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Abstract: This paper concerns with the estimation of a fixed effects panel data partially linear

regression model with the idiosyncratic errors being an autoregressive process. For fixed effects

short time series panel data, the commonly used autoregressive error structure fitting method will

not result in a consistent estimator of the autoregressive coefficients. Here we propose an alterna-

tive estimation and show that the resulting estimator of the autoregressive coefficients is consistent

and this method is workable for any order autoregressive error structure. Moreover, combining the

B-spline approximation, profile least squares dummy variable (PLSDV) technique and consistently

estimated the autoregressive error structure, we develop a weighted PLSDV estimator for the para-

metric component and a weighted B-spline series (BS) estimator for the nonparametric component.

The weighted PLSDV estimator is shown to be asymptotically normal and more asymptotically

efficient than the one which ignores the error autoregressive structure. In addition, this paper

derives the asymptotic bias of the weighted BS estimator and establish its asymptotic normality as

well. Simulation studies and an example of application are conducted to illustrate the finite sample

performance of the proposed procedures.
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§1. Introduction

Various parametric regression models and statistical tools have been developed for

panel data analysis; see [1–4] and the references therein. It is often desirable to relax

the assumption of a parametric function and estimate the conditional nonparametrical-

ly or semiparametrically. Especially, semiparametric regressions have gained increasing

popularity, which can increase the flexibility of modeling and avoid the “curse of dimen-

sionality”. One of the most important panel data semiparametric regression models is the

panel data partially linear varying-coefficient regression model, which has the following

form:

Yit = XT
itβ +ZT

itα(Uit) + µi + νit, i = 1, 2, . . . , N and t = 1, 2, . . . , T, (1)

where Yit is the response, Xit = (Xit1, Xit2, . . . , Xitp)
T and Uit are explanatory variables,

β = (β1, β2, . . . , βp)
T is an unknown p-vector parameter, α(·) = (α1(·), α2(·), . . . , αq(·))T

is an unknown q-vector function, Zit = (Zit1, Zit2, . . . , Zitq)
T, µi represents the individual

effect. For the purpose of identification, we assume
n∑
i=1

µi = 0. νit is the idiosyncratic

error and “T ” denotes a transpose of a matrix or vector.

For panel data analysis, there are usually two approaches. One is the “fixed-effects”

approach in which the individual effects are taken as individual-specific constants and

can be estimated by entering individual-specific dummies as explanatory variables. An

alternative approach, the “random-effects” technique in which the individual effects are

treated as random components of the error terms and generalized least squares method is

often used. Fan et al. [5] applied the “random-effects” technique to investigate the efficient

estimation for model (1). Different from [5], in this paper we assume that the individual

effects µi in model (1) are individual-specific constants and will implement the “fixed-

effects” approach to investigate the estimating problem of model (1).

Fixed effects panel data partially linear modeling has attracted great attention in

last several years. Baltagi and Li [6] proposed difference-based series estimators for the

parametric component and the nonparametric component of the fixed effects panel data

partially linear model. By applying the back-fitting method, Fan et al. [7] proposed a profile

least squares estimator for the parametric component and a local linear estimator for the

nonparametric component. Su and Ullah [8] proposed the profile likelihood estimation for

the fixed effects panel data partially linear model. Henderson et al. [9] and You et al. [10]

also considered the estimation problem of the fixed effects panel data partially linear

model. Zhang et al. [11] proposed an empirical likelihood method for application to a
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partially linear panel data model with fixed effects. In addition, Sun et al. [12] considered

the estimating problem of the fixed effects panel data varying-coefficient model. All the

work mentioned above assumes that the idiosyncratic errors are not serially uncorrelated.

As argued in [4], this assumption is quite likely to be violated as the dynamic effect of

shocks to the dependent variable is often distributed over several time periods. Same as

[13], we assume that for fixed i the idiosyncratic errors νit in (1) follow an auto-regressive

process:

νit = ρ1νi,t−1 + ρ2νi,t−2 + · · ·+ ρmνi,t−m + eit,

1− ρ1z − ρ2z
2 − · · · − ρmzm 6= 0 for |z| 6 1, t = 1, 2, . . . , T, (2)

where eit is i.i.d. random variable over (i, t) with mean zero and variance σ2
e . (ρ1, ρ2, . . .,

ρm)T is an unknown autoregressive vector coefficient.

Nickell [14] derived an exact expression for the inconsistency of the first-order auto-

tocorrelation estimator in the particular case of idiosyncratic error follows a first-order

autoregression and this expression can be used to correct the inconsistency of the estima-

tor. His correcting technique is not easy to be extended to a high-order autoregression

error model, especially when the order is greater than 2. Becker [13] proposed a differenc-

ing procedure to estimate the autocorrelation. However, his method will result in a more

complicated autocorrelation structure and may obscure the original error structure.

In this paper, by extending the method of [15] we propose a new estimation for the

autoregressive coefficients of the error structure and show that the resulting estimator

of the autoregressive coefficients is consistent and our method is workable for any order

autoregressive error structure. Based on consistently estimating the error autoregressive

structure, by combining the B-spline series approximation and profile least squares dum-

my variable (PLSDV) technique we further propose a weighted PLSDV estimator for the

parametric component and a weighted B-spline series (BS) estimator for the nonparamet-

ric component. The weighted PLSDV estimator is shown to be asymptotically normal

and more asymptotically efficient than the one which ignores the error auto-regressive

structure. In addition, we derive the asymptotic bias of the weighted BS estimator and

establish its asymptotic normality as well.

The rest of this paper is organized as follows. In Section 2 we describe a B-spline

based PLSDV estimation. In Section 3, the fitting of the error structure is investigated.

In Section 4 we propose a weighted B-spline based PLSDV estimation. Section 5 presents

results from simulation studies. An example of application is illustrated in Section 6. All

proofs of main results are relegated to Appendix.
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§2. B-Spline Based Profile LSDV Estimation

Without lose of generality, we consider the estimation of α(·) on a compact set, say

U = [0, 1]. It is well known that the polynomial spline is a good way to approximate the

unknown functions. Let 0 = ς0 < ς1 < · · · < ςMn = 1 be a sequence of quasi-uniform

spaced points on [0, 1]. Denote Ui = [ςi−1, ςi), i = 1, 2, . . . ,Mn− 1, and UMn = [ςMn−1, 1].

A polynomial spline of degree s is a polynomial function on each interval Ui for i =

1, 2, . . . ,MN and globally has continuous derivatives of order s − 1 for s > 1. For given

degree and knots sequence, the collection of polynomial spline form a linear function space.

For this space, two famous basis function series are the truncated power basis functions

and B-spline basis functions. Usually, B-spline basis owns better numerical properties.

The books by [16] and [17] are good references for spline functions.

For given positive integer s, MN and the knots sequence {ςi}MN
i=0 , Ss,MN

denotes the

space of polynomial spline on U and the dimension is κn = Mn + s (s > 2). Let {ζl(u),

l = 1, 2, . . . , κn} be a B-spline basis of Ss,MN
. Then we can approximate each αj(u) by

αj(u) ≈
κn∑
l=1

θjlζl(u) = (ζ(u))Tθj ,

where ζ(·) = (ζ1(·), ζ2(·), . . . , ζκn(·))T and θj = (θj1, θj2, . . . , θjκn)T. Thus, model (1) can

be approximated by

Yit ≈XT
itβ+

q∑
j=1

Zitj

{ κn∑
l=1

θjlζl(Uit)
}

+µi+νit, i = 1, 2, . . . , n and t = 1, 2, . . . , T. (3)

To present a matrix form of (3), let

Z∗it = (Zit1ζ1(Uit), . . . , Zit1ζκn(Uit), . . . , Zitqζ1(Uit), . . . , Zitqζκn(Uit))
T,

Z∗i = (Z∗i1,Z
∗
i2, . . . ,Z

∗
iT )T, Z∗ = (Z∗1 ,Z

∗
2 , . . . ,Z

∗
n)T,

Xi = (Xi1,Xi2, . . . ,XiT )T, X = (X1,X2, . . . ,Xn)T,

Yi = (Yi1, Yi2, . . . , YiT )T, Y = (Y T
1 ,Y

T
2 , . . . ,Y

T
n )T,

θ = (θT
1 ,θ

T
2 , . . . ,θ

T
q )T, µ = (µ1, µ2, . . . , µn)T,

νi = (νi1, νi2, . . . , νiT )T, ν = (νT
1 ,ν

T
2 , . . . ,ν

T
n)T.

Then (3) can be written as

Y ≈Xβ +Z∗θ +Bµ+ ν, (4)

withB = In⊗1T (1T = (1, 1, . . . , 1)T). DefineMB = InT−B(BTB)−1BT. ThenMBBµ

= 0. Thus (4) leads to

MBY ≈MBXβ +MBZ
∗θ +MBν. (5)
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If we take MBν as the residuals, then model (5) is a version of the usual linear regression.

An estimator of (βT,θT)T is(
β̂n

θ̂n

)
= {(X,Z∗)TMB(X,Z∗)}−1(X,Z∗)TMBY .

Therefore,

β̂n =
(
XTMMB

Z∗ X
)−1
XTMMB

Z∗ Y and θ̂n = (Z∗TMBZ
∗)−1Z∗TMB(Y −Xβ̂n).

with MMB
Z∗ = MB −MBZ

∗(Z∗TMBZ
∗)−1Z∗TMB. Then α̂jn(u) = (ζ(u))Tθ̂jn.

In the following, we introduce some notations and technical assumptions. c denotes

a generic constants in different cases. Let ‖a‖ be the Euclidean norm of a real valued

vector a. Denotes “
d−→” as the convergence in distribution and “

P−→” as the convergence

in probability. Define Πit = Xit − E(Xit |Uit), hj(Uit) = E(Xitj |Uit), j = 1, 2, . . . , p.

Assumption 1 (XT
i1,X

T
i2, . . . ,X

T
iT ,Z

T
i1,Z

T
i2, . . . ,Z

T
iT , Ui1, Ui2, . . . , UiT )T are inde-

pendent and identically distributed (i.i.d.) over i = 1, 2, . . . , n. In addition,
T∑
t=1

E(‖Xit‖2+δ)

6 c <∞,
T∑
t=1

E(‖Zit‖2+δ) 6 c <∞ for some δ, c > 0.

Assumption 2 α(·) and hj(·) are r-times continuously differentiable for j = 1, 2, . . .,

p and r > 2.

Assumption 3 Let ιj = ςj − ςj−1, then ι = max
16j6Mn

ιj = O(κ−1
n ) and max(ιj+1, j =

0, 1, . . . ,Mn − 1)/min(ιj+1, j = 0, 1, . . . ,Mn − 1) 6 c.

Assumption 4 (i) The individual effects {µi, 1 6 i 6 n} are i.i.d. with mean and

variance σ2
µ. Further, E(|µi|4+δµ) 6 c <∞ for some δµ, c > 0.

(ii) The random errors {eit, 1 6 i 6 n, 1 6 t 6 T} are i.i.d. with mean and variance σ2
e .

Further, E(|eit|4+δe) 6 c <∞ for some δe, c > 0.

(iii) {µi} and {eit} are independent.

(iv) 1− ρ1z − ρ2z
2 − · · · − ρmzm 6= 0, for |z| 6 1.

Assumption 5 Uits’ are generated from a distribution which has bounded support

U and a Lipschitz continuous density function p(·) such that 0 < inf
U
p(·) 6 sup

U
p(·) <∞.

Assumption 6 κn = o(n1/2) and n1/2κ−4
n = o(1).

For β̂n, θ̂jn and α̂jn(u), we have the following results.

Theorem 7 Suppose that Assumptions 1 to 6 hold, then

√
nT (β̂n − β)

d−→ N(0,Ω−1
1 Ω−1

2 Ω−1
1 ),
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where

Ω1 = lim
n→∞

1

nT
XTMMB

Z∗ X, Ω2 = lim
n→∞

1

nT
XTMMB

Z∗ (In ⊗Σ)MMB
Z∗ X,

with Σ = (σ2
t1t2)Tt1,t2=1 = Cov (νi) and νi = (νi1, νi2, . . . , νiT )T.

Theorem 8 Suppose that Assumptions 1 to 6 hold, then

(i) ‖θ̂jn − θj‖ = Op(
√
κn/n+ κ−2

n ) for j = 1, 2, . . . , q.

(ii)
∫
u∈U [α̂jn(u)− α(u)]p(u)du = Op(κn/n+ κ−4

n ) for j = 1, 2, . . . , q.

Remark 9 β̂n and (α̂1n(·), α̂2n(·), . . . , α̂qn(·))T do not take the contemporaneous

correlation into account, hence may not be asymptotically efficient. We will construct more

efficient estimators in the following sections.

§3. Estimation of Autoregressive Error Structure

Based on β̂n and (α̂1n(·), α̂2n(·), . . . , α̂qn(·))T, we can obtain the estimated residuals

as

ε̂it = Yit −XT
itβ̂n − Zit1α̂1n(Uit)− · · · − Zitqα̂qn(Uit), i = 1, 2, . . . , n, t = 1, 2, . . . , T.

Define

D̂0 =
1

n{T − (m+ 1)}
n∑
i=1

T−(m+1)∑
t=1

(ε̂i,t+(m−1), . . . , ε̂it)
T(ε̂i,t+(m−1), . . . , ε̂it),

D̂1 =
1

n(T − (m+ 1))

n∑
i=1

T−(m+1)∑
t=1

(ε̂i,t+(m−1), . . . , ε̂it)
T(ε̂i,t+m, . . . , ε̂i,t+1),

D̂3 =
1

n(T − (m+ 1))

n∑
i=1

T−(m+1)∑
t=1

(ε̂i,t+(m−1), . . . , ε̂it)
Tε̂i,t+m,

and

D̂4 =
1

n(T − (m+ 1))

n∑
i=1

T−(m+1)∑
t=1

(ε̂i,t+(m−1), . . . , ε̂it)
Tε̂i,t+m+1.

Then, we can estimate (ρ1, ρ2, . . . , ρm)T by extensting of the method of [15] (ρ̂1n, ρ̂2n,

. . . , ρ̂mn)T = (D̂0 − D̂1)−1(D̂3 − D̂4). In addition, we notice that εi,t+m = µi + νi,t+m =

µi + ρ1νi,t+(m−1) + · · ·+ ρmνit + eit. Therefore,

εi,t+m − ρ1εi,t+(m−1) − · · · − ρmεit = (µi − ρ1µi − · · · − ρmµi) + eit.

Denote `it = εi,t+m − ρ1εi,t+(m−1) − · · · − ρmεit for t = 1, 2, . . . , T −m. Based on the fact

that σ2
e = E(`2it)− E(`it`i,t+1), we can define an estimator of σ2

e by

σ̂2
en =

1

n(T −m)

n∑
i=1

T−m∑
t=1

̂̀2
it −

1

n(T −m− 1)

n∑
i=1

T−m−1∑
t=1

̂̀
it
̂̀
i,t+1,
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where ̂̀it = ε̂i,t+m − ρ̂1nε̂i,t+(m−1) − · · · − ρ̂mnε̂it for t = 1, 2, . . . , T −m.

The following theorem shows that (ρ̂1n, ρ̂2n, . . . , ρ̂mn)T and σ̂2
en are the consistent

estimator of (ρ1, ρ2, . . . , ρm)T and σ2
e , respectively.

Theorem 10 Under Assumptions 1 to 6, we have (ρ̂1n, ρ̂2n, . . . , ρ̂mn)T
P−→ (ρ1, ρ2,

. . . , ρm)T and σ̂2
en

P−→ σ2
e .

In order to obtain β̂n, (α̂1n(·), α̂2n(·), . . . , α̂qn(·))T, (ρ̂1n, ρ̂2n, . . . , ρ̂qn)T and σ̂2
en, we

need to select the degrees of splines and the numbers and locations of knots. Similar to

[18], we use splines with equally spaced knots and fixed degrees and select κn, the numbers

of knots, by a data-driven cross-validation method. Here κn = Mn + 1 + s.

§4. Weighted Profile LSDV Estimation

Define

Σ̂−1 =


γ̂ν(0) γ̂ν(1) . . . γ̂ν(T − 1)

γ̂ν(1) γ̂ν(0) . . . γ̂ν(T − 2)
...

...
...

...

γ̂ν(T − 1) γ̂ν(T − 2) . . . γ̂ν(0)


−1

.

Pre-multiplying (4) by Σ̂−1/2 leads to

(In ⊗ Σ̂−1/2)Y ≈ (In ⊗ Σ̂−1/2)Xβ + (In ⊗ Σ̂−1/2)Z∗θ + (In ⊗ Σ̂−1/2)Bµ

+ (In ⊗ Σ̂−1/2)ν. (6)

Denote M Σ̂−1

B = InT − (In ⊗ Σ̂−1/2)B{BT(In ⊗ Σ̂−1)B}−1BT(In ⊗ Σ̂−1/2). Then (6)

becomes

M Σ̂−1

B (In ⊗ Σ̂−1/2)Y ≈M Σ̂−1

B (In ⊗ Σ̂−1/2)Xβ +M Σ̂−1

B (In ⊗ Σ̂−1/2)Z∗θ

+M Σ̂−1

B (In ⊗ Σ̂−1/2)ν. (7)

Denote

M
M Σ̂−1

B (In⊗Σ̂−1/2)
Z∗

= InT −M Σ̂−1

B (In ⊗ Σ̂−1/2)Z∗
{
Z∗T(In ⊗ Σ̂−1/2)M Σ̂−1

B (In ⊗ Σ̂−1/2)Z∗
}−1

·Z∗T(In ⊗ Σ̂−1/2)M Σ̂−1

B .

Then, we can obtain the weighted semiparametric least squares estimator of β and θ by

β̂wn =
(
XTM

M Σ̂−1

B (In⊗Σ̂−1/2)
Z∗ X

)−1
XTM

M Σ̂−1

B (In⊗Σ̂−1/2)
Z∗ Y ,
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θ̂wn =
{
Z∗TM Σ̂−1

B (In ⊗ Σ̂−1/2)Z∗
}−1

Z∗TM Σ̂−1

B (In ⊗ Σ̂−1/2)(Y −Xβ̂wn ),

where M Σ̂−1

Z∗ = Σ̂−1 − Σ̂−1Z∗(Z∗TΣ̂−1Z∗)−1Z∗TΣ̂−1. This gives the weighted BS esti-

mator of αj(·) as α̂wjn(u) = (ζ(u))Tθ̂wjn. For β̂wn and (α̂w1n(·), α̂w2n(·), . . . , α̂wqn(·))T we have

the following asymptotic results.

Theorem 11 Suppose that Assumptions 1 to 6 hold, then

√
nT (β̂wn − β)

d−→ N(0,Ω−1
3 ),

where

Ω3 = lim
n→∞

1

nT
XTM

M Σ̂−1

B (In⊗Σ̂−1/2)
Z∗ X.

Theorem 12 Suppose that Assumptions 1 to 6 hold, then for j = 1, 2, . . . , q,

(i) ‖θ̂wjn − θj‖ = Op(
√
κn/n+ κ−2

n );

(ii)
∫
u∈U [α̂wjn(u)− α(u)]p(u)du = Op(κn/n+ κ−4

n ).

In order to apply Theorem 12 to make statistical inferences, a consistent estimator

of Ω3 is needed. This is given by Ω̂3 = (nT )−1XTM
M Σ̂−1

B (In⊗Σ̂−1/2)
Z∗ X via the following

theorem.

Theorem 13 Suppose that Assumptions 1 to 6 hold, then Ω̂3
P−→ Ω3.

§5. Simulation Studies

We will investigate the finite sample performance of the proposed estimators by con-

ducting some simulation studies. The data are generated from the following:

Yit = X1itβ1 +X2itβ2 +X3itβ3 + Z1itα1(Uit) + Z2itα2(Uit) + µi + νit,

i = 1, 2, . . . , n, t = 1, 2, . . . , T, (8)

where X1it = η1it + ηi + ηit with η1it
i.i.d.∼ U(0, 2), ηi

i.i.d.∼ U(0, 1), ηit
i.i.d.∼ U(0, 0.5), X2it =

η2it + (1.1ηi + ηit)/3.1 with η2it
i.i.d.∼ U(0, 2), X3it = η3it + (1.2ηi + ηit)/3.2 with η3it

i.i.d.∼
U(0, 2), Z1it = η4it+(1.3ηi+ηit)/3.3 with η4it

i.i.d.∼ U(0, 2), Z2it = η5it+(1.4ηi+ηit)/3.4 with

η5it
i.i.d.∼ U(0, 2), Uit

i.i.d.∼ U(0, 1), β1 = 1.5, β2 = 1, β3 = 0.75, α1(Uit) = 3{0.1 sin(2πUit) +

0.2 cos(2πUit) + 0.3(sin(2πUit))
2 + 0.4(cos(2πUit))

4}, α2(Uit) = U2
it + 0.5(sin(2πUit))

3, µi

are generated by

µi =
1

T

T∑
t=1

(X1it +X2it +X3it)−
1

T

T∑
t=1

E(X1it +X2it +X3it),
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which are correlated with (X1it, X2it, X3it)
T, and νit = ρνi,t−1+eit with eit

i.i.d.∼ N(0, 1−ρ2).

We take ρ = −0.5, 0, 0.5, n = 100, 200 and 300, and T = 3, 4, 5 and 10. We use the cubic

polynomial splines with uniform knots as our basis, and the number κ is chosen by the

deleting group cross-validation criterion ( [19]). Since κ equals the number of knots +

3, to choose κ is to choose the number of knots. The rang of the number of knots is

[ [0.1(nT )1/4 ln(nT )], [(nT )1/4 ln(nT )] ], where [a] denotes the integer part of a.

For the estimators ρ̂n, σ̂2
nν , σ̂2

ne of the parameters ρ, σ2
ν , σ2

e , given a sample size, the

sample mean (sm), standard deviation (std) which is calculated based on the estimators of

the error structure parameters are summarized in Table 1. From Table 1, the estimators

ρ̂n, σ̂2
nν , σ̂2

ne of the error structure parameters ρ, σ2
ν , σ2

e work well and their performance

is improved with the increasing of sample size.

Table 1 Finite sample performance of the estimators ρ̂n, σ̂2
nν , σ̂

2
ne

n = 100 n = 200 n = 300

ρ T = 3 T = 4 T = 5 T = 10 T = 3 T = 4 T = 5 T = 10 T = 3 T = 4 T = 5 T = 10

-0.5 ρ̂n sm-0.4422 -0.4443 -0.4376 -0.4280 -0.4661 -0.4629 -0.4624 -0.4520 -0.4679 -0.4703 -0.4687 -0.4570

std 0.1165 0.0657 0.0693 0.0491 0.0829 0.0475 0.0500 0.0349 0.0686 0.0396 0.0388 0.0283

1 σ̂2
nν sm 1.0280 1.0605 1.0867 1.1817 1.0398 1.0542 1.0679 1.1234 1.0390 1.0538 1.0612 1.1057

std 0.1215 0.0981 0.0934 0.0925 0.0873 0.0695 0.0666 0.0587 0.0725 0.0559 0.0504 0.0465

0.75σ̂2
ne sm 0.8169 0.8460 0.8735 0.8630 0.8087 0.8254 0.8368 0.8330 0.8083 0.8187 0.8265 0.8440

std 0.1629 0.0948 0.0998 0.0964 0.1179 0.0644 0.0713 0.0645 0.1008 0.0530 0.0544 0.0495

0 ρ̂n sm 0.0168 0.0011 0.0035 0.0009 0.0063 0.0034 -0.0017 0.0017 0.0031 0.0019 0.0053 0.0005

std 0.1710 0.0958 0.0910 0.0642 0.1202 0.0688 0.0618 0.0446 0.0982 0.0551 0.0512 0.0366

1 σ̂2
nν sm 1.0843 1.0827 1.1094 1.2105 1.0657 1.0655 1.0793 1.1428 1.0593 1.0642 1.0791 1.1198

std 0.2152 0.1201 0.1200 0.1070 0.1403 0.0845 0.0801 0.0702 0.1120 0.0681 0.0664 0.0530

1 σ̂2
ne sm 1.0487 1.0726 1.0999 1.2055 1.0495 1.0604 1.0752 1.1405 1.0488 1.0610 1.0762 1.1183

std 0.1858 0.1174 0.1156 0.1054 0.1310 0.0829 0.0798 0.0699 0.1083 0.0674 0.0657 0.0528

0.5 ρ̂n sm 0.4041 0.4177 0.4377 0.4453 0.4130 0.4247 0.4355 0.4377 0.4280 0.4392 0.4203 0.4363

std 0.2344 0.1435 0.1175 0.0918 0.1689 0.1045 0.0894 0.0699 0.1361 0.0861 0.0734 0.0561

1 σ̂2
nν sm 1.0696 1.0580 1.0506 1.1125 1.1066 1.0330 1.0223 1.0509 1.0678 1.0144 1.0231 1.0424

std 0.5163 0.4238 0.2357 0.1662 0.4894 0.2313 0.1624 0.1134 0.4158 0.1585 0.1384 0.0967

0.75σ̂2
ne sm 0.8238 0.8356 0.8573 0.8725 0.8123 0.8249 0.8351 0.8617 0.8112 0.8179 0.8290 0.8419

std 0.1551 0.1056 0.0952 0.1022 0.1075 0.0743 0.0664 0.0645 0.0892 0.0602 0.0543 0.0512

For the weighted PLSDV estimator (β̂w1n, β̂
w
2n, β̂

w
3n)T, the unweighted PLSDV estima-

tor (β̂1n, β̂2n, β̂3n)T which neglects the serially correlated error component structure, and

the benchmark estimator (β̌w1n, β̌
w
2n, β̌

w
3n)T which has the same definition as the weighted

PLSDV estimator except for the known the error structure parameters, the sample mean

(sm), standard deviation (std) which is calculated based on the estimators of parametric
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components, mean of the estimate of the standard deviation (mstd) and coverage of the

95% nominal confidence intervals (cps) are summarized in Tables 2 – 4. In Tables 2 – 4,

we also present the sm, std of the naive estimator (β̃1n, β̃2n, β̃3n)T which ignores the fixed

effects.

From Tables 2 – 4 we make the following observations:

1. The weighted PLSDV estimator, unweighted PLSDV estimator and benchmark es-

timator of the parametric components are unbiased. However, the naive estimator

is unbiased.

2. The weighted PLSDV estimator has smaller std than the unweighted PLSDV es-

timator. The std of the weighted PLSDV estimator is very close to that of the

benchmark estimator.

3. The weighted PLSDV estimator can substantially improve the estimation of the

parametric components over the unweighted PLSDV estimator, especially when the

contemporaneous correlation is strong or the number of the observed time points is

large.

4. The coverage of the confidence interval is very close to the 95% nominal level.

For the estimators of the nonparametric components, we compute a measure of esti-

mation accuracy referred to as the root average squared error (RASE), given by

RASEj =
[ 1

nT

n∑
i=1

T∑
t=1
{αjn(Uit)− αj(Uit)}2

]1/2
, j = 1, 2,

where αjn(u) is either the naive estimator α̃jn(u) which ignores the fixed effects, or α̂jn(u),

or α̂wjn(u) or the benchmark estimator α̃wjn(u) which has the same definition as α̂wjn(u). The

sample mean and standard deviation of the RASE are summarized in Table 5. In addition,

we plot the estimator α̃jn(u), α̂jn(u) and α̂wjn(u) for n = 100, 200, 300, T = 4 and ρ = −0.5

and 0.5, respectively.

From Table 5, the RASE values of α̂jn(u), α̂wjn(u), α̌wjn(u) always have smaller RASE

values than α̃jn(u). This is corroborated by Figure 1 and 2. In addition, α̂wjn(u) and

α̌wjn(u) always have smaller RASE values than α̂jn(u) as well, and most importantly α̂wjn(u)

performs nearly as well as α̌wjn(u). All of these are consistent with the theoretical results.

§6. Application

The data set was extracted from the STARS database of the World Bank, in which

measures of GDP and the aggregate physical capital stock for 81 countries over the period
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Table 2 Finite sample performance of the parametric component estimators under

scenario of ρ = −0.5

n = 100 n = 200 n = 300

T = 3 T = 4 T = 5 T = 10 T = 3 T = 4 T = 5 T = 10 T = 3 T = 4 T = 5 T = 10

β̃1n sm 2.0211 2.0640 2.0960 2.2734 2.0217 2.0468 2.0830 2.2718 2.0241 2.0505 2.0849 2.2605

std 0.4000 0.3903 0.4011 0.4612 0.2711 0.2735 0.2716 0.3352 0.2291 0.2218 0.2203 0.2698

β̃2n sm 1.4833 1.5111 1.5124 1.6539 1.4694 1.4992 1.5287 1.6579 1.5040 1.5098 1.5428 1.6748

std 0.4124 0.4110 0.4056 0.4905 0.2743 0.2833 0.2857 0.3343 0.2289 0.2364 0.2411 0.2766

β̃3n sm 1.1974 1.2142 1.2507 1.3191 1.1992 1.2093 1.2422 1.3184 1.1926 1.2232 1.2286 1.3082

std 0.4236 0.4142 0.4246 0.4948 0.2929 0.3006 0.2867 0.3679 0.2410 0.2422 0.2411 0.2877

β̂1n sm 1.5200 1.5032 1.4937 1.5049 1.4855 1.4893 1.5036 1.4977 1.5012 1.4886 1.4978 1.5001

std 0.4237 0.3241 0.2801 0.1744 0.2885 0.2347 0.1907 0.1234 0.2387 0.1938 0.1537 0.1063

mstd 0.4237 0.3370 0.2883 0.1915 0.2951 0.2347 0.2001 0.1316 0.2390 0.1907 0.1624 0.1065

cp 0.9490 0.9680 0.9570 0.9720 0.9490 0.9530 0.9630 0.9610 0.9540 0.9490 0.9610 0.9530

β̂2n sm 0.9961 1.0032 0.9919 1.0034 0.9932 1.0034 1.0035 0.9965 1.0136 0.9927 1.0065 1.0015

std 0.4216 0.3395 0.2901 0.1805 0.2950 0.2422 0.1997 0.1309 0.2564 0.1885 0.1687 0.1066

mstd 0.4345 0.3476 0.2962 0.1970 0.3028 0.2414 0.2055 0.1353 0.2460 0.1964 0.1670 0.1095

cp 0.9620 0.9530 0.9560 0.9640 0.9630 0.9560 0.9580 0.9600 0.9400 0.9540 0.9510 0.9460

β̂3n sm 0.7799 0.7514 0.7667 0.7544 0.7653 0.7457 0.7510 0.7519 0.7497 0.7528 0.7471 0.7522

std 0.4473 0.3419 0.2989 0.1775 0.3149 0.2462 0.2033 0.1329 0.2426 0.1979 0.1694 0.1085

mstd 0.4472 0.3559 0.3040 0.2025 0.3114 0.2475 0.2113 0.1391 0.2523 0.2016 0.1716 0.1125

cp 0.9410 0.9650 0.9630 0.9700 0.9580 0.9430 0.9560 0.9650 0.9540 0.9500 0.9550 0.9530

β̂w1n sm 1.5167 1.5021 1.4984 1.4997 1.4868 1.4919 1.5010 1.4992 1.5035 1.4985 1.4982 1.5018

std 0.3921 0.2867 0.2412 0.1405 0.2674 0.2046 0.1606 0.1003 0.2231 0.1685 0.1296 0.0853

mstd 0.3964 0.3021 0.2535 0.1635 0.2740 0.2077 0.1729 0.1102 0.2218 0.1679 0.1397 0.0887

cp 0.9480 0.9710 0.9690 0.9680 0.9520 0.9510 0.9670 0.9570 0.9460 0.9480 0.9570 0.9590

β̂w2n sm 0.9947 1.0078 0.9996 1.0021 0.9921 1.0049 1.0010 0.9999 1.0140 0.9927 1.0049 0.9994

std 0.3902 0.2826 0.2418 0.1447 0.2704 0.2083 0.1689 0.1022 0.2369 0.1673 0.1385 0.0874

mstd 0.4066 0.3115 0.2605 0.1682 0.2812 0.2136 0.1775 0.1132 0.2284 0.1729 0.1436 0.0912

cp 0.9550 0.9690 0.9650 0.9730 0.9630 0.9540 0.9580 0.9670 0.9420 0.9580 0.9540 0.9450

β̂w3n sm 0.7796 0.7424 0.7610 0.7550 0.7690 0.7506 0.7517 0.7511 0.7468 0.7499 0.7493 0.7515

std 0.4127 0.2894 0.2515 0.1386 0.2905 0.2109 0.1728 0.1048 0.2245 0.1677 0.1424 0.0873

mstd 0.4185 0.3189 0.2674 0.1728 0.2891 0.2191 0.1826 0.1163 0.2342 0.1775 0.1475 0.0937

cp 0.9550 0.9690 0.9600 0.9830 0.9540 0.9540 0.9600 0.9730 0.9470 0.9600 0.9570 0.9640

β̌w1n sm 1.5116 1.4993 1.4970 1.4981 1.4845 1.4905 1.4995 1.4987 1.5020 1.4979 1.4973 1.5016

std 0.3904 0.2859 0.2404 0.1391 0.2669 0.2036 0.1596 0.1003 0.2236 0.1682 0.1298 0.0850

mstd 0.3909 0.2868 0.2352 0.1421 0.2682 0.1989 0.1636 0.0999 0.2167 0.1613 0.1329 0.0813

cp 0.9450 0.9620 0.9450 0.9500 0.9440 0.9450 0.9570 0.9440 0.9400 0.9400 0.9500 0.9340

β̌w2n sm 0.9913 1.0064 0.9980 1.0006 0.9916 1.0033 1.0001 0.9998 1.0127 0.9919 1.0041 0.9991

std 0.3895 0.2809 0.2393 0.1445 0.2699 0.2079 0.1691 0.1016 0.2362 0.1679 0.1379 0.0874

mstd 0.4066 0.3115 0.2605 0.1682 0.2812 0.2136 0.1775 0.1132 0.2284 0.1729 0.1436 0.0912

cp 0.9610 0.9640 0.9530 0.9470 0.9600 0.9490 0.9440 0.9500 0.9360 0.9510 0.9450 0.9200

β̌w3n sm 0.7790 0.7379 0.7589 0.7551 0.7669 0.7492 0.7510 0.7508 0.7461 0.7486 0.7490 0.7511

std 0.4098 0.2880 0.2503 0.1384 0.2912 0.2104 0.1725 0.1043 0.2234 0.1669 0.1420 0.0871

mstd 0.4125 0.3029 0.2481 0.1502 0.2828 0.2097 0.1728 0.1055 0.2288 0.1705 0.1405 0.0859

cp 0.9520 0.9580 0.9420 0.9680 0.9510 0.9480 0.9520 0.9560 0.9460 0.9540 0.9440 0.9470



122 Chinese Journal of Applied Probability and Statistics Vol. 34

Table 3 Finite sample performance of the parametric component estimators under

scenario of ρ = 0

n = 100 n = 200 n = 300

T = 3 T = 4 T = 5 T = 10 T = 3 T = 4 T = 5 T = 10 T = 3 T = 4 T = 5 T = 10

β̃1n sm 2.0124 2.0586 2.0901 2.2504 2.0208 2.0498 2.0752 2.2655 2.0265 2.0610 2.1022 2.2526

std 0.3991 0.3872 0.3872 0.4639 0.2697 0.2670 0.2685 0.3233 0.2319 0.2243 0.2259 0.2732

β̃2n sm 1.4825 1.4797 1.5236 1.6798 1.4895 1.5071 1.5325 1.6630 1.4818 1.5172 1.5251 1.6688

std 0.4150 0.4104 0.4119 0.4928 0.2865 0.2898 0.2866 0.3307 0.2368 0.2393 0.2326 0.2705

β̃3n sm 1.1791 1.2235 1.2390 1.2969 1.2100 1.2208 1.2384 1.3220 1.2044 1.2116 1.2427 1.3203

std 0.4364 0.4124 0.4114 0.4826 0.2813 0.2920 0.2876 0.3423 0.2354 0.2379 0.2470 0.2783

β̂1n sm 1.5043 1.5017 1.4969 1.5043 1.5006 1.5016 1.4996 1.4974 1.5074 1.5010 1.5014 1.5054

std 0.3688 0.3137 0.2589 0.1743 0.2583 0.2090 0.1790 0.1208 0.2057 0.1701 0.1465 0.0999

mstd 0.3845 0.3148 0.27307 0.1882 0.2664 0.2169 0.1887 0.1286 0.2158 0.1763 0.1532 0.1038

cp 0.9550 0.9470 0.9620 0.9660 0.9560 0.9600 0.9590 0.9680 0.9560 0.9550 0.9600 0.9480

β̂2n sm 0.9890 1.0008 1.0130 1.0029 0.9970 1.0021 0.9954 0.9976 0.9910 0.9954 0.9934 0.9986

std 0.3788 0.3262 0.2701 0.1812 0.2657 0.2215 0.1785 0.1271 0.2192 0.1832 0.1528 0.1007

mstd 0.3956 0.3231 0.2808 0.1936 0.2738 0.2233 0.1942 0.1323 0.2221 0.1814 0.1577 0.1068

cp 0.9530 0.9450 0.9540 0.9620 0.9560 0.9560 0.9720 0.9570 0.9510 0.9490 0.9530 0.9670

β̂3n sm 0.7100 0.7724 0.7513 0.7538 0.7484 0.7510 0.7522 0.7546 0.7558 0.7428 0.7524 0.7494

std 0.4095 0.3215 0.2628 0.1898 0.2738 0.2295 0.1826 0.1283 0.2198 0.1815 0.1560 0.1000

mstd 0.4067 0.3317 0.2889 0.1986 0.2815 0.2293 0.1992 0.1359 0.2278 0.1862 0.1620 0.1097

cp 0.9490 0.9520 0.9650 0.9630 0.9470 0.9510 0.9690 0.9540 0.9560 0.9510 0.9550 0.9730

β̂w1n sm 1.5087 1.5035 1.5007 1.5061 1.5027 1.5032 1.5010 1.4979 1.5084 1.5010 1.5022 1.5059

std 0.3682 0.3149 0.2605 0.1754 0.2591 0.2090 0.1794 0.1211 0.2059 0.1702 0.1468 0.0999

mstd 0.3823 0.3137 0.2719 0.1876 0.2656 0.2165 0.1883 0.1284 0.2154 0.1761 0.1530 0.1037

cp 0.9510 0.9470 0.9630 0.9640 0.9560 0.9550 0.9570 0.9650 0.9560 0.9550 0.9570 0.9500

β̂w2n sm 0.9935 1.0040 1.0150 1.0035 0.9994 1.0037 0.9965 0.9982 0.9924 0.9969 0.9941 0.9989

std 0.3827 0.3278 0.2704 0.1822 0.2665 0.2218 0.1794 0.1274 0.2187 0.1831 0.1526 0.1009

mstd 0.3933 0.3219 0.2796 0.1930 0.2729 0.2229 0.1938 0.1321 0.2217 0.1812 0.1575 0.1067

cp 0.9520 0.9400 0.9510 0.9650 0.9530 0.9570 0.9700 0.9570 0.9520 0.9440 0.9550 0.9670

β̂w3n sm 0.7127 0.7733 0.7523 0.7549 0.7515 0.7521 0.7530 0.7553 0.7567 0.7438 0.7531 0.7499

std 0.4112 0.3204 0.2638 0.1902 0.2752 0.2294 0.1827 0.1289 0.2200 0.1817 0.1565 0.0998

mstd 0.4044 0.3305 0.2877 0.1980 0.2807 0.2288 0.1988 0.1357 0.2273 0.1860 0.1617 0.1096

cp 0.9460 0.9530 0.9620 0.9600 0.9460 0.9520 0.9690 0.9540 0.9520 0.9510 0.9540 0.9740

β̌w1n sm 1.5043 1.5017 1.4969 1.5043 1.5006 1.5016 1.4996 1.4974 1.5074 1.5010 1.5014 1.5054

std 0.3688 0.3137 0.2589 0.1743 0.2583 0.2090 0.1790 0.1208 0.2057 0.1701 0.1465 0.0999

mstd 0.3775 0.3039 0.2603 0.1713 0.2606 0.2107 0.1819 0.1205 0.2109 0.1712 0.1478 0.0981

cp 0.9520 0.9430 0.9520 0.9480 0.9530 0.9490 0.9500 0.9510 0.9510 0.9450 0.9500 0.9390

β̌wn2 sm 0.9890 1.0008 1.0130 1.0029 0.9970 1.0021 0.9954 0.9976 0.9910 0.9954 0.9934 0.9986

std 0.3788 0.3262 0.2701 0.1812 0.2657 0.2215 0.1785 0.1271 0.2192 0.1832 0.1528 0.1007

mstd 0.3933 0.3219 0.2796 0.1930 0.2729 0.2229 0.1938 0.1321 0.2217 0.1812 0.1575 0.1067

cp 0.9550 0.9320 0.9420 0.9430 0.9530 0.9490 0.9650 0.9410 0.9460 0.9360 0.9480 0.9510

β̌w3n sm 0.7100 0.7724 0.7513 0.7538 0.7484 0.7510 0.7522 0.7546 0.7558 0.7428 0.7524 0.7494

std 0.4095 0.3215 0.2628 0.1898 0.2738 0.2295 0.1826 0.1283 0.2198 0.1815 0.1560 0.1000

mstd 0.3994 0.3202 0.2755 0.1808 0.2754 0.2228 0.1920 0.1272 0.2227 0.1809 0.1563 0.1037

cp 0.9450 0.9470 0.9590 0.9460 0.9480 0.9470 0.9650 0.9430 0.9520 0.9460 0.9470 0.9640
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Table 4 Finite sample performance of the parametric component estimators under

scenario of ρ = 0.5

n = 100 n = 200 n = 300

T = 3 T = 4 T = 5 T = 10 T = 3 T = 4 T = 5 T = 10 T = 3 T = 4 T = 5 T = 10

β̃1n sm 2.0088 2.0428 2.0810 2.2588 2.0267 2.0522 2.0797 2.2717 2.0263 2.0594 2.0933 2.2656

std 0.4043 0.3845 0.4068 0.4694 0.2820 0.2736 0.2743 0.3239 0.2189 0.2206 0.2273 0.2663

β̃2n sm 1.4779 1.4919 1.5291 1.6455 1.4829 1.4976 1.5249 1.6575 1.4900 1.5181 1.5419 1.6671

std 0.4115 0.4081 0.3868 0.4903 0.2999 0.2908 0.2903 0.3549 0.2229 0.2252 0.2265 0.2729

β̃3n sm 1.2217 1.2370 1.2130 1.3009 1.2025 1.2105 1.2446 1.3033 1.1997 1.2192 1.2263 1.3194

std 0.4284 0.4158 0.4029 0.4926 0.2807 0.2903 0.2908 0.3753 0.2417 0.2420 0.2419 0.2941

β̂1n sm 1.4831 1.4866 1.4958 1.4984 1.5047 1.4998 1.5002 1.5025 1.5018 1.5007 1.5001 1.5009

std 0.2881 0.2509 0.2229 0.1532 0.1949 0.1703 0.1489 0.1081 0.1603 0.1352 0.1241 0.0907

mstd 0.3090 0.2613 0.2338 0.1703 0.2105 0.1793 0.1597 0.1158 0.1697 0.1448 0.1296 0.0937

cp 0.9610 0.9580 0.9660 0.9710 0.9720 0.9610 0.9580 0.9690 0.9660 0.9710 0.9550 0.9480

β̂2n sm 1.0110 1.0068 0.9882 1.0018 0.9959 1.0023 1.0011 1.0020 1.0031 0.9974 0.9988 0.9999

std 0.3076 0.2461 0.2210 0.1684 0.2076 0.1800 0.1570 0.1142 0.1687 0.1467 0.1273 0.0945

mstd 0.3178 0.2692 0.2403 0.1752 0.2166 0.1841 0.1643 0.1191 0.1745 0.1488 0.1331 0.0964

cp 0.9550 0.9640 0.9650 0.9580 0.9650 0.9590 0.9580 0.9590 0.9500 0.9520 0.9620 0.9520

β̂3n sm 0.7711 0.7468 0.7552 0.7527 0.7496 0.7513 0.7513 0.7451 0.7532 0.7491 0.7438 0.7553

std 0.3045 0.2618 0.2261 0.1604 0.2175 0.1706 0.1593 0.1149 0.1710 0.1455 0.1261 0.0951

mstd 0.3265 0.2759 0.2466 0.1798 0.2220 0.1889 0.1688 0.1224 0.1795 0.1530 0.1368 0.0989

cp 0.9700 0.9650 0.9660 0.9730 0.9510 0.9730 0.9590 0.9590 0.9650 0.9610 0.9650 0.9570

β̂w1n sm 1.4881 1.4918 1.5002 1.5001 1.5089 1.4989 1.5030 1.5000 1.5013 1.5010 1.4999 1.5007

std 0.2792 0.2342 0.2002 0.1310 0.1878 0.1568 0.1352 0.0922 0.1545 0.1254 0.1120 0.0772

mstd 0.2997 0.2486 0.2188 0.1556 0.2039 0.1693 0.1483 0.1043 0.1642 0.1365 0.1197 0.0836

cp 0.9610 0.9660 0.9650 0.9800 0.9690 0.9690 0.9690 0.9730 0.9710 0.9700 0.9540 0.9700

β̂w2n sm 1.0110 1.0085 0.9935 1.0006 0.9972 1.0045 1.0038 1.0000 1.0043 1.0009 0.9981 0.9994

std 0.3009 0.2295 0.2018 0.1444 0.1998 0.1663 0.1412 0.0976 0.1613 0.1369 0.1159 0.0777

mstd 0.3083 0.2562 0.2248 0.1601 0.2098 0.1738 0.1525 0.1073 0.1688 0.1404 0.1230 0.0860

cp 0.9540 0.9650 0.9670 0.9720 0.9610 0.9690 0.9660 0.9700 0.9530 0.9580 0.9600 0.9690

β̂w2n sm 0.7701 0.7506 0.7550 0.7544 0.7480 0.7509 0.7520 0.7476 0.7516 0.7486 0.7452 0.7529

std 0.2976 0.2445 0.2083 0.1411 0.2085 0.1589 0.1443 0.0975 0.1642 0.1335 0.1170 0.0798

mstd 0.3167 0.2625 0.2308 0.1643 0.2150 0.1784 0.1567 0.1102 0.1736 0.1443 0.1264 0.0883

cp 0.9620 0.9640 0.9710 0.9770 0.9540 0.9770 0.9620 0.9700 0.9700 0.9660 0.9680 0.9730

β̌w1n sm 1.4887 1.4907 1.4995 1.4996 1.5084 1.4973 1.5012 1.4990 1.5005 1.5001 1.4993 1.5001

std 0.2770 0.2323 0.1975 0.1287 0.1868 0.1572 0.1339 0.0920 0.1539 0.1253 0.1115 0.0766

mstd 0.2778 0.2258 0.1960 0.1306 0.1910 0.1571 0.1363 0.0917 0.1545 0.1274 0.1109 0.0748

cp 0.9440 0.9510 0.9480 0.9600 0.9620 0.9500 0.9490 0.9490 0.9590 0.9550 0.9400 0.9400

β̌w2n sm 1.0098 1.0075 0.9926 0.9980 0.9959 1.0037 1.0034 0.9989 1.0036 1.0003 0.9975 0.9987

std 0.2964 0.2277 0.2000 0.1415 0.1991 0.1656 0.1406 0.0968 0.1609 0.1367 0.1155 0.0769

mstd 0.3083 0.2562 0.2248 0.1601 0.2098 0.1738 0.1525 0.1073 0.1688 0.1404 0.1230 0.0860

cp 0.9460 0.9600 0.9520 0.9380 0.9530 0.9520 0.9450 0.9380 0.9380 0.9390 0.9440 0.9490

β̌w3n sm 0.7664 0.7483 0.7541 0.7528 0.7469 0.7498 0.7513 0.7473 0.7508 0.7475 0.7446 0.7518

std 0.2976 0.2428 0.2071 0.1399 0.2075 0.1586 0.1438 0.0969 0.1642 0.1328 0.1167 0.0794

mstd 0.2936 0.2383 0.2067 0.1380 0.2014 0.1656 0.1440 0.0969 0.1634 0.1346 0.1170 0.0789

cp 0.9460 0.9500 0.9530 0.9470 0.9430 0.9630 0.9450 0.9520 0.9510 0.9550 0.9560 0.9560
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Table 5 Finite sample performance of the nonparametric component estimators

under the scenarios of ρ = −0.5, 0 and 0.5, respectively

n = 100 n = 200 n = 300

ρ T = 3 T = 4 T = 5 T = 10 T = 3 T = 4 T = 5 T = 10 T = 3 T = 4 T = 5 T = 10

0.5 α̃1n(·) sm(RASE) 1.1451 1.1281 1.1440 1.2894 0.8903 0.8863 0.8913 0.9985 0.8084 0.7960 0.8035 0.8686

std(RASE) 0.3089 0.2925 0.3082 0.3493 0.2384 0.2314 0.2376 0.2651 0.2072 0.1944 0.2024 0.2256

α̃2n(·) sm(RASE) 1.1738 1.1678 1.1959 1.3569 0.9318 0.9272 0.9411 1.0573 0.8369 0.8336 0.8424 0.9491

std(RASE) 0.3209 0.3194 0.3437 0.3680 0.2330 0.2409 0.2603 0.2909 0.2155 0.2161 0.2048 0.2461

α̂1n(·) sm(RASE) 0.9963 0.7878 0.6678 0.4257 0.6967 0.5545 0.4688 0.3080 0.5651 0.4510 0.3810 0.2556

std(RASE) 0.2551 0.1996 0.1740 0.1086 0.1813 0.1450 0.1190 0.0718 0.1463 0.1107 0.0927 0.0574

α̂2n(·) sm(RASE) 1.0172 0.7928 0.6682 0.4241 0.6950 0.5568 0.4681 0.2963 0.5654 0.4523 0.3725 0.2437

std(RASE) 0.2650 0.2076 0.1756 0.1126 0.1851 0.1481 0.1243 0.0773 0.1569 0.1147 0.0972 0.0648

α̂w1n(·) sm(RASE) 0.9267 0.6846 0.5741 0.3501 0.6461 0.4854 0.3962 0.2512 0.5251 0.3910 0.3271 0.2144

std(RASE) 0.2372 0.1782 0.1490 0.0866 0.1683 0.1262 0.0985 0.0559 0.1360 0.0942 0.0774 0.0444

α̂w2n(·) sm(RASE) 0.9486 0.6907 0.5711 0.3437 0.6391 0.4840 0.3929 0.2356 0.5225 0.3889 0.3150 0.1962

std(RASE) 0.2495 0.1872 0.1476 0.0902 0.1694 0.1311 0.1054 0.0615 0.1403 0.0989 0.0792 0.0511

α̌w1n(·) sm(RASE) 0.9227 0.6821 0.5703 0.3482 0.6447 0.4850 0.3949 0.2504 0.5236 0.3905 0.3270 0.2143

std(RASE) 0.2364 0.1793 0.1490 0.0860 0.1673 0.1258 0.0978 0.0557 0.1356 0.0940 0.0774 0.0444

α̌w2n(·) sm(RASE) 0.9445 0.6886 0.5683 0.3417 0.6382 0.4837 0.3917 0.2351 0.5213 0.3882 0.3146 0.1959

std(RASE) 0.2475 0.1877 0.1464 0.0895 0.1707 0.1310 0.1041 0.0614 0.1404 0.0989 0.0791 0.0512

0 α̃1n(·) sm(RASE) 1.1403 1.1340 1.1496 1.2774 0.8942 0.8869 0.9060 0.9949 0.8122 0.8060 0.8042 0.8633

std(RASE) 0.3174 0.3074 0.3140 0.3459 0.2314 0.2328 0.2299 0.2631 0.1970 0.2032 0.2026 0.2137

α̃2n(·) sm(RASE) 1.1738 1.1626 1.1892 1.3660 0.9419 0.9169 0.9389 1.0632 0.8409 0.8407 0.8622 0.9545

std(RASE) 0.3146 0.3158 0.3281 0.3738 0.2473 0.2465 0.2491 0.2821 0.2129 0.2146 0.2105 0.2301

α̂1n(·) sm(RASE) 0.8893 0.7127 0.6265 0.4078 0.6174 0.5024 0.4406 0.2975 0.4989 0.4122 0.3611 0.2507

std(RASE) 0.2362 0.1828 0.1571 0.1026 0.1603 0.1264 0.1071 0.0714 0.1283 0.1019 0.0860 0.0575

α̂2n(·) sm(RASE) 0.8964 0.7182 0.6287 0.4017 0.6198 0.5052 0.4371 0.2904 0.5011 0.4095 0.3504 0.2359

std(RASE) 0.2445 0.1922 0.1714 0.1080 0.1559 0.1294 0.1112 0.0761 0.1315 0.1066 0.0897 0.0613

α̂w1n(·) sm(RASE) 0.8930 0.7134 0.6269 0.4095 0.6189 0.5032 0.4413 0.2977 0.4993 0.4128 0.3612 0.2510

std(RASE) 0.2370 0.1835 0.1564 0.1035 0.1614 0.1269 0.1073 0.0716 0.1280 0.1021 0.0861 0.0575

α̂w2n(·) sm(RASE) 0.8994 0.7192 0.6299 0.4036 0.6206 0.5059 0.4376 0.2907 0.5022 0.4098 0.3503 0.2361

std(RASE) 0.2441 0.1925 0.1721 0.1087 0.1561 0.1303 0.1115 0.0762 0.1314 0.1067 0.0896 0.0614

α̌w1n(·) sm(RASE) 0.8893 0.7127 0.6265 0.4078 0.6174 0.5024 0.4406 0.2975 0.4989 0.4122 0.3611 0.2507

std(RASE) 0.2362 0.1828 0.1571 0.1026 0.1603 0.1264 0.1071 0.0714 0.1283 0.1019 0.0860 0.0575

α̌w2n(·) sm(RASE) 0.8964 0.7182 0.6287 0.4017 0.6198 0.5052 0.4371 0.2904 0.5011 0.4095 0.3504 0.2359

std(RASE) 0.2445 0.1922 0.1714 0.1080 0.1559 0.1294 0.1112 0.0761 0.1315 0.1066 0.0897 0.0613

-0.5 α̃1n(·) sm(RASE) 1.1732 1.1383 1.1427 1.2698 0.9018 0.8868 0.8888 0.9869 0.8014 0.8006 0.8002 0.8627

std(RASE) 0.3227 0.3101 0.3218 0.3483 0.2353 0.2329 0.2351 0.2618 0.2043 0.2008 0.1968 0.2280

α̃2n(·) sm(RASE) 1.1825 1.1898 1.1870 1.3525 0.9108 0.9254 0.9427 1.0591 0.8425 0.8403 0.8560 0.9472

std(RASE) 0.3094 0.3413 0.3287 0.3748 0.2517 0.2459 0.2577 0.2802 0.2088 0.2119 0.2106 0.2414

α̂1n(·) sm(RASE) 0.7018 0.5858 0.5155 0.3783 0.4696 0.4083 0.3670 0.2715 0.3913 0.3362 0.3085 0.2335

std(RASE) 0.1871 0.1492 0.1272 0.0936 0.1255 0.0981 0.0905 0.0619 0.0981 0.0815 0.0713 0.0526

α̂2n(·) sm(RASE) 0.7038 0.5849 0.5151 0.3734 0.4702 0.4063 0.3623 0.2587 0.3824 0.3279 0.2983 0.2149

std(RASE) 0.1951 0.1579 0.1409 0.0976 0.1248 0.1032 0.0960 0.0698 0.1007 0.0865 0.0806 0.0574

α̂w1n(·) sm(RASE) 0.6844 0.5521 0.4717 0.3260 0.4569 0.3815 0.3384 0.2363 0.3766 0.3148 0.2807 0.2037

std(RASE) 0.1813 0.1434 0.1154 0.0762 0.1175 0.0900 0.0832 0.0518 0.0964 0.0734 0.0635 0.0420

α̂w2n(·) sm(RASE) 0.6835 0.5496 0.4692 0.3175 0.4565 0.3768 0.3310 0.2196 0.3684 0.3052 0.2693 0.1824

std(RASE) 0.1913 0.1474 0.1272 0.0819 0.1205 0.0952 0.0884 0.0571 0.0998 0.0787 0.0733 0.0485

α̌w1n(·) sm(RASE) 0.6783 0.5496 0.4670 0.3206 0.4555 0.3806 0.3373 0.2348 0.3755 0.3143 0.2796 0.2028

std(RASE) 0.1798 0.1439 0.1152 0.0739 0.1166 0.0897 0.0824 0.0510 0.0961 0.0728 0.0628 0.0413

α̌w2n(·) sm(RASE) 0.6783 0.5462 0.4655 0.3117 0.4547 0.3758 0.3298 0.2173 0.3675 0.3050 0.2687 0.1813

std(RASE) 0.1879 0.1465 0.1250 0.0802 0.1202 0.0948 0.0874 0.0561 0.0992 0.0777 0.0726 0.0482
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Figure 1 The estimators α̃jn(u) (dotted curve), α̂jn(u) (dash-dotted curve), α̂wjn(u)

(dashed curve) and αj(u) (solid curve) for j = 1, 2. (a) The estimators

of α1(u) with n = 100, T = 4, ρ = −0.5; (b) The estimators of α2(u) with

n = 100, T = 4, ρ = −0.5; (c) The estimators of α1(u) with n = 200, T = 4,

ρ = −0.5; (d) The estimators of α2(u) with n = 200, T = 4, ρ = −0.5; (e)

The estimators of α1(u) with n = 300, T = 4, ρ = −0.5; (f) The estimators

of α2(u) with n = 300, T = 4, ρ = −0.5.

from 1968 to 1987 were recorded. More details can be found in [20]. Same as [21] and

[22], we will analyze this data by following an autoregressive structure:

Yit = X1itβ1+X2itβ2+α(Uit)+µi+νit, νit = ρνi,t−1+eit, i = 1, 2, . . . , 8w, t = 1, 2, . . . , 20,

where Yit is the log real GDP of country i in year t (with t = 1 for year 1968, and so

on), X1it is the log real capital, X2it is the log labor supply, Uit is the log mean years of

schooling for the workforce, and µi is the individual effect of country i.

Fitting this model to the data set, we find ρ̂ = 0.8161, σ̂2
ν = 0.0072 and σ̂2

e =

0.0024. The unweighted PLSDV estimator β̂n = (β̂1n, β̂2n)T = (0.5433, 0.2585)T with s-

tandard error (0.0247, 0.0756)T. The corresponding confidence intervals of β1 and β2 are

(0.4949, 0.5918) and (0.1104, 0.4066). The weighted PLSDV estimator β̂wn = (β̂w1n, β̂
w
2n)T =

(0.5805, 0.1580)T with standard error (0.0216, 0.0648)T. The corresponding confidence in-

tervals of β1 and β2 are (0.5381, 0.6229) and (0.0309, 0.2851). We see that β̂wn has smaller
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Figure 2 The estimators α̃jn(u) (dotted curve), α̂jn(u) (dash-dotted curve), α̂wjn(u)

(dashed curve) and αj(u) (solid curve) for j = 1, 2. (a) The estimators of

α1(u) with n = 100, T = 4, ρ = 0.5; (b) The estimators of α2(u) with n = 100,

T = 4, ρ = 0.5; (c) The estimators of α1(u) with n = 200, T = 4, ρ = 0.5; (d)

The estimators of α2(u) with n = 200, T = 4, ρ = 0.5; (e) The estimators of

α1(u) with n = 300, T = 4, ρ = 0.5; (f) The estimators of α2(u) with n = 300,

T = 4, ρ = 0.5.

standard error than β̂n. β̂n and β̂wn show that both log real capital and log labor supply

are significant. This implies that both log real capital and log labor supply positively

affect log GDP.

The estimators of the effect of log mean years of schooling for the workforce on GDP

are presented in Figure 3. From Figure 3 (b) we see that the weighted PLSDV estimator

α̂wn (u) has smaller (point wise) standard errors than the unweighted PLSDV estimator

α̂n(u). Figure 3 (a), (c) and (d) show that when the workforce has log mean years of

schooling between -2.5 and 1 (or between 0 and 2.7 years in real time) GDP changes not

much, however, when the workforce has log mean years of schooling over 1 (or over 2.7

years), GDP increases very quickly and nonlinearly. This is consistent with former results.

Appendix

To present the proofs of the main results we first introduce two lemmas.
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Figure 3 Estimators of the effect of log mean years of schooling for the workforce on

log GDP and the fixed effects. (a) the unweighted profile LSDV estima-

tor α̂n(u) (dashed curve) and the weighted profile LSDV estimator α̂wn (u)

(solid curve); (b) the point std of the unweighted profile LSDV estima-

tor α̂n(u) (dashed curve) and the point std of the weighted profile LSDV

estimator α̂wn (u) (solid curve); (c) the point confidence band of α(u) based

on the unweighted profile LSDV estimator α̂n(u); (d) the point confidence

band of α(u) based on the weighted profile LSDV estimator α̂wn (u); (e) the

estimator of the fixed effects from unweighted profile LSDV fitting; (f)

the estimator of the fixed effects from weighted profile LSDV fitting.

Lemma 14 There are positive constants c1 and c2 such that

c1‖θ‖2 6
∫

U

{ κn∑
l=1

θjlζl(u)
}2

du 6 c2‖θ‖2.

Proof It is a basic property of B-splines ([16] and [17]). �

Let

β̃wn =
(
XTM

MΣ−1

B (In⊗Σ−1/2)
Z∗ X

)−1
XTM

MΣ−1

B (In⊗Σ−1/2)
Z∗ Y

and

θ̃wn =
{
Z∗TMΣ−1

B (In ⊗Σ−1/2)Z∗
}−1

Z∗TMΣ−1

B (In ⊗Σ−1/2)(Y −Xβ̃wn ).

In addition, let α̃wjn(u) = (ζ(u))Tθ̃wjn. For β̃wn , θ̃wjn and α̃wjn(·) we have the following lemma.
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Lemma 15 Suppose that Assumptions 1 to 6 hold, then

(i)
√
nT (β̃wn − β)

d−→ N(0,Ω−1
3 ), where Ω3 is defined in Theorem 12.

(ii) ‖θ̃wjn − θj‖ = Op(
√
κn/n+ κ−2

n ) for j = 1, 2, . . . , n.

(iii)
∫
u∈U [α̃wjn(u)− αj(u)]p(u)du = Op(κn/n+ κ−4

n ).

Proof

(i)

√
nT (β̃wn − β) =

√
nT
(
XTM

MΣ−1

B (In⊗Σ−1/2)
Z∗ X

)−1
XTM

MΣ−1

B (In⊗Σ−1/2)
Z∗ ν

+
√
nT
(
XTM

MΣ−1

B (In⊗Σ−1/2)
Z∗ X

)−1
XTM

MΣ−1

B (In⊗Σ−1/2)
Z∗ M .

Since Xit = Πit+Hit(Uit) with Hit(Uit) = (h1(Uit), h2(Uit), . . . , hp(Uit))
T and X =

Π+H withX = (X11,X12, . . . ,X1T ,X21,X22, . . . ,X2T , . . . ,Xn1,Xn2, . . . ,XnT )T,

Π = (Π11,Π12, . . . , Π1T , Π21,Π22, . . . , Π2T , . . . , Πn1,Πn2, . . . , ΠnT )T and H =

(H11,H12, . . . ,H1T ,H21,H22, . . . ,H2T , . . . ,Hn1,Hn2, . . . ,HnT )T, it is easy to see

that XTM
MΣ−1

B (In⊗Σ−1/2)
Z∗ ν can be decomposed as

ΠMΣ−1

B (In⊗Σ−1/2)ν −ΠMΣ−1

B (In⊗Σ−1/2)Z∗
{
Z∗TMΣ−1

B (In⊗Σ−1/2)Z∗
}−1

·Z∗TMΣ−1

B (In⊗Σ−1/2)ν +H
{
MΣ−1

B (In⊗Σ−1/2)

−MΣ−1

B (In⊗Σ−1/2)Z∗
{
Z∗TMΣ−1

B (In⊗Σ−1/2)Z∗
}−1

Z∗TMΣ−1

B (In⊗Σ−1/2)
}
ν

= J1 − J2 + J3, say,

where ν = (ν11, ν12, . . . , ν1T , ν21, ν22, . . . , ν2T , . . . , νn1, νn2, . . . , νnT )T. Applying Lem-

ma 14, it holds that

1

n
‖J2‖2 6 Op(n−3) ·

{
λmin

( 1

n
Z∗TZ∗

)}−2

·
{
νTMΣ−1

B (In ⊗Σ−1/2)Z∗Z∗TMΣ−1

B (In ⊗Σ−1/2)ν
}

·
∥∥ΠTMΣ−1

B (In ⊗Σ−1/2)Z∗Z∗TMΣ−1

B (In ⊗Σ−1/2)Π
∥∥

·
∥∥ΠTMΣ−1

B (In ⊗Σ−1/2)Z∗Z∗TMΣ−1

B (In ⊗Σ−1/2)Π
∥∥

· E
[
tr
{
Z∗Z∗TMΣ−1

B (In ⊗Σ−1/2)ED(ΠΠT)MΣ−1

B (In ⊗Σ−1/2)
}]

= Op(n
−3) · {E‖Z∗‖2}2 = op(1).

This implies that J2 = op(n
1/2). For J3, also by Lemma 14 we have J3 = op(n

1/2).

Therefore,

XTM
MΣ−1

B (In⊗Σ−1/2)
Z∗ ν = ΠMΣ−1

B (In ⊗Σ−1/2)ν + op(n
1/2).
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In addition,

XTM
MΣ−1

B (In⊗Σ−1/2)
Z∗ M = ΠTM

MΣ−1

B (In⊗Σ−1/2)
Z∗ M +HTM

MΣ−1

B (In⊗Σ−1/2)
Z∗ M

= J4 + J5.

By the same argument, J4 = op(n
1/2) and J5 = op(n

1/2). Therefore, the proof of (i)

is complete.

(ii) From the definition of θ̃wn it holds that

θ̃wn − θ =
{
Z∗TMΣ−1

B (In ⊗Σ−1/2)Z∗
}−1

Z∗TMΣ−1

B (In ⊗Σ−1/2)ν

+
{
Z∗TMΣ−1

B (In ⊗Σ−1/2)Z∗
}−1

Z∗TMΣ−1

B (In ⊗Σ−1/2)M − θ

+
{
Z∗TMΣ−1

B (In ⊗Σ−1/2)Z∗
}−1

Z∗TMΣ−1

B (In ⊗Σ−1/2)X(β − β̃wn )

= J1 + J2 + J3,

where M = (ZT
11α(U11), ZT

12α(U12), . . . , ZT
1Tα(U1T ), ZT

21α(U21), ZT
22α(U22), . . .,

ZT
2Tα(U2T ), . . . , ZT

n1α(Un1), ZT
n2α(Un2), . . . , ZT

nTα(UnT ))T. It is easy to show that

‖J1‖ = Op(
√
κn/n). In addition, ‖J2‖ = Op(κ

−2
n ), ‖J3‖ = Op(

√
κn/n). Together,

(ii) holds.

(iii) By the definition of α̃wjn(u) it holds that∫
u∈U
{α̃wjn(u)− αj(u)}2p(u)du

=

∫
u∈U

[(α̃wjn(u)− (ζ(u))Tθj)− {αj(u)− (ζ(u))Tθj}]2p(u)du

6 2λmax

(∫
u∈U

ζ(u)(ζ(u))Tp(u)du
)
· ‖θ̃jn−θj‖2+ 2

∫
u∈U

(αj(u)−(ζ(u))Tθj)
2p(u)du

= Op(κ
−4
n + κn/n) +Op(κ

−4
n ),

so (iii) holds. �

Proof of Theorems 7 and 8 Theorems 7 and 8 can be proved in the same way

we prove Lemma 15. We here omit the details. �

Proof of Theorem 10 Let

D0 =
1

n{T − (s+ 1)}
n∑
i=1

T−(m+1)∑
t=1

(εi,t+(m−1), . . . , εit)
T(εi,t+(m−1), . . . , εit),

and ∆it = XT
it(β − β̂n)− Zit1(α1(Uit)− α̂1n(Uit))− · · · − Zitq(αq(Uit)− α̂qn(Uit)). Since

ε̂it = Yit−XT
itβ̂n−Zit1α̂1n(Uit)−· · ·−Zitqα̂qn(Uit), i = 1, 2, . . . , n, t = 1, 2, . . . , T, (9)
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we have

D̂0 = D0 +
1

n{T − (m+ 1)}
n∑
i=1

T−(m+1)∑
t=1

(∆i,t+(m−1), . . . ,∆it)
T(∆i,t+(m−1), . . . ,∆it)

+
1

n{T − (m+ 1)}
n∑
i=1

T−(m+1)∑
t=1

(εi,t+(m−1), . . . , εit)
T(∆i,t+(m−1), . . . ,∆it)

+
1

n{T − (m+ 1)}
n∑
i=1

T−(m+1)∑
t=1

(∆i,t+(m−1), . . . ,∆it)
T(εi,t+(m−1), . . . , εit)

= D0 + J1 + J2 + J3.

According to Theorems 7 and 8, J1 = op(n
−1/2). In addition,

J2 =
1

n{T−(m+1)}
n∑
i=1

T−(s+1)∑
t=1

(εi,t+(m−1), . . . , εit)
T
(
XT

i,t+(m−1)(β−β̂n), . . . ,XT
it(β−β̂n)

)
+

1

n{T−(m+1)}
n∑
i=1

T−(m+1)∑
t=1

(εi,t+(m−1), . . . , εit)
T

·
( q∑
j=1

Zi,t+(m−1),j(αj(Ui,t+(m−1))−α̂jn(Ui,t+(m−1))), . . . ,
q∑
j=1

Zitj(αj(Uit)−α̂jn(Uit))
)

= J21 + J22.

By Theorem 7, for 0 6 d 6 m− 1,

1

n{T − (m+ 1)}
n∑
i=1

T−(m+1)∑
t=1

Xi,t+d(εi,t+(m−1), . . . , εit)
T = Op(n

−1/2).

Therefore, Theorem 7 leads to J21 = op(n
−1/2). Furthermore,

q∑
j=1

Zitj(αj(Uit)− α̂jn(Uit))

=
q∑
j=1

Zitj(αj(Uit)− (ζ(Uit))
Tθ̂jn)

=
q∑
j=1

Zitj{αj(Uit)− (ζ(Uit))
T(0κn×(j−1), Iκn ,0κn×(q−j))(Z

∗TMBZ
∗)−1ZT∗MBM}

−
q∑
j=1

Zitj(ζ(Uit))
T(0κn×(j−1), Iκn ,0κn×(q−j))(Z

∗TMBZ
∗)−1ZT∗MBε

−
q∑
j=1

Zitj(ζ(Uit))
T(0κn×(j−1), Iκn ,0κn×(q−j))(Z

∗TMBZ
∗)−1ZT∗MBX(β − β̂n).

Hence, set

A =
1

n{T − (m− 1)}
n∑
i=1

T−(m−1)∑
t=1

εit,
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then

J22 = A
q∑
j=1

Zi,t+m,j{αj(Ui,t+m)− (ζ(Ui,t+m))T(0κn×(j−1), Iκn ,0κn×(q−j))

· (Z∗TMBZ
∗)−1ZT∗MBM}

−A
q∑
j=1

Zi,t+m,j(ζ(Ui,t+m))T(0κn×(j−1), Iκn ,0κn×(q−j))(Z
∗TMBZ

∗)−1ZT∗MBε

−A
q∑
j=1

Zi,t+m,j(ζ(Ui,t+m))T(0κn×(j−1), Iκn ,0κn×(q−j))

· (Z∗TMBZ
∗)−1ZT∗MBX(β − β̂n)

= J221 + J222 + J223.

Further, J221 = op(n
−1/2), J222 = op(n

−1/2), J223 = O(n−1κn). So J22 = op(n
−1/2). As

a result, J2 = op(n
−1/2). Following the same line, J3 = Op(n

−1/2). This implies that

Q̂0 = Q0 +op(n
−1/2). By the same argument, Q̂1 = Q1 +op(n

−1/2), Q̂2 = Q2 +op(n
−1/2)

and Q̂3 = Q3 + op(n
−1/2). As a result, for ρ̂n = (ρ̂1n, ρ̂2n, . . . , ρ̂mn)T,

ρ̂n − ρ = {(Q̂2 − Q̂3)−1(Q̂0 − Q̂1)− ρ}

=
[{ n∑

i=1

T−(m−1)∑
t=1

((εi,t+(m−1), . . . , εit)
T(εi,t+(m−1), . . . , εit)

− (εi,t+(m−1), . . . , εit)
T(εi,t+m, . . . , εi,t+1))

}−1

·
{ n∑
i=1

T−(m−1)∑
t=1

((εi,t+(m−1), . . . , εit)
Tεi,t+m

− (εi,t+(m−1), . . . , εit)
Tεi,t+(m+1))

}
− ρ
]

+ op(1).

According to (2) we have εi,t+m = ρ1εi,t+(m−1) + · · ·+ρmεit+(1−ρ1−· · ·−ρm)µi+ei,t+m,

and εi,t+(m+1) = ρ1εi,t+m + · · ·+ ρmεi,t+1 + (1− ρ1 − · · · − ρm)µi + ei,t+(m+1). Therefore,

ρ̂n − ρ =
{ n∑
i=1

T−(m+1)∑
t=1

((εi,t+(m−1), . . . , εit)
T(εi,t+(m−1), . . . , εit)

− (εi,t+(m−1), . . . , εit)
T(εi,t+m, . . . , εi,t+1))

}−1

·
[ n∑
i=1

T−(m+1)∑
t=1

{(εi,t+(m−1), . . . , εit)
T(ei,t+m + (1− ρ1 − · · · − ρm)µi)

− (εi,t+(m−1), . . . , εit)
T(ei,t+(m+1) + (1− ρ1 − · · · − ρm)µi)}

]
+ op(1).

Therefore the result of ρ̂n holds. By the same argument, we can show the result of σ̂2
en

holds. �
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Proof of Theorems 11, 12 and 13 From to the definitions of β̂wn and β̃wn and

the fact that a1b1 − a2b2 = (a1 − b1)(a2 − b2) + (a1 − b1)b2 + b1(a2 − b2) it holds that

β̂wn − β

= β̃wn − β +
{(
XTM

M
Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ X
)−1
−
(
XTM

MΣ−1

B (In⊗Σ−1/2)
Z∗ X

)−1}
·
(
XTM

M
Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ −XTM
MΣ−1

B (In⊗Σ−1/2)
Z∗

)
M

+
{(
XTM

M
Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ X
)−1
−
(
XTM

MΣ−1

B (In⊗Σ−1/2)
Z∗ X

)−1}
·XTM

M
Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ M

+
(
XTM

M
Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ X
)−1(

XTM
M

Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ −XTM
MΣ−1

B (In⊗Σ−1/2)
Z∗

)
M

+
{(
XTM

M
Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ X
)−1
−
(
XTM

MΣ−1

B (In⊗Σ−1/2)
Z∗ X

)−1}
·
(
XTM

M
Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ −XTM
MΣ−1

B (In⊗Σ−1/2)
Z∗

)
ν

+
{(
XTM

M
Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ X
)−1
−
(
XTM

MΣ−1

B (In⊗Σ−1/2)
Z∗ X

)−1}
·XTM

M
Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ ν

+
(
XTM

M
Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ X
)−1(

XTM
M

Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ −XTM
MΣ−1

B (In⊗Σ−1/2)
Z∗

)
ν.

By Lemma 15 and the fact that (A+ aB)−1 = A−1 − aA−1BA−1 + O(a2) as a→ 0, to

prove Theorems 11, 12 and 13, we only need to prove

1

nT

(
XTM

M
Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ X −XTM
MΣ−1

B (In⊗Σ−1/2)
Z∗ X

)
= Op(n

−1/2), (10)

1

nT

(
XTM

M
Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ −XTM
MΣ−1

B (In⊗Σ−1/2)
Z∗

)
M = op(n

−1/2), (11)

1

nT

(
XTM

M
Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ −XTM
MΣ−1

B (In⊗Σ−1/2)
Z∗

)
ν = op(n

−1/2), (12)

1

nT
XTM

MΣ−1

B (In⊗Σ−1/2)
Z∗ X = Op(1), (13)

1

nT
XTM

M
Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ M = op(n
−1/2),

1

nT
XTM

M
Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ ν = Op(n
−1/2).

(14)

According to the proof of Lemma 15 and the root-n consistency of Σ̂ it holds that

1

nT

(
XTM

M
Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ X −XTM
MΣ−1

B (In⊗Σ−1/2)
Z∗ X

)
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=
1

nT

{
ΠTM Σ̂−1

n
B (In ⊗ Σ̂−1/2

n )Π−ΠTMΣ−1

B (In ⊗Σ−1/2)Π
}

+ op(n
−1/2)

= Op(n
−1/2).

This implies that (10) holds. By the same argument, we can show that (11) holds. More-

over, from the proof of Lemma 15 we know that (13) and (14) hold as well. Therefore, to

complete the proof we just need to prove (12). By the proof of Lemma 14 again and the

root-n consistency of Σ̂n, we have

1

nT

(
XTM

M
Σ̂−1
n

B (In⊗Σ̂−1/2
n )

Z∗ ν −XTM
MΣ−1

B (In⊗Σ−1/2)
Z∗ ν

)
=

1

nT

{
ΠTM Σ̂−1

n
B (In ⊗ Σ̂−1/2

n )ν −ΠTMΣ−1

B (In ⊗Σ−1/2)ν
}

+ op(n
−1/2)

= Op(n
−1/2).

This shows that (12) holds. Thus, the proof is completed. �
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