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��,
Û�5¬K��Ù¢y�J. Äk, >S�Ý¼ê¿ØU��L«ÑÄ:CþL

§�Ä�A�, §Ã{EOü�äk�Ó>S�Ý¼ê!�=£�Ý¼êØÓ�*Ñ�..

Ùg, du*ÑL§��êâ�±È��5±9�ÝØ�Oþ�Âñ�Ýú, Ùk���

5�ØÐ. d	, Pritsker [2]uyé²��' Vasicek�., u�kL©áý"b��ª³.

ØÓu Aı̈t-SahaliaÄu>��Ý�u�{, HongÚ Li [3]JÑ
Äu=£�Ý¼ê�

�ëêu��{, ¦�vk���O=£�Ý¼ê, 
´=z�2Âí�S�, ,�ÏL

u�2Âí�S�´ÄÑl U[0, 1]©Ù5u�b��ý�, �´ù��{¬L©�É�b

�. ¤±, �±� [4]éd�{?1
U?�`z, JÑ
2Âí�[Ü`Ýu�{. Ó�´

|^Ä:CþL§�=£�Ý�Eu�ÚOþ, �� HongÚ Li�g´ØÓ, Chen� [5]

JÑ
�«���éL§=£�Ý�u�. Ùu�ÚOþ��uØ=£�Ý�OþÚL§

éA�ëê=£�Ý�m�ål�IOz. ØL, ¦��ó�=Ê33���ã. Ï�õ

�=£�ÝØäk���)Û/ª. þãJ��ó�Ì�´3�é���/e�ó�, é

uõ��.e�u�¯K, du�ê/J, ±9õ��/e�
ëêJ±�O½öCq, �

8c��, éuõ�*Ñ�.��½u�¯K¿vk�o��â». HongÚ Li3Ó��

©z¥r�é��¯K��{ÿÐ�
õ��/e, �´�J¿Øn�. Song [6],8¿»,

ØÓu± ��{, ¦JÑ�Äu��{�u��{, ÏL�C�òõ�u�¯K©)�

õ���u�.

�©¥Äu^��©Ù��ÏL=£VÇ�Ý¼ê5�Eu�ÚOþ. CTE (Con-

ditional-Tail-Expectation) ´��'�#�óä, ��´A^3ºxÝþ¯K¥�. Di

BernardinoÚ Prieur [7] ÄgJÑ
õ�^��Ï" CTE�Vg. CTEk±eA�`³,

Äk, CTE��Ò´�éõ�¯K, ¤±ØI��Ä���õ��ÿÐ¯K, éõ�{l

���/ÿÐ�õ��/�  ¢yØ
, ½ö�J¬C�vk@owÍ, þãJ���

{Ò��
ù��¯K. Ùg, CTE�¦A^�é�´�K, �ýéëY�ÿ�. 
*ÑL

§¥�=£�Ý�Ð�{/ÎÜ
ù��¦. ��, CTE���¹
��©Cþ�&E,

'å Song��{u�L§��
���{z. �©�(�Xe. 1 2Ü©0��½u��

L§. 1 3Ü©´�
b�Ú(J. 1 4Ü©?1
ê�¢�5u�T�{�õ�. 1 5Ü

©�Ño(.

§2. u�L§

2.1 ¯K�JÑÚ=£�Ý��O

XJ�ÅCþ Xt÷ve��ª

dXt = µ(Xt)dt+ σ(Xt)dBt, (1)
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K Xt ´��*ÑL§, ù��§�¡��Å�©�§, Ù¥ µ(·)Ú σ(·)©O´¤£�Ú
*Ñ�, XtÚ µ(Xt)´m× 1��þ, σ(Xt)´m×m�Ý
, Bt�´m× 1��þ.

�½��ëê�.Xe

dXt = µ(Xt; θ)dt+ σ(Xt; θ)dBt, (2)

Ù¥, θ´����ëê, áuëê�m Θ ⊂ Rd.
�
u��. (2)�½´Ä�(, I�u��b�Ú�Jb��

H0 : P[µ(Xt, t, θ) = µ0(Xt, t)σ(Xt, t, θ) = σ0(Xt, t)] = 1, éu,� θ0 ∈ Θ.

H1 : P[µ(Xt, t, θ) = µ0(Xt, t)σ(Xt, t, θ) = σ0(Xt, t)] < 1, éu¤k� θ0 ∈ Θ.

�,´ëY�m�., �´¢Sþ·��*	� {Xt}´lÑ�, �*ÿm�� ∆, ò

�m T y©� n ≡ T/∆, P Xi = Xi∆, Ù¥, i = 0, 1, 2, . . . , n. du Xt �=£�Ý�±

�NÑT�ÅL§��ÜÄ�, Ïd�±ÏL'��. (1)��. (2)¥ Xt �=£�Ý

p0(y |x)� pθ(y |x) (�Xs = x, Xt = y, s < t)5�äü��.´Ä�Ó. ��b�Ú�J

b��±=��

H0 : p(y |x, θ0) = p0(y |x), éu,� θ0 ∈ ΘA�??¤á.

HA : p(y |x, θ) 6= p0(y |x), éu¤k� θ ∈ Θ,�3,� i = 0, 1, 2, . . . , n.

�{zÖ�, Xt�z�©þP�Xj,t, Ù¥ j = 1, 2, . . . ,m. z�©þXj,t�=£�Ý

P� pj = (pj,1, pj,2, . . . , pj,n), Ù¥, pj,i = pj(Xi+1 = y |Xi = x), i = 0, 1, . . . , n.

Fan� [8] �Ñ
��*ÑL§�=£�Ý��ëê�O, � K(·)´��é¡�VÇ
�Ý¼ê, h´��²w�°, XJk n → ∞, h → 0, nh → ∞, Kh(·) = h−1K(·/h), K

pj,i�Ø�O�Xe

p̂j,i = n−1
n∑
t=1

Kh(x−Xj,i)Kh(y −Xj,i+1)/π̂(x), (3)

Ù¥, π̂j(x) = (n+ 1)−1
n+1∑
t=1

Kh(x−Xj,i)´d Ait-SahaliaJÑ�²­rÝ�Ø�O�. d

d�±��m� p̂j �S� (p̂j,1, p̂j,2, . . . , p̂j,n).

T�Oþ� �Ú��Xe,

E{p̂j,i − pj,i} =
1

2
σ2
kh

2
(∂2pj,i(y |x)

∂x2
+
∂2pj,i(y |x)

∂y2
+ 2

π′j(x)

πj(x)

∂pj,i(y |x)

∂x

)
+ o(h2),

Var {p̂j,i} =
R2(K)pj,i(y |x)

nh2πj(x)
(1 + o(1)).
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�
�Øª (3)� �, ·�¦^©z [5]�Ñ�ügØ²wé pθ(y |x)?1?�,

p̃
θ̃j,i

=

n+1∑
t=1

Kn(x−Xi)
n+1∑
s=1

ws(y)p
θ̃
(Xs |Xt)

n+1∑
t=1

Kn(x−Xt)

,

Ù¥,

wt(x) = Kn(x−Xt)
s2h(x)− s1h(x)(x−Xt)

s2h(x)s0h(x)− s2
1h(x)

,

srh(x) =
n∑
s=1

Kn(x−Xs)Kn(x−Xs)
r.

Ó��±�Ñm� p̃
θ̃j
�S� (p̂

θ̂j,1
, p̂
θ̂j,2

, . . . , p̂
θ̂j,n

).

2.2 CTE9Ù�ëê�O

Di BernardinoÚ Prieur [7]JÑ
õ� CTE,

CTEt(Zi) = E[Zi |FZ(Z) > c] = E[Zi |Z ∈ L(c)], t ∈ (0, 1),

Ù¥, Z = (Z1, Z2, . . . , Zd)´�K�õ��Å�þ, Ù©Ù� FZ , K(t) = P[FZ > t]´�

'�õ� Kendall©Ù¼ê, d GenestÚ Rivest [9] ÄgJÑ. L(c) = {x : F (x) > c}´ F

� t-upperY²8, �õ� CTEXe

CTEc(Z) = E[Z |F (Z) > c] = E[Z | F̃ (U) > c] =


E[Z1 | F̃ (U) > c]

E[Z2 | F̃ (U) > c]
...

E[Zd | F̃ (U) > c]

 ,

Ù¥, U ≡ (F1(Z1), F2(Z2), . . . , Fd(Zd)), F̃ ´ F (Z)�ë�¼ê, Fj(Zj)´�éA�>�

©Ù. 'u F (Z)�O��±ë�©z [10].

Äu Kendall²�©Ù, �±�Ñ��õ� CTE��ëê�O

ĈTEc(Z) =



( 1

n

n∑
i=1

Z1i1{F̃n(Ui)>c}

)/
[1−Kn(c)]( 1

n

n∑
i=1

Z2i1{F̃n(Ui)>c}

)/
[1−Kn(c)]

...( 1

n

n∑
i=1

Zdi1{F̃n(Ui)>c}

)/
[1−Kn(c)]


,
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Ù¥, Kn ´d K �²� Kendall�Oþ. P CTEjt (Z) = E[Zj | F̃ (U) > c], ĈTE
j

t (Z) =(
n−1

n∑
i=1

Zji1{F̃n(Ui)>c}
)
/[1−Kn(c)], j = 1, 2, . . . , d. 5¿� F̃n(Ui) = n−1

n∑
j=1

1{Uj6Ui}, 3

�K^�e, Fn(Zi) = n−1
n∑
j=1

1{Zj6Zi} = F̃n(Ui), ù¿�X

ĈTE
j

t (Z) =

1

n

n∑
i=1

Zji1{F̃n(Ui)>c}

1−Kn(c)
=

1

n

n∑
i=1

Zji1{Fn(Zi)>t}

1−Kn(c)
, j = 1, 2, . . . , d.

�

αCTE
n (t) :=

(
αCTE
n,1 (t), αCTE

n,2 (t), . . . , αCTE
n,d (t)

)
, (4)

Ù¥,

αCTE
n,j (t) =

√
n
(
ĈTE

j

t (Z)− CTEjt (Z)
)
, j = 1, 2, . . . , d. (5)

dÚn 4��,

αCTE
n (t)→ N

(
0,Γ

CTEjt
j

)
.

2.3 Äu^��©Ù�u�ÚOþ

�
¦^ CTE5�Eu�ÚOþ, p̂Ú p̃
θ̃
�±w¤ (5)¥� Z, KS� (p̂j,1, p̂j,2, . . .,

p̂j,n)�±�� p̂j �*ÿ��. Ón, S� (p̂
θ̂j,1

, p̂
θ̂j,2

, . . . , p̂
θ̂j,n

)�� p̃
θ̃j
���. �\�

ª (4)�±�� ĈTEc(p̂)Ú ĈTEc(p̃θ̃).

=�±�Eu�ÚOþ

MCTE =
(
MCTE

1 ,MCTE
2 , . . . ,MCTE

m

)
,

Ù¥,

MCTE
j =

√
n
(
ĈTE

j

c(p̂j)− ĈTE
j

c(p̃θ̃j)
)
, j = 1, 2, . . . ,m.

ù�Ò���ª�u�ÚOþ MCTE, 3�(��.�½e, d½n 5��, MCTE

òfÂñ���þ��þ� 0�þ, ���Ý
� ΓCTE
M ���L§. d½n 6, XJ�

.�½�Ø, MCTE òØÂñ���þ��þ� 0�þ, ���Ý
� ΓCTE
M ���L§.

dd, �±�Ñ·��u�Ú½: 1)ÏL·���{�OÑ�.�ëê�Oþ θ̂. �©¥

æ^�´'�~^�4�q,�O. 2)©OO�Ñ p̂Ú p̃
θ̃
, ¿O�Ñ�A� ĈTE

j

c(p̂j)Ú

ĈTE
j

c(p̃θ̃j). 3)�Ñ·��u�ÚOþMCTE. �½�&Y²� α, u�MCTE´Ä´��

þ��þ� 0�þ, ���Ý
� ΓCTE
M ���L§. Ù¥, ΓCTE

M = Γ
CTEjt (p̂)
j + Γ

CTEjt (p̃θ̃)

j ,

Γ
CTEjt (p̂)
j ´ ĈTEc(p̂)����Ý
, Γ

CTEjt (p̃θ̃)

j ´ ĈTEc(p̃θ̃)����Ý
.
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§3. ­���½Ú(Ø

�©¥JÑ��{´Äu±e�cJ^�Úb�.

b� 1

(i) éu (1)Ú (2)ª¥�L§ {Xt}´ëYî²­�, z�©þL§Ñk���f)Ú

���=£VÇ¼ê p(y |x)¿�´ýéëY�.

(ii) Xt ���lÑ�� {Xτ∆}nτ=1´�±�*ÿ�, ∆´�½��mm�, {Xτ∆}´�

�α·ÜL§, �k·ÜXê α(·), �÷v
∞∑
τ=0

α(τ∆)(v−1)/v 6 C, é,�~ê v¤á.

b� 2

(i) Θ´��k���ëê�m, p(y |x, θ)3 θ ∈ Θ¥ng��.

(ii) 3 H0 ½ HA e, �3�� θ∗ Ú��uÑ�Ã¡���ëêS� {an}. é¤k�
ε > 0Ú,� C > 0, lim

n→∞
P(anθ̂ − θ∗ > C) < ε�

√
nha−1

n = o(
√
h ).

(iii) θ̂ ∈ Θ´��ëê�Oþ, ÷v
√
n (θ̂ − θ∗) = OP(1), Ù¥ θ∗ ≡ p lim θ̂´ Θ���

SÜ��, 3 H0e, θ∗ = θ0.

b� 3 K(·)´��| 3 [−1, 1]þ�k.é¡�VÇ�Ý, ����ê�k..

b� 1´�
(�u��{k��cJ, ¿�÷v CTE�¦^^�. Ó��y
�§

�)±9*ÑL§=£�Ý¼ê��35Ú��5. b� 2 (i) (iii)¥� θ∗3 H0e´ýë

ê θ0. � HA�ý�, θ∗�w¤´ëê�Oþ θ̂3�ëê�mþ�ýÿ. 3b� 2 (ii)e, θ̂

Âñ� θ∗��Ý'
√
nh¯.

Ún 4 �©z [7]¥�½n 3.2�ãÚy².

½n 5 3H0e, eb� 1 – 3Ñ÷v, M(CTE)òfÂñ���õ�IO��L§.

y²: dÚn 4, αCTE
n (p̂) =

√
n (ĈTEc(p̂)− CTEc(p̂))´��Âñ�þ�� 0, ��

�� Γ
CTEjt (p̂)
j ���L§, 
 αCTE

n (p̃
θ̃
) =
√
n (ĈTEc(p̃θ̃)−CTEc(p̃θ̃))´��Âñ�þ�

� 0, ���� Γ
CTEjt (p̃θ̃)

j ���L§. 3 H0 e, XJ�.�½�(, K p̂� p̃
θ̃
´Ó©Ù

�, =äk�Ó�ÚO5�, ��pÕá. d CTE�½Â� CTEc(p̂)� CTEc(p̃θ̃)��,

�MCTE
j � αCTE

n (p̂)− αCTE
n (p̃

θ̃
)Ó©Ù. ¤±, MCTE

j ´þ��þ� 0�þ, ���Ý


� Γ
CTEjt (p̂)
j + Γ

CTEjt (p̃θ̃)

j ���L§. �

½n 6 3HAe, eb� 1 – 3Ñ÷v, M(CTE)òØÂñ���õ�IO��L§.

y²: �HA¤á�, p� pθØ´Ó©Ù.¤± CTEc(p̂)� CTEc(p̃θ̃)ØÓ�, MCTE
j

� αCTE
n (p̂)−αCTE

n (p̃
θ̃
)Øäk�Ó�ÚO5�. =MCTE

j Ø´þ��þ� 0�þ, ���

Ý
� Γ
CTEjt (p̂)
j + Γ

CTEjt (p̃θ̃)

j ���L§. �MCTE
j òØÂñ���L§. �
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§4. ê�¢�

�
u��©��{´Äk�, �e5ò� HongÚ Li [3] ?1Ó���[¢�5�é

'. 3�©¤k��[¥, ·�À�K(u) = (15/16)(1− u2)2I(|u| 6 1)���O=£�Ý

��Ø�Oþ. �½ ∆ = 1/12, ©Ûé�Ä7|Çêâ��*ÿêâ. ·�À� n = 250,

500±9 1 000éA 20� 80c�êâ, �[ 500g.

4.1 Size�u�

3 sizeu�¥, æ^nÏf Vasicek�.:

d


X1t

X2t

X3t

 =


κ11 κ12 κ13

κ21 κ22 κ23

κ31 κ32 κ33



α1 −X1t

α2 −X2t

α3 −X3t

dt+


σ11 0 0

0 σ22 0

0 0 σ22

d


W1t

W2t

W3t

 , (6)

(κ11, κ21, κ22, κ31, κ32, κ33, σ11, σ22, σ33)=(0.50,−0.20,1.00, 0.10, 0.20, 2.00, 1.00, 1.00, 1.00),

(κ12, κ13, κ23, α1, α2, α3) = (0, 0, 0, 0, 0). ù
ëê�½´ë�©z [11], ²�áýÇ¦^�

ìC�.� 5%Ú 10%�Y²��æ^. ë� Chen� [5] ��{, ·�3ùp��½
�

°8, O�
ØÓ�°e��[ê�, L 1¥�(JÀ��´�[���`�°e�(J.

L 1 Qu�{Ú CTEu�{ ()Òp�ê�)� sizeé'(J

Ïf 1 Ïf 2 Ïf 3 éÜ

n = 250 4.5 (3.9) 2.8 (2.7) 2.9 (3.0) 2.4 (2.1)

5% n = 500 4.1 (3.8) 2.7 (2.8) 5.0 (4.2) 3.6 (3.2)

n = 1 000 4.6 (4.2) 5.3 (4.4) 4.8 (3.7) 3.7 (2.8)

n = 250 6.9 (5.3) 4.8 (4.4) 5.9 (6.0) 7.4 (5.1)

10% n = 500 6.0 (4.8) 4.5 (3.8) 7.9 (6.2) 8.2 (6.7)

n = 1 000 7.3 (6.2) 7.1 (5.4) 7.7 (7.3) 6.7 (5.8)

L 1�Ñ
 CTE�{� HongÚ Li [3] � Qu�{�é'(J, ØJwÑ, ·���

{'å Qu�{, éunÏf Vasicek�.�u�� sizek
�Ì�J,. Ó��±wÑ,

n = 250�, =���e�Ly��©ûÐ.

4.2 Power�u�

�
&? CTE�{éuõ�*Ñ�.u�� power, ·�ÏLn�5����*Ñ

�.�[Ñ�êâ5u��b�Têâ´Äd�. (6))¤.
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(i)

d


X1t

X2t

X3t

 =


κ11 0 0

κ21 κ22 κ23

κ31 κ32 κ33



α1 −X1t

−X2t

−X3t

dt

+


X

1/2
1t 0 0

0 (1 + β21X1t)
1/2 0

0 0 (1 + β31X1t)
1/2

d


W1t

W2t

W3t

 ,
(κ11, κ22, κ32, κ33, α1) = (0.50, 2.00,−0.10, 5.00, 2.00), (κ21, κ23, κ31, β21, β31) = (0, 0, 0, 0,

0).

(ii)

d


X1t

X2t

X3t

 =


κ11 κ12 0

κ21 κ22 0

κ31 κ32 κ33



α1 −X1t

α2 −X2t

−X3t

dt

+


X

1/2
1t 0 0

0 X
1/2
2t 0

0 0 (1 + β31X1t + β32X2t)
1/2

d


W1t

W2t

W3t

 ,
(κ11, κ22, κ33, α1, α2) = (0.50, 2.00, 5.00, 2.00, 1.00), (κ12, κ21, κ31, κ32, β31, β32) = (0, 0, 0,

0, 0, 0).

(iii)

d


X1t

X2t

X3t

 =


κ11 κ12 κ13

κ21 κ22 κ23

κ31 κ32 κ33



α1 −X1t

α2 −X2t

α3 −X3t

dt

+


X

1/2
1t 0 0

0 X
1/2
2t 0

0 0 X
1/2
3t

d


W1t

W2t

W3t

 ,
(κ11, κ22, κ33, α1, α2, α3) = (0.50, 2.00, 1.00, 2.00, 1.00, 1.00), (κ12, κ13, κ21, κ23, κ31, κ32) =

(0, 0, 0, 0, 0, 0).

L 2�Ñ
 CTE�{� Qu�{�é'(J, �±wÑ CTE�{, éuùn��.,

�±�äÑ=�ÏfE¤
�b��Ø, ¿l�NþéÐ/áý�b��Ø��¹, ¿Ø

¬du,
©þb��(
LÝ�É�Ø��b�. ÃØ´ CTE�{�´ Qu�{, �

X��êâ�õ= n��, u�� power�wÍ. éu����u�õ�k�Jp, cÙ´

n = 250�.
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L 2 Qu�{Ú CTEu�{ ()Òp�ê�)� poweré'(J

Ïf 1 Ïf 2 Ïf 3 éÜ

n = 250 37.2 (24.2) 6.3 (4.9) 7.7 (3.2) 17.2 (9.4)

Model 1 n = 500 63.5 (50.8) 6.7 (4.8) 7.5 (5.2) 27.2 (16.3)

n = 1 000 94.6 (97.4) 5.8 (5.4) 6.6 (4.7) 53.7 (48.3)

n = 250 38.4 (26.7) 26.3 (13.7) 6.7 (4.5) 32.2 (18.2)

Model 2 n = 500 74.2 (62.9) 48.1 (37.2) 7.2 (5.3) 65.7 (49.5)

n = 1 000 95.3 (98.3) 78.5 (72.4) 6.8 (5.9) 93.2 (91.1)

n = 250 37.5 (23.9) 25.8 (22.7) 51.9 (42.5) 77.1 (64.3)

Model 3 n = 500 69.4 (53.4) 48.7 (42.3) 81.3 (67.2) 97.6 (83.2)

n = 1 000 97.3 (94.2) 85.3 (77.0) 98.2 (93.5) 99.3 (97.4)

§5. ( Ø

8cõ�*ÑL§�=£�Ý�vw«/ª½öéÐ�Cq/ª, ¤±ÏL��'�

��.Úb��.�=£�Ý´é(J�. �©¥¦Ñ
z�©þ�=£�ÝS�, ¿¦

^ CTE�E
u�ÚOþ. ù´Ägò7Kºx+n¥�óäA^�
*Ñ�.�½u

�¥5. CTEäk`û�5�, Äk=£�ÝéÐ/÷v
 CTE�A^^�, A�Ø^\

�	��å^�, ÙgÏL CTE�E�u�ÚOþ�±�¹��©þ�&E, 
Ø´{ü

/éz�©þÕáu�½ö´�5U\. lê��[�(J, ØJwÑ'å HongÚ Li [3]

��{3u��õ�þ�´k¤?Ú�. �,, ù�Äu CTE��{�kU?�?, éu

����/e�u�� powerk�Jp. 
���êé��, ���Ý
�O�´�©�

¡�, ¡é�êâ�, O�²wO\. ¤±, 'uõ�*Ñ�.��½u�¯K�ké��

ïÄ�m.
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A Test for Diffusion Model Based on Multi-Dimensional

Tail Condition Expectations

WANG Jun CHEN Ping

(School of Science, Nanjing University of Science and Technology, Nanjing, 210094, China)

Abstract: In order to solve the problem of testing multidimensional diffusion models, we develop a

test statistic based on Multi-Dimensional Tail Condition Expectations (CTEs). Although it is almost

impossible to estimate the transition density matrix of a multidimensional diffusion model directly, the

transition density of each component can be estimated and each component can be combined by the CTE

to establish a true multidimensional statistics. Finally, the performance of the test is evaluated through

simulation.

Keywords: diffusion model; model test; multi-dimensional diffusion; tail condition expectation
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