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§1. Ú ó

3²LÆ!+nÆ!�¬Æ!%nÆ��Æ+���ÆïÄ¥, Panel Data�. (¡

�êâ�.)~�^ué��oN¥�½��3�ã�m?1õ­*ÿ¤��êâ?1Ú

O©Û. duPanel Data�.¥�Å�A���3, éõ�¹eé�.��ëê��O'

�E,, 3¢SA^¥�Z�5Ã �OéJ¢y. Ï~�?n�{kü«: �«´�E

üÚ�O [1], ,�«Ò´�{¼� Panel Data�.Ø¹��ëê��Oþ [2], Within�

OÒ´Ù¥K�'��!¦^'�2��Oþ. ��¡Within�O�y
�Oþ¥Ø¹

k��ëê; ��¡Within�O�Ø
Ø�*ÿ��N�A, ´Ã Ú���; Ó�§´

Panel Data�.��f�.��Z�5Ã �O (BLUE). ÏdWithin�O3Oþ²L

Æ¥A^2�, �©�òÄuWithin�O5ïÄ�� Panel Data�.��`�O¯K.

·�����ëê�O�°(Ý4��6u¼�êâ�Á��Y��O, 8c;�ï
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����Ï~´Ã{¼��, Ïd�A(Ø�k�½�Û�5.
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�Å�A���6. ©ÙÄky²
ð��Oa¥�� Panel Data�.ÄuWithin�O

�Aa²;�`�Oþ�3�O��º:þ¼�, ?
©Ù©OïÄ
�� Panel Data�

.ÄuWithin�O3ð��Oa¥� D-, A-, I-Ú E-�`�O. (JL² D-, A-Ú E-�

`�Oþ��O�º:þ���­�O, 
 I-�`�O�é¡�O, ¿���­�Oäk

�p� I-�.

§2. Panel Data�.�Within�O

Panel Data�.���/ª�

yit = β0 + xit1β1 + xit2β2 + · · ·+ xitkβk +µi + eit, i = 1, 2, . . . , N ; t = 1, 2, . . . , T. (1)

ùp yit L«1 i��N3 t���*ÿ�, xitj L«1 i��Nþ1 j �gCþ3 t��

���, β1, β2, . . . , βk ��ëê, µi �1 i��N�A. Ï~ù N ��N´l����o

N¥�ÅÄ��, �N�A´�Å�. eit��ÅØ�, b½¤k� µiÚ eitÑpØ�', �

µi ∼ (µ, σ2µ), eit ∼ (0, σ2e), Ù¥ σ2µÚ σ2e ��.

P

Y =



y11
...

y1T
...

yN1

...

yNT


, X =



x11
...

x1T
...

xN1

...

xNT


, e =



e11
...

e1T
...

eN1

...

eNT


,

β =


β1
...

βk

 , µ =


µ1
...

µN

 , xit = (xit1, xit2, . . . , xitk).

K�.�. (1)�±L«�

Y = 1NTβ0 +Xβ + (IN ⊗ 1T )µ+ e. (2)

ùp 1NT L«���� 1� NT ���þ, IN � N �ü 
, Kk

Cov (Y ) = σ2µ(IN ⊗ JT ) + σ2eINT = σ21P1 + σ2eQ+ σ21JNT .

þª¥ σ21 = Tσ2µ + σ2e , P1 = P − JNT , P = IN ⊗ JT , Q = INT − P , JT = 1T1
′
T /T . Ý


 P , Q, P1Ú JNT Ñ´é¡��
, �üü��. ò�. (2)üýÓ��¦Ý
 Q

QY = QXβ +Q[(IN ⊗ 1T )µ+ e], (3)
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dd���. (3)¥ëê�þ β ��Z�5Ã �O�

β̂W = (X ′QX)−1X ′QY, (4)

�Oþ (4)Ò¡� Panel Data�. (2)�Within�O, �k

Cov (β̂W ) = σ2e(X
′QX)−1.

§3. �`�O

8c�ÅXê£8�.��`�OïÄõ8¥3�
äkA^�µ��.?Øþ. �

Ü©=Ò k = 2��/?Ø Panel Data�. (2)ÄuWithin�O (4)� D-, I-, A-Ú E-

�`�O. T�.äk��2��A^�µ, @3 1958cGrunfeldÒA^d«�.ïá


{I 10[�.�E�úi (cÝ)¢SoÝ]�úi¢Sod�Ú]��þd��Ý]�

§ ([2; p.20]). e¡ò?ØTa�.��`�O, �
�BU^PÒ

yit = β0 + xitβ1 + zitβ2 + µi + eit, i = 1, 2, . . . , N ; t = 1, 2, . . . , T. (5)

Ø���5, b� xit ∈ [0, 1], zit ∈ [0, 1]. 3éõ¢S�¹¥, ØÓ�N�*ÿ:  

ÀJ�Ó, �©¥�=�Äð��O, =¤k�NÀJ�Ó�*ÿ:, d�k xit = xjt,

zit = zjt, i, j = 1, 2, . . . , N ; t = 1, 2, . . . , T . �ÄCqð��O

ξ =

(
(x1, z1) (x2, z2) · · · (xm, zm)

δ1 δ2 · · · δm

)
, (6)

Ù¥, (xi, zi) ∈ [0, 1]2, δi > 0,
m∑
i=1

δi = 1, 2 6 m 6 T . l Panel Data�.�Within�

O����
�±uy, σ2e ����ëê, �ØK��O�Y�ÀJ, Ø���5�b½

σ2e = 1. @o3�O (6)eÄuWithin�O�&E
�

M(ξ) =


m∑
i=1

x2i δi −
( m∑
i=1

xiδi

)2 m∑
i=1

xiziδi −
m∑
i=1

xiδi
m∑
i=1

ziδi

m∑
i=1

xiziδi −
m∑
i=1

xiδi
m∑
i=1

ziδi
m∑
i=1

z2i δi −
( m∑
i=1

ziδi

)2
 .

dd��Xe(Ø

½n 1 é Panel Data�. (5)ÄuWithin�O�Äð��O, Ké?�/X (6)

�Cq�O, �3��½Â3�O�º:þ�Cq�O

ξ∗ =

(
(0, 0) (1, 0) (0, 1) (1, 1)

ω1 ω2 ω3 ω4

)
, 0 6 ωj 6 1,

4∑
j=1

ωj = 1, (7)

¦�M(ξ∗) >M(ξ).
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y²: ´�

M(ξ∗) =

(
(ω2 + ω4)− (ω2 + ω4)

2 ω4 − (ω2 + ω4)(ω3 + ω4)

ω4 − (ω2 + ω4)(ω3 + ω4) (ω3 + ω4)− (ω3 + ω4)
2

)
.

- ω1 =
m∑
i=1

(1 − xi)(1 − zi)δi; ω2 =
m∑
i=1

xi(1 − zi)δi; ω3 =
m∑
i=1

(1 − xi)ziδi; ω4 =
m∑
i=1

xiziδi.

w,÷v 0 6 ωj 6 1, j = 1, 2, 3, 4, �k
4∑
j=1

ωj = 1. ù�

M(ξ∗)−M(ξ) =


m∑
i=1

xiδi −
m∑
i=1

x2i δi 0

0
m∑
i=1

ziδi −
m∑
i=1

z2i δi

 > 0.

=M(ξ∗) >M(ξ). �

éu²;� D-, A-, I-Ú E-�`�OOKþ÷v Loewner S5� ([8; p.101]), =é

M1 > M2, KOK¼ê Φ÷v Φ(M1) 6 Φ(M2). �`�OÒ´é�½�OK¼ê Φ, Ïé

¦� Φ(M(ξ))������O ξ. (Ü½n 1�(ØÚ D-, A-, I-Ú E-�`�OOK�

Loewner S5�, ·��±á��Ñ(Ø: é Panel Data�. (5)ÄuWithin�O�Ä

ð��O, K D-, A-, I-Ú E-�`�O�±3�Oa (7)¥¼�. d�, &E
�

M(ξ∗) ,

(
a− a2 c− ab
c− ab b− b2

)
, a = ω2 + ω4, b = ω3 + ω4, c = ω4.

Kk

M−1(ξ∗) =
1

(a− a2)(b− b2)− (c− ab)2

(
b− b2 ab− c
ab− c a− a2

)
.

3 D-�`�OOKe

ΦD(M(ξ∗)) = det(M−1(ξ∗)) =
1

(a− a2)(b− b2)− (c− ab)2
.

� a = b = 1/2, c = 1/4�þª�����, Ïdk

½n 2 é Panel Data�. (5)ÄuWithin�O�Äð��O, K D-�`�O��

�­�O

ξ∗D =

(
(0, 0) (1, 0) (0, 1) (1, 1)

1/4 1/4 1/4 1/4

)
.

3 A-�`OKe, du

ΦA(M(ξ∗)) = tr(M−1(ξ∗)) =
(a− a2) + (b− b2)

(a− a2)(b− b2)− (c− ab)2
.
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©O'u a, b, c¦ �, ��þª4��:÷v

(1− 2a)(b− b2) + 2b(c− ab) = 0; (1− 2b)(a− a2) + 2a(c− ab) = 0; 2(c− ab) = 0.

=� a = b = 1/2, c = 1/4�þª�����. �k

½n 3 é Panel Data�. (5)ÄuWithin�O�Äð��O, K A-�`�O��

�­�O

ξ∗A =

(
(0, 0) (1, 0) (0, 1) (1, 1)

1/4 1/4 1/4 1/4

)
.

éu�Äýÿ��`û5� I-�`�O,

ΦI(M(ξ∗)) =

∫ 1

0

∫ 1

0
(x, z)M−1(ξ∗)(x, z)Tdxdz =

2(a− a2) + 2(b− b2)− 3(c− ab)
6[(a− a2)(b− b2)− (c− ab)2]

.

þª¥ ΦI(M(ξ∗))����3 ω2 = ω3 = 0.1371, ω1 = ω4 = 0.3629?¼�, �k

½n 4 é Panel Data�. (5)ÄuWithin�O�Äð��O, K I-�`�O�é

¡�O

ξ∗I =

(
(0, 0) (1, 0) (0, 1) (1, 1)

0.3629 0.1371 0.1371 0.3629

)
.

E-�`�O´¦�&E
_Ý
��A��������O, =

ΦE(M(ξ∗)) = λ1(M
−1(ξ∗)).

�±�d/�Ä¦�&E
��A��������O. ùpM(ξ∗)�A���

λ1,2(M(ξ∗)) =
a− a2 + b− b2

2
±
√

(c− ab)2 − (a− a2)(b− b2) +
(a− a2 + b− b2)2

4
.

Ù¥&E
M(ξ∗)���A�� λ2(M(ξ∗))3 a = b = 1/2, c = 1/4������, �k

½n 5 é Panel Data�. (5)ÄuWithin�O�Äð��O, K E-�`�O��

�­�O

ξ∗E =

(
(0, 0) (1, 0) (0, 1) (1, 1)

1/4 1/4 1/4 1/4

)
.

§4. ? Ø

éu k = 2�ùa��~�� Panel Data�. (5), þ¡�©Ûuy, ÙÄuWithin

�O�Aa�`ð��Oþ�3�O��o�º:þ¼�, �äkûÐ�5�. Ù¥ D-,

A-, E-�`�O�o��OÌ:þ���­�O, 
 I-�`�Oäké¡5, �3 (0, 0),

(1, 1)ü�é¡:þ��­� 0.3629²w�u 0.25, 3 (1, 0), (0, 1)ü�é¡:þ��­�

0.1371²w�u 0.25. ��­�O� I-��

EffI(ξ
∗
1/4) =

ΦI(M(ξ∗I ))

ΦI(M(ξ∗1/4))
= 0.83.
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��­�O� I-��´'�n��.

nþ¤ã, éu Panel Data�. (5), 3æ^Within�O��ëê�O�{�, �æ

^�O�º:þ���­�O�Y (AO´*ÿgê���), d���­�O ξ∗1/4 Ø=ä

k D-, A-Ú E-�`5�, �äk'�n�� I-�.
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Abstract: In this paper, optimal identical designs of bivariate panel data model based on within esti-

mator are discussed. It is proved that D-, A-, E- and I-optimal design of bivariate panel data model can

be obtained on the vertexes of the design region. Equal-weight design is proved to be D-, A-, E-optimal of

bivariate panel data model in the paper. I-optimal design is also obtained in the paper and it shows that

equal-weight design has high I-efficiency.
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