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Abstract: In this paper we consider a class of fractional stochastic partial differential equation
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§1. Introduction and Main Result

Consider the following semilinear stochastic partial differential equations (abbr.

SPDEs)

%u(t, x) = D(x, D)u(t,z) + ﬁ(15, x,u(t,z)) + WH(t,:U);

Ox (1)
u(0,x) = up(z), reR

on the given domain [0,7] x R with the initial condition ug(z) € LP(R), p > 2, where
D (z, D) denotes the Markovian generator of stable-like Feller process with variable order
a(z). The coefficient f : [0,7] x R x R — R is measurable and W (¢, z) is the fractional-
colored noise. There have been a considerable body of literatures devoted to the study of

stochastic partial differential equations (SPDEs), see [1-11] and etc.
In this paper, we are interested in equation (1) mainly because it involves a pseudo-

differential operator ©(zx, D) and an fractional-colored noise W (t,z). These kinds of
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equations have been used to model a variety of anomalous diffusion in continuum me-
chanics, particularly in connection with the investigation in turbulence. On one hand,
the operator D (z, D) contains the fractional Laplacian operator (—A)®/? = (=9?/dx?)*/?
with a constant a € (0, 2] as its special cases. The study of stable-like Markov generators
D (z, D) with variable order can be traced back to the seminal paper [12]. Further works
on the transition densities associated with stable-like processes can be found in [13-16] and
references therein. Thus it is natural to combine the SPDEs with the pseudo-differential
D(x, D). For example, Wu and Xie 1] gtudied a stochastic Burgers-type nonlinear equa-
tion with a pure jump Lévy time-space white noise in R? which contained a d-dimensional
pseudo-differential operator with a variable order a(z) : R — (0,2). On the other hand,
due to the various applications of the fractional Brownian motion, there are many works
concerning SPDEs with fractional noise, see [1] and [2] where they studied the stochastic
heat equation and stochastic wave equation with fractional noise respectively. Hu et al. 3]
studied the parabolic Anderson model with fractional white noise by using Feynman-Kac

4]

formula and Mallaivin calculus. Liu and Yan [ studied the existence and Holder regularity

of the mild solution of equation (1).

Once the existence and sample properties for the solution of SPDEs are proved, one
usually would like to study the properties of the density for the solution. Especially, people
would like to study the existence, smoothness (in the sense of Malliavin calculus) of density,
Gaussian density estimates and etc. One can see [6] and [9] for the study of smoothness
of the law for a stochastic wave equation in dimension 2 and 3, respectively. Nualart
and Quer-Sardanyons!” studied the smoothness of the density for spatially homogeneous
SPDEs and [8] for the Gaussian density estimates for solutions to quasi-linear SPDEs.

Inspired by the above results, we would like to use the tools of Malliavin calculus to
prove the smoothness of the density for the solution to equation (1) in this paper. That
is, for any fixed (¢,z) € [0, 7] x R, the law of the random variable u (¢, z) has an infinitely
differentiable density with respect to the Lebesgue measure on R. It was already proved
by Liu and Yan ¥ that the law of u(t, z) is absolutely continuous with respect to Lebesgue
measure, i.e. the law of u(t, z) admits a density for any fixed (¢, z) € [0, 7] xR. In addition,
they also established lower and upper Gaussian bounds for the probability density of the
mild solution.

According to [11], let us firstly make the following assumptions on some parameters
which appeared in the subsequent discussions concerning some estimates with the Green

function G introduced in Section 2:
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Assumption 1  We follow the assumptions on the parameters a, ay, oV, 3, v ap-
pearing in Lemma 2.2 amd Lemma 2.3 in [11]
1
aclog,a’le(1,2), e (0],  ye©1-pa+1),
1+«
where

ar, = inf o(z), ¥ =supa(z),

z€R z€R
and «(z) is a continuous function which will be introduced in Section 2.
In this paper we shall prove the following result about the smoothness of the density

of the solution to equation (1).

Theorem 2 Under Assumption 1 and assume that the coefficient f is a C**° function
with bounded derivatives of any order greater than or equal to one with respect to the third
variable (i.e. f(s,y, ) € Cp;°([0,T] x R x R)). Then, for Hi, Hy > 1/2 and for any fixed
(t,z) € [0,T] x R, the law of u(t, ) to equation (1) admits a smooth density.

Remark 3 In [4], the authors also studied equation (1) and proved the existence and
Holder regularity of the solution. Moreover they proved the lower and upper Gaussian-type
bounds for the density by using the techniques of Malliavin calculus. In this note, we continue
studying the smoothness of the density of the solution to equation (1) which complements

the results obtained about the density in [4].

The rest of this paper is organized as follows. In the next Section 2, we recall some
known results on the operator D (x, D) and present some preliminaries on Malliavin calcu-
lus for fractional noise. Section 3 is devoted to proving the smoothness of the density for
solution to equation (1). We will firstly recall the main tools of the Malliavin calculus for
iterated Malliavin derivative needed along the paper. Then we give the proof of Theorem

2 step by step.

§2. Preliminaries

We should firstly recall some known facts about the operator ®(x, D) (see [13] or [11]
for more details). Let a(-) : R — (0,2) be a continuous function and Sy = {—1,1} and
B = P(Sy) = {6, {—1},{1},5}. Given any finite symmetric Borelian measure zi (the
so-callled spectral measure) on %(Sp) depending smoothly on = € R, we define s := z/|z|
for z € R\{0}. Then, ®(x, D) can be written as

oo 2 (x z
@D = [ [ [era o) - L] S A, @)

1+ |Z|2 ’z|1+a($)
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which is in the form of the Markovian generator of a stable-like Feller processes considered
in [13], where @ is a Schwartz test function in .’(R). In this paper, we are only in interested
in dealing with the operator of a symmetric stable-like jump-diffusion process. We will
assume that g is symmetric, that is i(z, A) = p(z, —A) for any Borelian measurable subset
A € B(Sp). In particular, if further 7 is rotation invariant, then D (z, D) = —(—A)*®)/2,

Let G(t;x,y) be the fundamental solution of the following parabolic equation

O Gltir.) = D2 D)G(E2), (1) € (0, +00) X R
. ®)
}{%G(t;fc,y) = 02(y), z €R.

According to Theorem 5.1 in [13], G(t;z,y) does exist under Assumption 1 and it is the
transition probability density for a stable-like jump diffusion.

In this paper, we will use some useful estimates for Green function G, (t,z) which is
written for G(¢; x,y) with a(x) = a proved in Lemma 2.2 and Lemma 2.3 in [11] (see also
[13], [16] and etc). Here we omit the details.

Suppose that WH = {WH (¢, z),t € [0,T],z € R} is a zero mean fractional Brownian

sheet with the covariance function
EWH(t,2)WH(s,y)] = RE (¢, s)RH2(2,y),  1/2 < Hy,Hy < 1,

where we denote by R"(s,t), the covariance function of fractional Brownian motion with
Hurst parameter h, that is,
1
h 2h 2h 2h,
R (¢, s) = S (117" + [s]7 = [t = s[7).
We will denote by .7 the canonical Hilbert space associated with the fractional Brow-
nian sheet which is defined as the closure of indicator functions & = {19 (0,2, € [0, T,

z € R} with respect to the inner product

(Lo (0,07 Ljo,5]x[0.y) ¢ = R (¢, )R (x, ).

Thus the mapping 1 y)x0,4] + WH(t,z) is an isometry between & and the linear space
span of {WH(t,z),(t,z) € [0,T] x R}. Moreover, the mapping can be extended to an
isometry from % to a Gaussian space associated with W#. This isometry will be denoted
by ¢ +— WH () for any ¢ € 2. Therefore, we can regard W () as the stochastic integral

with respect to WH. In general, we use the notation

T
H = S H S .
W (tp)—/O /Rw( S YWH(ds, dy), e eH
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Using the notation of stochastic integral with respect to W, one can introduce the
following definition (i.e. [10]):

Definition 4 A real-valued stochastic process u = {u(t,z) : (t,z) € [0,7] x R} is a
mild solution of equation (1) if for any (¢,z) € [0,T] x R,

ult, x) = /R G(t: 2, y)uo(y)dy + /0 /R gju—s;x,y>f<s,y,u<s,y>>dyds

_1_/0 /RG(t—s;x,y)WH(ds,dy). (4)

Now we recall the existence and uniqueness result of the solution to equation (1)

which has already been proved by Liu and Yan 4.

Proposition 5 Suppose Assumption 1 is satisfied and f is Lipschitz continuous and
satisfies the linear growth condition. Then there exists a unique mild solution u(t,z) with
(t,z) € [0,T] x R, to equation (1) such that for all 7" > 0 and for some p > 2

sup  EJu(t, 2)|P < 0.
(t,x)€[0,T]xR

83. Proof of Theorem 2

The aim in this section is to prove Theorem 2. Firstly let us recall a useful result

(see, for example, [17]):
Proposition 6 Let F = (F'!, F?,... F™) be a random vector satisfying the following
conditions:

(i) F' belongs to D*® = (| (| D*? for every i = 1,2,...,m.
p=1k>1

(i) The Malliavin matrix yr = ((DF?, DF7) 4 )1<; j<m satisfies (detyr)~t € N LP(Q).
p>1

Then the random vector F' = (F!, F?, ... F™) has an infinitely differentiable density.

According to the above proposition, the proof of Theorem 2 will be achieved by

showing that u(t, z) belongs to the space D® = () () D*? and the inverse of the Malliavin
p=1k21
matrix of u(t,z) has moments of all order. The following proposition came from in [4].

Proposition 7 Under the assumptions of Theorem 2, if we further assume that
f € CH[0,T] x R x R), then, at any fixed point (t,z) € [0,7] x R, the random variable
u(t,z) € DY? and the Malliavin derivative Du(t, z) satisfies

t
Dyult,z) = / /R Zf(t—s;x,y>f’<s,y,u<s,y>>Dv,zu<s,y>dyds+G<t—v;x,z>, (5)
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for all v < t and z € R. Moreover, for any fixed (t,z) € [0,T] x R, the law of the solution

u(t, x) is absolutely continuous with respect to the Lebesgue measure.

Before giving the proof of Theorem 2, we firstly need to extend Proposition 7 to any
differentiability order. It is clear that a strengthening of the regularity of the coefficient
f is needed. Recall that for any differentiable (in the Malliavin sense) random variable X
and any N > 1, the iterated Malliavin derivative DY X defines an element of the Hilbert
space L2(Q; #®N). We shall use the notation

Dig

<P1,<P2,...,<PN)X = <DNX7 P1® P2 @ ® PN) N,

for any ¢; € #,i=1,2,...,N. Thus, we have that

2
IDYX|%en = X |DE X% (6)

. . . (€j176129-~~7€jN)
J15J25--2JN

where {e;};>0 is a complete orthonormal system of .

We denote by 2VP the Sobolev-Watanabe space of random variable X such that

N . » 1/p
X0y = [EIXP) + 3 EIDIXPpe,)]
]:

Let N € N, fix aset Ay = {¢; € 7,1 =1,2,...,N} and ¢ = (¢1,92,...,9N),
©i = (1, i1, Pit1s---,9N). Denote by &, the set of partitions of Ay consisting of
m disjoint subsets p1,p2,...,Pm, m =1,2,..., N, and by |p;| the cardinal of p;. Let X be
a random variable belonging to DV2, N > 1, and ¢ be a real ¥”V-function with bounded

derivatives up to order N. Leibniz’s rule for Malliavin’s derivatives yields

N m
DY(g(X) = 3 3 emg™ () ] DIIX, @)
m=1 P, i=1
with positive coefficients ¢,,, m = 2,3,...,N and ¢; = 1. Let

N . DN N

Note that Ag (9,X)=0if N =1 and it only depends on the Malliavin derivatives up to
the order N — 1 if N > 1. Now we can show that the solution to equation (1) is infinitely
differentiable in the Malliavin sense and also obtain the equation satisfied by the iterated

Malliavin derivative.

Theorem 8 Assume the coefficient f is a C* function with bounded derivatives

of any order greater than or equal to one. Then, for every (t,z) € [0,7] x R, the random
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variable u(t, x) belongs to the space D>°. Moreover, for any p > 1 and N > 1, the N-iterated

Malliavin derivative D™V u(t, x) satisfies

N _ ! % e N
DVultia) = [ s [ GE = sa) AV (o)

t
+ /0 s /R f;(;(t—s;m,wau(s,y)f'<s,y,u<s,y>>dy, (®)

and

sup E ||DNu(t’$)||P . < too.
(t,x)€[0,T]xR [ LP(Q7%®N)]

We will prove this theorem by applying the next lemma, which follows from the fact
that DV is a closed operator defined on LP(f2) with values in LP(Q; 7#%N).
Lemma9 Let {F},},>1 be a sequence of random variables belonging to DV:?. Assume
that:
(i) there exists a random variable F' such that F,, converges to F' in LP(2) as n tends to
0,
(ii) the sequence { DN F, },,>1 converges in LP(2; 7#%N).
Then F € DVP and DVF = lim DNFE, in LP(Q; 9N).
Following the similar arguments in the proof of Theorem 1 in [4], we also consider the

sequence of processes {u(™(t,z) : (t,z) € [0,T] x R} solving the equation (1)
u(t.) = [ Gt g)unly)dys
R

t
“(n)(t’ﬁ):“@(t’xH/ / %;(t—s;x,y)f(s,y,um”(s,y))dyds (9)
0 R

t
+/ /G(t—s;x,y)WH(dy,ds).
0 JR

A standard argument (see, for instance, [6]) yields that u(™ (¢, z) € D>, for all n. > 1.

Moreover, the derivative DNu(" (¢, z) satisfies the following integral equation

t
DYu™ (1, 2) = / ds / ay2% (1~ s, ) AV (£, 0D (5, 1))
0 R 33/

t
+[as ay 2% (1~ s, ) DY UV (5,9 f' (5,5, u" D (s,)),  (10)
0 R 0y
where 0 = (1, 92,...,¢n) and ¢; € # withi=1,2,...,N.

Lemma 10 Under the same hypothesis in Theorem 2, for p > 1 and every N > 1,
we have

sup  sup  E[|DNul™(t,2)|" on] < +oc. (11)
nz1 (t,2)€[0,T]xR
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Proof We will use an induction argument with respect to NV with p > 2. For N =1,

(11) has been proved in [4]. Next let us assume that

sup sup E [||Dku(”) (t,z)|”

|| ; < 400
n>1 (t,2)€[0,T]xR Lror) ;

for any k =1,2,...,N — 1. Let 0 = (ej,, €j,,...,€j,). Then, by (6), we have that

p/2 2
E[IDYu™ (t,2) [Byon] =E[ X IDYul(t2)P]T <O N
J1,J2,0N i=1
where
¢ oG . 29p/2
M—€[ 5| [as [aye- s sl (D[]
J1.j2,dn 1 /0 R Y

¢ 21p/2
Mg x| [as [ S0 s oD s s s
Jriemin o Jr T Oy

Using similar arguments (this time for deterministic integration), Holder inequality

and the estimates on 9G/0y, we obtain

t oG e
M<C /0 ds /R dy5o (0 = si2 ) E[IAY (£ (5,1) ]

< C Sup E[”AN(f7u(n_l)(’s?y))npﬁﬂ@N]7
(s,y)€[0,T]xR

which again by the induction hypothesis, then IV is uniformly bounded in n,t and x.
Finally, as for No,

C'/ ds sup  E[|DVu D (r, )P .
N Il (rPpen]

Summarizing the above estimates obtained for N; and N, we obtain

sup  E[|DYu™ (s,9)| 0]

(s,9)E[0]xR
t
< C{l + / ds  sup  E[|IDNuV(r,y)| ;;ﬂ@zv]}
0 (ry)elo,s]xR
We can complete the proof of this lemma by using the Gronwall’s lemma. O

For N > 1, we introduce the assumption that the sequence {Diu(™(t,z),n > 1}
converges in LP(Q; %7), j = 1,2,...,N — 1, with the convention that LP(Q; #®°) =
LP(Q2). We denote this assumption by (Hy_1). For N > 1, (Hx_1) implies that u(t,z) €
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7P and the sequences Diu(™(t,z), n > 1 converge in LP(Q; . %7) to Diu(t,z) with
j=1,2,...,N — 1. In addition, by Lemma 10,

sup E[HDjXHip( < +0o0, (12)

(t2)€[0,T)xR a7
forall j =1,2,...,N —1.

Proof of Theorem 8 Fix (t,x) € [0,7] x R, p > 2. We apply Lemma 9 to
Fp, = u™(t,z) and F = u(t,z). We know that the assumption (i) of Lemma 9 is satisfied.
One can see the proof of Theorem 1 in [4].

Let us check the sequence { DN u(™ (¢, 2)},>1 converges in the space LP(Q; #®N), for
every N > 1 and p > 2, which implies that the random variables D™V u(t, x) exists, belongs
to LP(Q; s#®N) and by Lemma 10 satisfies

sup  E[[|DYu(s, y)|yen] < +oo.
(5.9)€[0,T] xR

Owing to Lemma 10, it suffices to check the assertion p = 2. We will use an induction
argument N. For N = 1, the proof is given in [4]. Assume the induction hypothesis
(Hy—_1) holds. Let B, x be the class of 5#®N-valued processes {I'(t,z); (t,z) € [0,T] x R}
and satisfy

sup  E[II0(s, 9)[%on] < +ox.
(s,9)€[0, T xR

We consider the stochastic integral equation in B, y,

Ut,z) = /0 ds/Rdz?g(t — s;2, 2)[A(f,u(s, 2)) + U(s, 2) f'(s, 2, u(s, 2))].

There exists a unique solution to the equation. Then under the Hypothesis (Hxy_1) one
obtains that
U(t,z) = lim DNu™ (¢, z), in L*(Q; %),

n—00
by following the similar arguments in the proof of Theorem 2 in [9]. Moreover the limit is
uniform in (¢, 2). Then by uniqueness of the solution U = D™ and the process D™ u(t, x)
satisfies equation (8). O

Next let us prove the LP-integrability of the inverse of of the Malliavin derivative of
u(t, z) for any fixed (¢,x) € [0,T] x R.

Theorem 11  Assume that the coefficient f is C'-function with bounded Lipschitz

continuous derivatives. Then, for any ¢ > 2

E[l|lDu(t, z)|| /] < +oo. (13)
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This result, together with Theorem 8 applied to equation (1), yields the main result
Theorem 2 in this paper.
Proof of Theorem 11 We need to show that the inverse of the Malliavin derivative

of u(t,x) has moments of order ¢ > 2, that is, for all ¢ >
E[||Du(t,$)|];;;] < 4o00.

It turns out (see, for instance, Lemma 2.3.1 in [17]) that it suffices to check that for any

q > 2, there exists an £o(q) > 0 such that for all 0 < e < g9

P[l[Du(t,z)]

2, <e] < Cel. (14)

Let s2(]0,t] x R) denote the Hilbert space over the rectangle [0,¢] x R. Note that the
positivity of the Green function G guarantees that the solution of equation (4) is nonneg-
ative. Then proceeding as in the proof of Theorem 5.1 in [4], fix 6 € (0, 1], denote by
Uy (r1,79; 21, 20) = 4H1 Ho(2Hy — 1)(2Hy — 1) |11 — 72|*172|21 — 25|21272 then we obtain

that
| Du(t, )%
= // 2Drl,zlu(t,:L‘)DT2722u(t,x)\IIH(r1,r2;zl,ZQ)dzlszdrldrg
R

¢ ¢
)/ / Dy, yu(t, ) Dyy ou(t, x) Vi (1,725 21, 22)d2z1dzedridrs

(1=96)t,t] J[(1-6)t,t] JR2
= IG(t = 52,9 % 0 _s)t.0xR)

¢ 0G
+ 2 Gt—-;x,*,/ —(t —s;z,vy)f'(s,y,u(s,y))Du(s,y)dyds
(Gt =), | [ Gyt sz e ulso)Duls,pdyds) o

+ H /t / CLG(t - 53CU,?/)fl(svy,u(s,y))Du(s,y)dydsuz
1= 2 Oy A([(1-6)t ] xR)
G(t

s, 0 2 qamsyaxr) — 21GE = 52, 9) Lea-sgxm)

> |
/ / 95— 5520, ) (5,5, 0) || D, ) -y e s
1-6)t 52/

_/(1_6”/]1%)ay(t—s;:c,y)f'(s,y,U(s,@/))’||Du(s,y)\lif([(l_(;)t7t]m)dyds

1
= §”G(t =52, %) sy xr) — Lt 2, 6), (15)

where we denote by

I(t,x,0) = 2||G(t — -, %) e ((1-5)t, xR)
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t oG
o LG s, ) 1D ) o

t oG
+ —(t—s;z,9)f (s, y,u(s, Du(s, y)||? _ dyds
/Mt |5 = s st ) 1D, ) ooy

= I1(t,z,8) + Lx(t, z, ). (16)

The lower bound for |G(t — -;x, *)||§f([(1_5)tt]xR) has been proved by Liu and Yan¥ as

follows
IG(t = 52,9 sy xm) = C (082 (17)

We have already decomposed the term I(t,z,d) into two terms, so that we need to find
the upper bounds for E|I;(¢,z,6)[P, i = 1,2. On one hand, owing to Holder inequality and
(4.11) in [4], we get

E|Li(t, z,0)
< 2E([[G (¢t %)

H([(1-8)t,t] xR)

p
I/ \8 = s532,9) |11 s s ) DuCs, 1) L a-syeapemyelyds

< C(6t p(aH1+Hz—1)/a (5t)p(aH1+Hz—1)/a+p—p/a

_ C(dt)p[Q(oeHl—‘,-Hz—1)/04—{-1—1/04} )

On the other hand, using the similar arguments, one proves that E|I5(t, z,d)[P may

be bounded, up to some positive constant, by (§t)PR(eHi+H2=1)/at1-1/a] g,

[\Dut:c||%<s]

<P[It2.8) > 2160 — 5,9 sy — ]
1 -p
< [Gl60 = 2.9 pyaemy — 2] ENLE 2,0,

for any p > 2, where I(t,x,0) is defined by (16). Thus, we have proved that

Pl Du(t, z)[% < €]
1 —
< [*HG(t — 52,0 31—y xr) — € ’ (§typl(etot a1 a1 o],
2 ‘ '
At this point, we choose § = d(g,t) in such a way that

IG(t = 52,92 sy xm)
— 4 > C(&)?H1+4’Y - C(&)[2(aH1+H2—1)/a+4’7+(2—2H2)/Oé]
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_ C((st)Q(aHl—i-Hg—l)/a

)

that implies (0t) < Ce®/Rlei+H2=D] Hence, one gets

P Du(t, z)|% < ¢] < CePlaD/Rlath+Ha=1)],

Finally, and it suffices to take p sufficiently large such that p(a—1)/[2(a«Hy + Hy—1)] > q.

0

(1]

[11]

[12]

[13]

References

BALAN R M, TUDOR C A. Stochastic heat equation with multiplicative fractional-colored noise [J].
J Theoret Probab, 2010, 23(3): 834-870.

BALAN R M. The stochastic wave equation with multiplicative fractional noise: a malliavin calculus
approach [J]. Potential Anal, 2012, 36(1): 1-34.

HU Y Z, NUALART D, SONG J. Feynman-Kac formula for heat equation driven by fractional white
noise [J]. Ann Probab, 2011, 39(1): 291-326.

LIU J F, YAN L T. Solving a nonlinear fractional stochastic partial differential equation with frac-
tional noise [J]. J Theoret Probab, 2016, 29(1): 307-347.

LIU J F, TUDOR C A. Analysis of the density of the solution to a semilinear SPDE with fractional
noise [J]. Stochastics, 2016, 88(7): 959-979.

MILLET A, SANZ-SOLE M. A stochastic wave equation in two space dimension: smoothness of the
law [J]. Ann Probab, 1999, 27(2): 803-844.

NUALART D, QUER-SARDANYONS L. Existence and smoothness of the density for spatially ho-
mogeneous SPDEs [J]. Potential Anal, 2007, 27(3): 281-299.

NUALART D, QUER-SARDANYONS L. Gaussian density estimates for solutions to quasi-linear
stochastic partial differential equations [J]. Stochastic Process Appl, 2009, 119(11): 3914-3938.
QUER-SARDANYONS L, SANZ-SOLE M. A stochastic wave equation in dimension 3: smoothness
of the law [J]. Bernoulli, 2004, 10(1): 165-186.

WALSH J B. An introduction to stochastic partial differential equations[M]// CARMONA R,
KESTEN H, WALSH J B. Ecole d’Eté de Probabilités de Saint-Flour XIV — 1984, Berlin: Springer-
Verlag, 1986: 265-439.

WU J L, XIE B. On a Burgers type nonlinear equation perturbed by a pure jump Lévy noise in
R [J]. Bull Sci Math, 2012, 136(5): 484-506.

BASS R F. Uniqueness in law for pure jump Markov processes[J]. Probab Theory Related Fields,
1988, 79(2): 271-287.

KOLOKOLTSOV V. Symmetric stable laws and stable-like jump-diffusions [J]. Proc London Math
Soc, 2000, 80(3): 725-768.

KOMATSU T. Markov processes associated with certain integro-differential operators[J]. Osaka J
Math, 1973, 10(2): 271-303.



296 Chinese Journal of Applied Probability and Statistics Vol. 34

[15] KOMATSU T. Continuity estimates for solutions of parabolic equations associated with jump type
Dirichlet forms [J]. Osaka J Math, 1988, 25(3): 697-728.

[16] KOMATSU T. Uniform estimates for fundamental solutions associated with non-local Dirichlet form-
s[J]. Osaka J Math, 1995, 32(4): 833-860.

[17] NUALART D. The Malliavin Calculus and Related Topics[M)]. 2nd ed. Berlin: Springer-Verlag, 2006.

[18] HOH W. Pseudo differential operators with negative definite symbols of variable order [J]. Rev Mat
Iberoam, 2000, 16(2): 219-241.

[19] JACOB N, LEOPOLD H G. Pseudo differential operators with variable order of differentiation gen-
erating feller semigroups [J]. Integral Equations Operator Theory, 1993, 17(4): 544-553.

[20] KIKUCHI K, NEGORO A. On Markov process generated by pseudodifferential operator of variable
order [J]. Osaka J Math, 1997, 34(2): 319-335.

BT HIR F IR BB — R T H BEHL RIS 2 A2 RY

B REMR

HEN FNE ARE
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7 OE: RSO, BATEA T BB S IS G — 28 BN B LR A 4 7 R, R Malliavin 2 AT 8075, 1ERA
TEETRMNEE MR E RS (f2) €[0,T] x R B %HE.
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