyter GmbH, 2011.



654 Chinese Journal of Applied Probability and Statistics Vol. 33

[6] Farkas W, Jacob N, Schilling R L. Feller semigroups, LP-sub-Markovian semigroups, and applications
to pseudo-differential operators with negative definite symbols [J]. Forum Math., 2001, 13(1): 51-90.

[7] Masamune J, Uemura T, Wang J. On the conservativeness and the recurrence of symmetric jump-
diffusions [J]. J. Funct. Anal., 2012, 263(12): 3984-4008.

[8] Rockner M, Wang F'Y. Weak Poincaré inequalities and La-convergence rates of Markov semigroups [J].
J. Funct. Anal., 2001, 185(2): 564-603.

[9] Bingham N H, Goldie C M, Teugels J L. Regular Variation[M]. Cambridge: Cambridge University
Press, 1987.

A AR 7 [0 35 55 AR B ROBUR
oK #

(R IV R 2 8 515 B 2B, AR, 350117)

W OE: W (1) P EE R R BESE (we)eso PIEREYER. RIAHBNZ J(2,y) 24 o — y| 4RI
TABINERT, ASCIE TR TR 1 < g <p < oo KADK L, |luellp < c(t)||wollq AL, FIBZH (t) KRR
eflith .

KHEIR):  JEJR AT UG RE; BkA%; 55 Poincaré A%

hESHKS: 0211.62; 0211.63; 0211.9



