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§1. Ú ó

é?¿ x ∈ R, � p(x, y)� Borel�ÿ¼ê, XJ p(x, y) > 0, �∫
R
p(x, y)dy = 1,

K¡ p(x, y)�=£�Ý. XJé?¿ x1, x2 ∈ Rk p(x1, y) = p(x2, y), K¡ p(x, y)�~ê

=£�Ý. w,~ê=£�ÝÒ´�Ý.

� {Xn, n > 0}� Rþ���ê¼ó, Ù=£Ø� P (x,B) (B ∈ B(R)), =é?¿

n > 0k

P (x,B) = P(Xn+1 ∈ B |Xn = x).

XJ�3=£�Ý p(x, y), ¦

P (x,B) =

∫
B
p(x, y)dy,

K¡ {Xn, n > 0}�äk=£�Ý p(x, y)�ëYG�ê¼ó. -

p(n+1)(x, y) =

∫
R
p(x, z)p(n)(z, y)dz,
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´�é?¿ k > 1k

P(Xn+k ∈ B |Xn = x) =

∫
B
p(k)(x, y)dy,

Ù¥ p(n)(x, y)�ê¼ó� nÚ=£�Ý.

� f(x)� Rþ� Borel�ÿ¼ê, ½Â f(x)��ê (ë�©z [1])

‖f(x)‖ =
∫
R
|f(x)|dx.

� p(x, y)�ëYG�ê¼ó�=£�Ý, ½Â p� DobrushinXê (ë�©z [2; 1

226�])

C(p) =
1

2
sup
x,y

∫
R
|p(x, z)− p(y, z)|dz.

� {Xn, n > 0}� Rþ���ëYG�ê¼ó, Ù=£�Ý� p(x, y), nÚ=£�Ý

� p(n)(x, y). � π(y)´��©Ù�Ý,

(i) XJ�3~ê c > 09 0 < r < 1, � n > n0�, é?¿ x, k∫
R
|p(n)(x, y)− π(y)|dy 6 c rn,

K¡ê¼ó´�êrH{� (ë�©z [2; 1 227�]);

(ii) XJ

sup
x

∫
R
|p(n)(x, y)− π(y)|dy → 0, (n→∞),

K¡ê¼ó´rH{� (ë�©z [1; ½n 2.1]);

(iii) XJ C(p(n))→ 0 (n→∞), K¡ê¼ó´fH{� (ë�©z [1; ½Â 1.2]).

� {Xn, n > 0}� Rþ���ëYG�ê¼ó, Ù=£�Ý� p(x, y), π(y)´��©

Ù�Ý. XJ

π(y) =

∫
R
π(x)p(x, y)dx,

K¡ π(y)´ê¼ó�²­©Ù.

XJê¼ó'u©Ù π(y)´rH{�, ´� π(y)´ê¼ó�²­©Ù.

3ê¼ónØïÄ¥, ê¼ó�H{5nØ´ÙÄ�SN��, §3)Ô!ê�O�!

gÄ��!&EnØ±9C�Ôn�¯õ+�ÑkX2��A^. ëYG�ê¼ó��ê

rH{5!rH{5ÚfH{5´ê¼óH{5nØ�­�SN. 'uê¼óH{5¯K,

IS	;[Æö®kNõ²;�(Ø. (Ü©z [3]�½n 1ÚíØ 1·���, ê¼ó�

rH{5ÚfH{5´�d�, �´�övk�Ñ�[�y²L§. 3©z [4]�½n 3.5

¥, �ö�Ñ¿y²ê¼ó��êrH{5ÚfH{5´�d�. �©0�
ëYG�ê

¼ó�êrH{5, rH{5±9fH{5��'5�, ¿3dÄ:þ�ÑëYG�ê¼

ó�êrH{5, rH{5ÚfH{5�m�p�d���Ð�y².
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§2. Ì�(J

�!ò�ÑëYG�ê¼ó��êrH{5!rH{5!fH{5�m�p�d��

�Ð�y².

3©z [3]�½Â 5��, Ù�ö�Ñ: C(p) = 0�¿�^�´ p�~ê=£�Ý. ù

�(Ø�3¯K, ·�òÙ�õXe:

Ún 1 � p(x, y)�=£�Ý, C(p) = 0�¿�^�´�3~ê=£�Ý (½�Ý)

p(y), ¦

sup
x

∫
R
|p(x, y)− p(y)|dy = 0. (1)

y²: ¿©5w,. ey7�5. - p(y) = p(0, y), w, p(y)�~ê=£�Ý. du

C(p) = 0, =
1

2
sup
x1,x2

∫
R
|p(x1, y)− p(x2, y)|dy = 0,

¤± (1)¤á. �

ddÚn, � C(p) = 0��@� p�~ê=£�Ý.

Ún 2 [3] � p(x, y)�Xþ½Â�=£�Ý, r(x)�Borel�ÿ¼ê,÷v
∫
R |r(x)|dx

<∞, �
∫
R r(x)dx = 0. P

rp(y) =

∫
R
r(x)p(x, y)dx,

K

‖rp‖ 6 C(p)‖r‖. (2)

5P 3 3©z [3]�Ún 6¥, �ö�ÑdÚn, �vk�Ñ�[�y²L§. 3©

z [8]¥·��ÑdÚn����[y², �
BuÖön), ·�ò3N¹¥�Ñy².

íØ 4 [2] (DobrushinØ�ª) � {Xn, n > 0}� Rþ���ëYG�ê¼ó, =£

�Ý� p(x, y), éu?¿©Ù�Ý ρ1(x), ρ2(x)k∥∥∥∫
R
ρ1(x)p(x, ∗)dx−

∫
R
ρ2(x)p(x, ∗)dx

∥∥∥ 6 C(p)‖ρ1 − ρ2‖.
y²: - r(x) = ρ1(x)− ρ2(x), ´�∫

R
[ρ1(x)− ρ2(x)]dx = 0.

dÚn 2k∥∥∥∫
R
ρ1(x)p(x, ∗)dx−

∫
R
ρ2(x)p(x, ∗)dx

∥∥∥ = ‖(ρ1 − ρ2)p‖ 6 C(p)‖ρ1 − ρ2‖.

��íØ�y. �
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5P 5 3©z [2]� 225�¥, �ö�ÑëYG�ê¼ó� DobrushinØ�ª, �v

k�Ñ�[�y²L§, ·�´3Ún 2�Ä:þ��íØy² DobrushinØ�ª.

Ún 6 [3] � p(x, z)� q(z, y)�ü�=£�Ý, ©OP� p, q, P r(x, y)� r. -

r(x, y) =

∫
R
p(x, z)q(z, y)dz,

´� r(x, y)�´=£�Ý, K

C(r) 6 C(p)C(q).

Ún 7 ê¼ó�fH{�¿�^�´�3��ê n0, ¦ C(p(n0)) < 1.

y²: 7�5w,. ù´Ï�d C(p(n))→ 0, ´��3��ê n0, ¦ C(p(n0)) < 1.

ey¿©5. du

p(n+1)(x, y) =

∫
R
p(x, z)p(n)(z, y)dz,

dÚn 6, ´�

C(p(n+1)) 6 C(p)C(p(n)) 6 C(p(n)),

¤± {C(p(n))}´ü~ê�. � C(p(n0)) = δ < 1. du C(p(kn0)) 6 δk → 0 (k →∞), ¤±

{C(p(n0))}���f� C(p(kn0))→ 0, Ïd C(p(n))→ 0. ¤±ê¼ó´fH{�. �

±e´�©�Ì�(J:

½n 8 � {Xn, n > 0}� Rþ���ëYG�ê¼ó, K±en�·K�d:

(i) {Xn, n > 0}´�êrH{�;

(ii) {Xn, n > 0}´rH{�;

(iii) {Xn, n > 0}´fH{�.

y²: (i)⇒ (ii)w,. ey (ii)⇒ (iii). du

C(p(n)) =
1

2
sup
x1,x2

∫
R
|p(n)(x1, y)− p(n)(x2, y)|dy

6
1

2
sup
x1

∫
R
|p(n)(x1, y)− π(y)|dy +

1

2
sup
x2

∫
R
|p(n)(x2, y)− π(y)|dy.

dê¼ó�rH{5, ·�k C(p(n))→ 0 (n→∞), ¤± {Xn, n > 0}´fH{�.

e¡·�y (iii)⇒ (i). � x0 ∈ R, d DobrushinØ�ª, é?¿ n, kk∫
R
|p(n+k)(x0, y)− p(n+1)(x0, y)|dy

=

∫
R

∣∣∣ ∫
R
[p(k)(x0, z)− p(x0, z)]p(n)(z, y)dz

∣∣∣dy
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6 ‖p(k)(x0, ∗)− p(x0, ∗)‖C(p(n)) 6 2C(p(n))→ 0, (n→∞). (3)

u´�3 {p(n)(x0, y)}���f�∫
R
p(n1)(x0, y)dy +

∞∑
k=1

∫
R
|p(nk+1)(x0, y)− p(nk)(x0, y)|dy <∞,

Ïd?ê

p(n1)(x0, y) +
∞∑
k=1

[p(nk+1)(x0, y)− p(nk)(x0, y)]

A�??Âñ (ë�©z [5; 1 47�]). 3d?ê�Âñ:-

π(x0, y) = p(n1)(x0, y) +
∞∑
k=1

[p(nk+1)(x0, y)− p(nk)(x0, y)],

3Ù§:- π(x0, y) = 0, Kk

lim
k→∞

p(nk)(x0, y) = π(x0, y) a.e., (4)

d (3), (4)9 FatouÚn, ·�k∫
R
|p(n+1)(x0, y)− π(x0, y)|dy 6 2C(p(n)). (5)

d (5)´y π(x0, y)�=£�Ý, ¿� C(π) = 0. dÚn 1�, é?¿ x0 ∈ R, π(x0, y) =
π(y)�~ê=£�Ý. u´é?¿ x∫

R
|p(n+1)(x, y)− π(y)|dy 6 2C(p(n)). (6)

du C(p(n))→ 0, � C(p(n0)) = r < 1, n = ln0 + k (k = 0, 1, . . . , n0 − 1). d (6)�, é?

¿ x, ·�k ∫
R

∣∣p(n+1)(x, y)− π(y)
∣∣dy 6 2C(p(n)) 6 2C(p(ln0))

6 2rl = 2(rl/(n+1))n+1

6 2(r1/2n0)n+1 = 2δn+1,

Ù¥ 0 < δ < 1, ¤± {Xn, n > 0}´�êrH{�. �

5P 9 ½n 8�(J´®��, ë�©z [4]!©z [6]9©z [7; 1 384�], �ù


©z¥¿��Ñ�[�y²L§. �©3½n 8¥�ÑÙ�����Ð�y², �õ®

k©z�(Øy².

íØ 10 [2] äk=£�Ý�ëYG�ê¼ó {Xn, n > 0}, XJ�3 n0 > 1, ¦Ù n0

Ú=£�Ý� DobrushinXê C(p(n0)) < 1, K¡ê¼ó´�êrH{�.

y²: (ÜÚn 79½n 8���íØ. �

5P 11 ©z [2]� 227���Ñd(Ø, ��Ñù�(Ø�y².
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N ¹

±e´©z [8]éÚn 2��[y²:

y²: ´� r(x) = r+(x)−r−(x), |r(x)| = r+(x)+r−(x),Ù¥ r+(x) = max{r(x), 0},
r−(x) = max{−r(x), 0}. du ∫

R
r(x)dx = 0,

´� ∫
R
r+(x)dx =

∫
R
r−(x)dx, �

∫
R
|r(x)|dx = 2

∫
R
r+(x)dx.

N´y² ∫
R

[ ∫
R
r(x)p(x, y)dx

]
dy = 0.

aq/k

C(p) = sup
x,y

∫
R
[p(x, z)− p(y, z)]+dz.

- E = {y :
∫
R r(x)p(x, y)dx > 0}. du∫

R
|r(x)|dx

∫
E
p(x, y)dy <∞,

d Fubini½n, ·�k∫
R

∣∣∣ ∫
R
r(x)p(x, y)dx

∣∣∣dy
= 2

∫
R

[ ∫
R
r(x)p(x, y)dx

]+
dy = 2

∫
E

[ ∫
R
r(x)p(x, y)dx

]
dy

= 2

∫
R
r(x)dx

∫
E
p(x, y)dy = 2

∫
R
[r+(x)− r−(x)]dx

∫
E
p(x, y)dy

6 2
[ ∫

R
r+(x)dx sup

x1

∫
E
p(x1, y)dy −

∫
R
r−(x)dx inf

x2

∫
E
p(x2, y)dy

]
= 2

∫
R
r+(x)dx sup

x1,x2

∫
E
[p(x1, y)− p(x2, y)]dy

6 2

∫
R
r+(x)dx sup

x1,x2

∫
R
[p(x1, y)− p(x2, y)]+dy

= ‖r‖C(p). (7)

(Ü (7)ª, �� (2)ª¤á, �Ún 2�y. �
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Primary Proof of Ergodicities for Continuous-State

Markov Chains
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Abstract: In this paper, we introduce the definitions of geometric strongly ergodic, strongly ergodic

and weakly ergodic for continuous-state Markov chains, then we give a primary proof of equivalence of the

ergodicities for continuous-state Markov chains.
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