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§1. Ú ó

��ÅCþÚ�ìC53ºxnØ¥äk��A^, CÏïÄ�ë�©z [1–3].

�©ò�Ä�a��ÅCþ�Å\�Ú�ìC5. 3®kïÄ, X©z [4–7]¥, þ�

¦OþS���S��pÕá�cJ^�. 3�©¥, ·�ò�Ä�S��OþS�

����/. Ï�, b� {Xi, i > 1}���ÕáÓ©Ù�¢��ÅCþ, Ù�Ó©Ù�

F ; {θi, i > 1}�,���K��ÅCþ, Ù©Ù©O� Gi, i > 1. �©�Ä�Å\�Ú
n∑
i=1

θiXi9Ù��� max
16j6n

j∑
i=1

θiXi, n > 1�ìC5.

��Ð/0��©�(J, ¿�®k(J?1'�, ·�ÄkÚ\�
7��Vg!

PÒÚ�½. 3�©¥, ÃAÏ�², ¤k4�'X� x → ∞. � a(x), b(x) �½Â3

(−∞,∞)þ��¼ê. e lim sup a(x)/b(x) 6 1,KP a(x) . b(x);e lim inf a(x)/b(x) > 1,

KP a(x) & b(x); e a(x) . b(x)� a(x) & b(x), KP a(x) ∼ b(x); e lim sup a(x)/b(x) <

∞, KP a(x) = O(b(x)); e a(x) = O(b(x)) � b(x) = O(a(x)), KP a(x) � b(x); e

lim a(x)/b(x) = 0, KP a(x) = o(b(x)).
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±e0��
~^��©Ùx. éu?¿©Ù F , P F = 1 − F �©Ù F ��©

Ù. ¡| 3 (−∞,∞)þ�©Ù F ´��C�©Ù, P� F ∈ D , eé?¿� y ∈ (0, 1),

F (xy) = O(F (x)); ¡| 3 (−∞,∞) þ�©Ù F ´��C�©Ù, P� F ∈ C , e

LF := lim
y↓1

lim inf F (xy)/F (x) = 1. N´y² C ⊂ D , ¿�ù«�¹'X´·��, ë�©

z [8]. 'u�©Ùx��[?Ø, �ë�©z [9]Ú©z [10]. P

J+
F = − lim

y→∞

lnF ∗(y)

ln y
,

Ù¥ F ∗(y) := lim inf F (xy)/F (x), y > 1. �â©z [10]�·K 2.2.1, e F ∈ D , Ké?¿

� β > J+
F , �3�~êM Ú N ¦�, é?¿ x > y > N ,

F (y)

F (x)
6M

(x
y

)β
. (1)

3é�Å\�Ú�ïÄ¥, ®k(J  Äu {Xi, 1 6 i 6 n}� {θi, 1 6 i 6 n}�p
Õá�b�^�, �©ò�Ä�ö����¹. b�éu?¿ 1 6 i 6 n, �3�ÿ¼ê

hij(·) : [0,∞) 7→ (0,∞), j = 1, 2, ¦�

P(Xi > x | θi = v) ∼ F (x)hi1(v), v > 0, (2)

P(Xi 6 −x | θi = v) ∼ F (−x)hi2(v), v > 0. (3)

T��(�d©z [11]Ú\. é?¿� 1 6 i 6 n, ��ÅCþ Xi Ú θi �pÕá½ vØ´

�ÅCþ θi ��U���, (2)Ú (3)ª�>�^�VÇAn)�Ã^�VÇ. ?�Ú/,

·��I�Xeb�^�.

b� 1 éu?¿� 1 6 i 6 n, �3�ÿ¼ê hi1(·) : [0,∞) 7→ (0,∞), ¦� (2)ªé

¤k v ∈ [0,∞)��¤á, ��3���ê νi1¦� sup
vi16v<∞

hi1(v) <∞.

b� 2 éu?¿� 1 6 i 6 n, �3�ÿ¼ê hi2(·) : [0,∞) 7→ (0,∞), ¦� (3)ªé

¤k v ∈ [0,∞)��¤á, ��3���ê νi2¦� sup
vi26v<∞

hi2(v) <∞.

�©�Ì�(JXe.

½n 3 � {Xi, 1 6 i 6 n}´��ÕáÓ©Ù��ÅCþ, ÷v F ∈ D 9

F (−x) = o(1)F (x), (4)

 {θi, 1 6 i 6 n}´,���K�3 0:�òz��ÅCþ. b�éu?¿� 1 6 i 6= j 6

n, Xi� θj �pÕá; éu?¿� 1 6 i 6 n, b� 1Úb� 2¤á. e�3~ê β > J+
F

¦�, éu?¿� 1 6 i 6 n, Eθβi <∞, K

LF
n∑
i=1

P(θiXi > x) . P
( n∑
i=1

θiXi > x
)
. L−1F

n∑
i=1

P(θiXi > x), (5)
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LF
n∑
i=1

P(θiXi > x) . P
(

max
16j6n

j∑
i=1

θiXi > x
)
. L−1F

n∑
i=1

P(θiXi > x). (6)

÷v½n 3^���ÅCþ {Xi, i > 1}Ú {θi, i > 1}´éõ�, ±e�Ñ��äN�

~f.

~ 4 �Oþ {Xi, i > 1}´��Õá¢��ëY.�ÅCþ, Ù�Ó©Ù F ÷v

(4); � {θi, i > 1}´,���K�3 0:�òz�ëY.�ÅCþ, Ù©Ù©O� Gi,

i > 1. b�éu?¿� i 6= j, Xi � θj ´�pÕá�; éu?¿� i > 1, ���ÅCþ

(Xi, θi)÷v�� Farlie-Gumbel-Morgenstern copula, =é,� γ ∈ [−1, 1],

Cγ(u, ω) = uω(1 + γ(1− u)(1− ω)), u, ω ∈ [0, 1].

d©z [12]�~ 3.1½©z [13]� (5.2)ª�, éz�� i > 1Ú γ ∈ (−1, 1),

P(Xi > x | θi = v) ∼ F (x)hi1(v)

é¤k� v ∈ [0,∞)��¤á, Ù¥ hi1(v) = 1 + γ(2Gi(v)− 1). Éþãy²�éu, �±

aq/y², é¤k i > 1Ú γ ∈ (−1, 1),

P(Xi 6 −x | θi = v) ∼ F (−x)hi2(v)

é¤k� v ∈ [0,∞)��¤á,Ù¥ hi2(v) = 1+γ(1−2Gi(v)). Ïd,�ÅCþ {Xi, i > 1}
Ú {θi, i > 1}÷vb� 1Úb� 2.

íØ 5 e F ∈ C , {Ó½n 3, K

P
(

max
16j6n

j∑
i=1

θiXi > x
)
∼ P

( n∑
i=1

θiXi > x
)
∼

n∑
i=1

P(θiXi > x).

·�ò31�Ü©�ÑT½n�y², 31nÜ©�Ñ§3»�VÇ¥�A^.

§2. ½n 3�y²

�
y²½n 3, ·�Äk�Ñ�
Ún.

Ún 6 b�é?¿� 1 6 i 6 n, ���Å�þ (Xi, θi)÷vb� 1, � Xi��Ó©

Ù F ∈ D . e {θi, 1 6 i 6 n}3 0?´�òz�, ��3~ê β > J+
F ¦� Eθβi <∞, K

P(θiXi > x) � F (x), 1 6 i 6 n. (7)
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y²: é?¿� 1 6 i 6 n, Ø�P θi �©Ù� Gi, θiXi �©Ù� Hi. du Gi,

1 6 i 6 n3 0?´�òz�, Ïd�3~ê v0 > 0¦� Gi(v0) > 0. d F ∈ D , b� 19

FatouÚn�

lim inf
H i(x)

F (x)
> lim inf

∫ ∞
v0

P(Xi > v−1x | θi = v)dGi(v)

F (x)

> lim inf
P(Xi > v−10 x)

F (x)

∫ ∞
v0

hi1(v)dGi(v)

> 0. (8)

±ey² F (x) = O(H i(x)), 1 6 i 6 n. d F ∈ D 9 Eθβi < ∞, β > J+
F � Gi(x) =

o(1)F (x), 1 6 i 6 n. d©z [14]�·K 3.1�, �3¼ê gi(·) : [0,∞) 7→ [0,∞), ¦�

gi(x) ↓ 0, xgi(x) ↑ ∞�Gi(xgi(x)) = o(1)F (x), 1 6 i 6 n. � vi1¦� sup
vi16v<∞

hi1(v) <∞,

1 6 i 6 n, ¿P v1 = max
16i6n

vi1. 5¿� v−1x → ∞é¤k v ∈ (0, xgi(x))��¤á. Ïd,

db� 1�

lim sup sup
0<v6xgi(x)

∣∣∣P(Xi > γv−1x | θi = v)

P(Xi > γv−1x)hi1(v)
− 1
∣∣∣ = 0, (9)

�éuþã β > J+
F 9?¿ 0 < γ <∞, �3M := M(β, γ)¦�

lim sup sup
v16v6xgi(x)

P(Xi > γv−1x)

F (γx)vβ
6M. (10)

-Ki1 = sup
v16v<∞

hi1(v), d (9)á�

H i(x) 6 P(θiXi > x, θi 6 v1) + P(θiXi > x, v1 < θi 6 xgi(x)) +Gi(xgi(x))

6 P(Xi > v−11 x) +

∫ xgi(x)

v1

P(Xi > v−1x | θi = v)dGi(v) +Gi(xgi(x))

6 P(Xi > v−11 x) + (1 + o(1))

∫ xgi(x)

v1

P(Xi > v−1x)hi1(v)dGi(v) +Gi(xgi(x))

= O(1)F (x) +Ki1(1 + o(1))F (x)

∫ xgi(x)

v1

P(Xi > v−1x)

F (x)
dGi(v) + o(1)F (x).

3 (10)¥� γ = 1, (Ü (1)9 Eθβi <∞�

H i(x) 6 O(1)F (x) +Ki1M(1 + o(1))F (x)

∫ xgi(x)

v1

vβdGi(v) + o(1)F (x)

= O(F (x)). (11)

d (8)Ú (11)ª, á� (7)ª. �
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Ún 7 � X1, X2 ´�pÕá��ÅCþ, Ù�Ó©Ù F ∈ D . �� θ1, θ2 ´�

K�ÅCþ. e 1 6 i 6= j 6 2, K Xi � θj �pÕá; e 1 6 i = j 6 2, K (Xi, θi)÷vb

� 1. e�3~ê β > J+
F ¦� Eθβi <∞, i = 1, 2¤á, K

P(θ1X1 > x, θ2X2 > x) = o(1)P(θiXi > x), i = 1, 2. (12)

y²: ò (12)ª��>���üÜ©

P(θ1X1 > x, θ2X2 > x) 6 P(θ1X1 > x, θ1X2 > x) + P(θ2X1 > x, θ2X2 > x)

= I1(x) + I2(x). (13)

Ø�P θi �©Ù� Gi, i = 1, 2, �¼ê gi(x), vi1, Ki1, 1 6 i 6 n9 v1 XÚn 6�y²¤

ã, K (9)Ú (10)ª¤á.

éu I1(x), ·�k

I1(x) 6 P(θ1X1 > x, θ1X2 > x, θ1 6 v1)

+ P(θ1X1 > x, θ1X2 > x, v1 < θ1 6 xg1(x)) +G1(xg1(x))

= I11(x) + I12(x) + I13(x). (14)

d X2� X1, θ1�pÕá, F ∈ D 9 (9)ª�,

I11(x) =

∫ v1

0
P(X2 > v−1x)P(X1 > v−1x | θ1 = v)dG1(v)

6 F (v−11 x)

∫ v1

0
P(X1 > v−1x | θ1 = v)dG1(v)

6 (1 + o(1))(F (v−11 x))2
∫ v1

0
hi1(v)dG1(v)

= o(1)F (x). (15)

du Eθβi <∞, �â (9)9 (10)ª,

I12(x) 6
∫ xg1(x)

v1

P(X1 > v−1x,X2 > v−1x | θ1 = v)dG1(v)

6 (1 + o(1))

∫ xg1(x)

v1

P(X2 > v−1x)P(X1 > v−1x)h11(v)dG1(v)

6 K11(1 + o(1))F (x)F (v−11 x)

∫ xg1(x)

v1

P(X1 > v−1x)

F (x)
dG1(v)

6 K11M(1 + o(1))F (x)F (v−11 x)

∫ xg1(x)

v1

vβdG1(v)

= o(1)F (x). (16)
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du I13(x) = o(F (x))´w,�, �â (14) – (16)ª9Ún 6, á�

I1(x) = o(1)F (x) = o(1)P(θiXi > x), i = 1, 2. (17)

ÏLaq�?Ø, ��

I2(x) = o(1)P(θiXi > x), i = 1, 2. (18)

ò (17)Ú (18)ª�\ (13)ª, á� (12)ª. �

Ún 8 3½n 3�^�e, e�ÅCþ {Xi, i > 1}´�K�, K

n∑
i=1

P(θiXi > x) . P
( n∑
i=1

θiXi > x
)
. L−1F

n∑
i=1

P(θiXi > x).

y²: dÚn 7´�

P
( n∑
i=1

θiXi > x
)
> P

( n⋃
i=1
{θiXi > x}

)
>

n∑
i=1

P(θiXi > x)−
∑

16i 6=j6n
P(θiXi > x, θjXj > x)

∼
n∑
i=1

P(θiXi > x). (19)

?� 0 < λ < 1/2, ´�

P
( n∑
i=1

θiXi > x
)
6 P

( n⋃
i=1
{θiXi > (1− λ)x}

)
+ P

( n∑
i=1

θiXi > x,
n⋂
j=1
{θjXj 6 (1− λ)x}

)
= I3(x) + I4(x). (20)

�¼ê gi(x)9 vi1, 1 6 i 6 nXÚn 6�y²¤ã, K (9)Ú (10)ª¤á. ?, d

F∗(y), y > 1�½Â, ·�k

lim sup sup
0<v6xgi(x)

P(Xi > (1− λ)v−1x)

P(Xi > v−1x)
6 (F ∗((1− λ)−1))−1. (21)

�â (9)ª, ·�k

I3(x) 6
n∑
i=1

P(θiXi > (1− λ)x)

6
n∑
i=1

∫ xgi(x)

0
P(Xi > (1− λ)v−1x | θi = v)dGi(v) +

n∑
i=1

Gi(xgi(x))

6 (1 + o(1))
n∑
i=1

∫ xgi(x)

0
P(Xi > (1− λ)v−1x)hi1(v)dGi(v) + o(1)F (x). (22)
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�â (9)!(21)� (22)ª, á�

I3(x) 6 (1 + o(1))(F ∗((1− λ)−1))−1
n∑
i=1

∫ xgi(x)

0
P(Xi > v−1x)hi1(v)dGi(v) + o(1)F (x)

6 (1 + o(1))(F ∗((1− λ)−1))−1
n∑
i=1

∫ xgi(x)

0
P(Xi > v−1x | θi = v)dGi(v) + o(1)F (x)

6 (1 + o(1))(F ∗((1− λ)−1))−1
n∑
i=1

P(θiXi > x) + o(1)F (x). (23)

Ïd, dÚn 6!(23)ªÚ 0 < λ < 1/2�?¿5�

I3(x) . L−1F
n∑
i=1

P(θiXi > x). (24)

±ey² I4(x)´
n∑
i=1

P(θiXi > x)�p�Ã¡�þ. dÚn 6ÚÚn 7�

I4(x) 6
n∑
k=1

P
(
n−1x < θkXk < (1− λ)x,

n∑
j 6=k

θjXj > λx
)

6
n∑
k=1

n∑
j 6=k

P(θkXk > n−1λx, θjXj > n−1λx)

= o(1)
n∑
k=1

P(θkXk > n−1λx)

= o(1)
n∑
k=1

P(θkXk > x), (25)

Ù¥, ���Ú^�
 F ∈ D ù�^�. ò (24)9 (25)ª�\ (20)ª�

P
( n∑
i=1

θiXi > x
)
.

n∑
i=1

P(θiXi > x), (26)

(Ü (19)9 (26)ªá�(Ø. �

Ún 9 b�é?¿� 1 6 i 6 n, ���ÅCþ (Xi, θi)÷vb� 2, �ÅCþ Xi�

�Ó©Ù F ∈ D �÷v (4)ª. e {θi, 1 6 i 6 n}3 0?´�òz�, ��3~ê β > J+
F

¦� Eθβi <∞, Ké?¿�½� 0 < κ <∞,

P(θiXi 6 −κx) = o(1)P(θiXi > x), 1 6 i 6 n.

y²: aqu�c�y², �¼ê gi(x), 1 6 i 6 nXÚn 6�y²¤ã, K (9)Ú

(10)ª¤á. ?�Ú/, � vi2 ¦� sup
vi26v<∞

hi2(v) < ∞, 1 6 i 6 n. du v−1x → ∞é

v ∈ (0, xg(x))��¤á, �âb� 2, ·�k

lim sup sup
0<v6xgi(x)

∣∣∣P(Xi 6 −γv−1x | θi = v)

P(Xi 6 −γv−1x)hi2(v)
− 1
∣∣∣ = 0. (27)
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- v2 = max
16i6n

vi2, v3 = max{v1, v2}9Ki2 = sup
v36v<∞

hi2(v), Ké?¿ 1 6 i 6 n, �â (27)

ª, ·�k

P(θiXi 6 −κx)

6 P(θiXi 6 −κx, θi 6 v3) + P(θiXi 6 −κx, v3 < θi 6 xg(x)) +Gi(xgi(x))

6 P(Xi 6 −v3−1κx) +

∫ xgi(x)

v3

P(Xi 6 −κv−1x | θi = v)dGi(v) +Gi(xgi(x))

6 o(1)F (v−13 κx) + (1 + o(1))

∫ xgi(x)

v3

P(Xi 6 −κv−1x)hi2(v)dGi(v) + o(1)F (x)

6 Ki2(1 + o(1))

∫ xgi(x)

v3

F (−κv−1x)dGi(v) + o(1)F (x). (28)

du F ∈ D , �âÚn 6!(4)9 (10)ª, ´�∫ xgi(x)

v3

F (−κv−1x)dGi(v) = o(1)

∫ xgi(x)

v3

P(Xi > κv−1x)dGi(v)

= o(1)MF (κx)

∫ xgi(x)

v3

vβdGi(v)

= o(1)F (x)

= o(1)P(θiXi > x),

(Ü (28)ªá�(Ø. �

½n 3 �y²: ·�òUì©z [5]¥½n 2.1 (a)�y²g´5y² (5)Ú (6)ª

¤á. d�ÅCþ {θi, i > 1}��K5ÚÚn 8�,

P
( n∑
i=1

θiXi > x
)
6 P

(
max
16j6n

j∑
i=1

θiXi > x
)
6 P

( n∑
i=1

θiX
+
i > x

)
. L−1F

n∑
i=1

P(θiXi > x).

Ïd, ·��I�y²

P
( n∑
i=1

θiXi > x
)
& LF

n∑
i=1

P(θiXi > x). (29)

¯¢þ, � n = 1�, (29)ªw,¤á. Ïd·�Ø�b� n > 2. é?¿� λ > 1, -

ω = (λ− 1)/(n− 1), dÚn 7ÚÚn 9�,

P
( n∑
i=1

θiXi > x
)

> P
( n∑
i=1

θiXi > x, max
16j6n

θjXj > λx
)

>
n∑
j=1

P
( n∑
i=1

θiXi > x, θjXj > λx
)
−

∑
16k 6=l6n

P
( n∑
i=1

θiXi > x, θkXk > λx, θlXl > λx
)
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>
n∑
j=1

P(θjXj > λx)−
n∑
j=1

n∑
m=1,m 6=j

P(θmXm 6 −ωx)−
∑

16k 6=l6n
P(θkXk > λx, θlXl > λx)

∼
n∑
i=1

P(θiXi > λx). (30)

aqu (24)ª�y², db� 1, F ∈ D , (30)ªÚ λ�?¿5á� (29)ª. �

§3. 3»�VÇ¥�A^

3�!¥, ·�ò�Ñ½n 33�alÑ�mºx�.¥�A^. ��ÅCþ {Xi,

i > 1}L«3�� i��Àº��, §�uon��~�oÂ\, ��ÅCþ {Yi, i > 1}L
«l�m i��m i− 1��ò�Ïf. P θn =

n∏
i=1

Yi, n > 1, @o θn, n > 1L«l�m n

��m 0��ò�Ïf. Ïd, �xúi3�� n��ò�À]��±L«�XelÑ�

m��ÅL§�.

S0 = x, Sn = x−
n∑
i=1

θiXi, n > 1,

Ù¥ x´�xúi�Ð©]�. Kdºx�.�k��»�VÇ½Â�

Ψ(x, n) = P
(

max
16j6n

j∑
i=1

θiXi > x
∣∣S0 = x

)
.

éuT�.ek��»�VÇ�ïÄ, �±ë�©z [5, 15–19]. Ù¥Tang [15]é Xn,

n > 1Ú θn, n > 1©OÕáÓ©Ù, �ü��ÅCþS��m��pÕá��/?1


ïÄ, GaoÚWang [5]K�Ä
 Xn, n > 1Ú θn, n > 1��ùü��ÅCþS��

m�pÕá��/; 3 (Xn, θn), n > 1ÕáÓ©Ù�^�e, Chen [16]ÚChen� [17]©O

éØÓëê��e, (Xn, Yn), n > 1Ñl�� Farlie-Gumbel-Morgenstern (FGM)©Ù�

�/?1
ïÄ; YangÚWang [18]�Ä
 (Xn, Yn), n > 1Ñl Sarmanov��/. C5,

MaulikÚPodder [19]éYangÚWang [18]�(Ø?1
í2, �f
�
Eâ^����.

·�5¿�, 3þã(Ø¥, þI� Xn � Yn, n > 1�pÕá�cJ^�, �©ò3

Xn, n > 1Õá�^�e, ��ù���. äN(ØXe.

½n 10 e�ÅCþ {Xi, i > 1}Ú {θi, i > 1}÷v½n 3�^�, Kk��»�V

Ç

LF
n∑
i=1

P(θiXi > x) . Ψ(x, n) . L−1F
n∑
i=1

P(θiXi > x). (31)

AO/, e�ÅCþ {Xi, i > 1}��Ó©Ù F ∈ C , K

Ψ(x, n) ∼ P
( n∑
i=1

θiXi > x
)
∼

n∑
i=1

P(θiXi > x). (32)

y²: d½n 3á� (31)ª¤á. díØ 5á� (32)ª¤á. �
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Asymptotics for a Type of Randomly Weighted Sums

and Its Application

LIU XiJun

(School of Aeronautical Maintenance NCO, Air Force Engineering University, Xinyang, 464000, China)

YU ChangJun

(School of Science, Nantong University, Nantong, 226019, China)

Abstract: This paper considers the asymptotics of randomly weighted sums and their maxima, where

the increments {Xi, i > 1} is a sequence of independent, identically distributed and real-valued random

variables and the weights {θi, i > 1} form another sequence of non-negative and independent random

variables, and the two sequences of random variables follow some dependence structures. When the

common distribution F of the increments belongs to dominant variation class, we obtain some weakly

asymptotic estimations for the tail probability of randomly weighted sums and their maxima. In particular,

when the F belongs to consistent variation class, some asymptotic formulas is presented. Finally, these

results are applied to the asymptotic estimation for the ruin probability.

Keywords: dependence structure; randomly weighted sums; asymptotics; ruin probability
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