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§1. Ú ó

*£8�OÑyuþ�­V8�c�, du'���¦�Oäk���þ�Ø�, 


3õ­��5�.��O¥äk­��¿Â. ©z¥*£8ëê��ü«0\�ª, Ù�

´ü�ëê�XþÝ
/ª (�©¡��Xþëê*£8), Ù�´ê|ëê�é�Ý
/

ª (�©¡��ê|ëê*£8, Ü©©z¥½¶2Â*£8). 'u*£8ëê�(½�

{, ©z¥���k:

1) *,©Û�{ [1, 2]. *,©Û�{�·^uXþëê*£8�O, Ù���*£8

ëêÏLé*,­��²�5�ä�ÑÀJ, 3*£8¢�¥��~�. �´, XÛ£ã*

,­��²�, ¤£ã�²�´Ä�½�3, *,¼ê5��þ�Ø�'X�¯K%��

��kÜ6Øy.

2) ��.��{ [3]. ��.��{ÏLk��½���.�ÀJ(½*£8ëê, ©

z¥��Ù3Xþëê*£8�O¥�?Ø�A^. �´��k �O, ���´þ�Ø

���Ü©, ==ëì��.�û½*£8�OÙ¡¡5²wÉ��¦.

3) 4��[�{ [4, 5]. 4��[�{ÏL�[þ�Ø�¼ê�4��ÀJ(½*£8

ëê, ©z¥��Ù3ê|ëê*£8�O¥�?Ø�A^. þ�Ø��ü8I�`zÉ

?ÏÕ�ö, E-mail: ljh323@126.com.
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��¦. õ­��5¯K¦����¦�O´�ÓÙ[ÜØ���`5��ï�, ���

U�*£8�O´Ä�½�*¦,��4àþ�Ø���`5Q? ¿���ê|ëê�

{, 4��[L§�p�Ýûü�´Ø�;��.

õ­��5�.����¦�O¤;��´�þ�Ø�¯K, ±þ*£8ëê�ûü

�{Ñ´3��½þ�Ø�8IeÏ¦U?. �´, £8©Û�ïÄÄ:´ÚO*ÿ, �O

�{¤¡é�AT´üaØ�. Ù�´�Oþ�þ�Ø�, ±������O¤���é

ý¢5Æ�@�, �Oþ7Lkv
`D�þ�Ø�, §��O(JU
^±©Û�ýÿ

Jø��5nd. Ù�´�O(J�¤¦^���[ÜØ�, ��êâéïÄö
ó´I

��­�{¤ý¢, �O(J���êâ�pÝ[Ü, �ïÄ(ØU
±¢y)¶Jø�

�5nd. vk[Ü§Ý�yÒØ´¢yïÄ, �Òvk£8©Û. XÓ²;�5£8µe

e, Gauss�Markov�ä���[ÜØ�����¦�OC½þ�Ø�5�, *£8�{

3)ûþ�Ø�¯K�, �k7��*£8�O�y[Ü`Ý.

�©JÑ*£8�O��þëê�{. À�þ�Ø�¼ê�KFÝ���ëê�þ�

��, ëì'uþ�Ø��[ÜØ��ýÏ^�ÀJ(½ëê�þ���. ©¥¤Mï�

Ø�ýÏ^�L�
ïÄö'uþ�Ø��U?§ÝýÏ±9'u[ÜØ����§Ý

ýÏ, ýÏ^��åe��þëê*£8�Ok"Ó�ä�-<÷¿�þ�Ø���±�

É�[ÜØ�.

�©± ImL«m�ü Ý
, ½ö{P� I; ± diag(c1, c2, . . . , cm)L«± c1, c2, . . .,

cm�é���m�é�Ý
,½ö{P� diag(ci);± 1mPm�©þ 1�þ (1, 1, . . . , 1)T;

± ‖w‖ =
√∑

i
w2
i L«�þ w���. �ÅCþ ξ���P� Var ξ; �Å�þ U ����

Ý
P� Cov (U). �Oþ α̂�þ�Ø�P�MSE α̂, Ù¥ α̂�Xþ½ö�þ. ¤kÎÒ

þ31�gÑy���`².

�©¥'u�5£8�.��Ü²;b½Ñ¤á. ¿�du�©�9õ­��5¯

K, �.�¹��ü�½öü�±þ)ºCþ.

§2. �þëê*£8�O

2.1 �5£8�.����¦�O

�Ä�5£8�.:

Y = β01n +Xβ + U, (1)

Ù¥ Y = (Y1, Y2, . . . , Yn)T ��)ºCþ�*ÿ�þ; Xn×k = (X1, X2, . . . , Xk)�)ºC

þêâÝ
, Xi = (Xi1, Xi2, . . . , Xin)T �)ºCþ Xi �êâ�þ; β0 ��.�å�ëê,

β = (β1, β2, . . . , βk)
T��.�Ç�ëê�þ; U = (U1, U2, . . . , Un)T��Å6Ä�þ, n�
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��Nþ.

PXi = n−1
∑
m
Xim�Xi���êâþ�, xi = Xi −Xi1n�Xi�¥%zêâ�þ,

x̃i = xi/‖xi‖� Xi �IOzêâ�þ, i = 1, 2, . . . , k. ¿P¥%zêâ
 xn×k = (x1, x2,

. . . , xk), IOzêâ
 x̃n×k = (x̃1, x̃2, . . . , x̃k), M = diag(‖xi‖). �±�y, �. (1)��

��¦�OXe∗:

β̂ = M−1(x̃ Tx̃)−1x̃ TY, (2)

β̂0 = Y − β̂1X1 − β̂2X2 − · · · − β̂kXk. (3)

2.2 �þëê*£8�O

·�¡

β̆(z) =
(
β̆j(zj)

)
k×1, (4)

β̆0(z) = Y − β̆1(z1)X1 − β̆2(z2)X2 − · · · − β̆k(zk)Xk (5)

� (1)��þëê*£8�O, Ù¥ β̆(z)�©þ

β̆j(zj) = eTjM
−1(x̃ Tx̃+ zjI)−1x̃ TY, (6)

ej � k�ü �þ, j = 1, 2, . . . , k; *£8ëê�þ z = (z1, z2, . . . , zk)
T > 0�½.

k7��Ñ, �þëê*£8�Oª¥ β̆(z)�z��©þ β̆j(zj), k�áugC�*

£8ëê zj . ù�:�Xþëê*£8�OØÓ, Xþëê*£8�Oúª

β̃(λ) = M−1(x̃ Tx̃+ λI)−1x̃ TY (7)

¥ β̃(λ)��N©þ�ÓPkÓ��ëê λ. ù�:��ê|ëê*£8�OØÓ, ê|ë

ê*£8�Oúª

β̀(z1, z2, . . . , zk) = M−1[ x̃ Tx̃+ diag(z1, z2, . . . , zk)]
−1x̃ TY (8)

¥ β̀(z1, z2, . . . , zk)��N©þ�ÓPkÓ��ëê�| z1, z2, . . . , zk.

n«/ª�*£8úªw«:

β̆(z)|z=(0,0,...,0)T = β̀(0, 0, . . . , 0) = β̃(0) = β̂.

§�3�g�ëê":?Ñ�Óu���¦�O.

∗©z¥Ï~���úª´ b̂ = (x̃Tx̃)−1x̃TY , Ù¥ b̂´Mβ ��O, �ö�'X´ β̂ = M−1b̂. æ^/ª (2)Bu�

©¤?1�?Ø.
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§3. �þëê*£8�O�þ�Ø�

3.1 þ�Ø�

Äky²±eÚn.

Ún 1 P λ1, λ2, . . . , λk ��½Ý
 x̃ Tx̃�A��, q1, q2, . . . , qk ��A�ü �

�A��þ|. PM−1qiq
T
iM

−1 = H(i) = (hms(i))k×k, i = 1, 2, . . . , k, ¿� Q = (q1, q2,

. . . , qk), K

Cov [β̃(λ)] = σ2
∑
i

λi
(λi + λ)2

H(i), (9)

Eβ̃(λ)− β = −λM−1Qdiag
( 1

λi + λ

)
QTMβ. (10)

y²: P

D =

(
1

M

)
, G =


1 X1 . . . Xk

1
. . .

1

 .

N´�y

(1n, X) = (1n, x)G = (1n, x̃)DG. (11)

3 (7)ª¥�\ (1)� (11)k

β̃(λ) = M−1(x̃ Tx̃+ λI)−1x̃ T

[
(1n, X)

(
β0

β

)
+ U

]

= M−1(x̃ Tx̃+ λI)−1x̃ T

[
(1n, x̃)DG

(
β0

β

)
+ U

]
= M−1(x̃ Tx̃+ λI)−1x̃ Tx̃Mβ +M−1(x̃ Tx̃+ λI)−1x̃ TU.

u´

Eβ̃(λ) = M−1(x̃ Tx̃+ λI)−1x̃ Tx̃Mβ. (12)

O�

Cov [β̃(λ)] = E
[
β̃(λ)− Eβ̃(λ)

][
β̃(λ)− Eβ̃(λ)

]T
= M−1(x̃ Tx̃+ λI)−1x̃ TEUUTx̃(x̃ Tx̃+ λI)−1M−1

= σ2M−1(x̃ Tx̃+ λI)−1x̃ Tx̃(x̃ Tx̃+ λI)−1M−1



1 5Ï Áÿ�, oµu: *£8�O��þëê�{ 505

= σ2M−1(x̃ Tx̃+ λI)−1(x̃ Tx̃+ λI − λI)(x̃ Tx̃+ λI)−1M−1

= σ2M−1[(x̃ Tx̃+ λI)−1 − λ(x̃ Tx̃+ λI)−2]M−1.

5¿� Q��, QT(x̃ Tx̃)Q = diag(λi), �k

(x̃ Tx̃+ λI)−1 = Qdiag
( 1

λi + λ

)
QT, (x̃ Tx̃+ λI)−2 = Qdiag

[ 1

(λi + λ)2

]
QT. (13)

l


Cov [β̃(λ)] = σ2M−1Qdiag
[ λi

(λi + λ)2

]
QTM−1.

���Ý
=�

Cov [β̃(λ)] = σ2M−1
[∑

i

λi
(λi + λ)2

qi(qi)
T

]
M−1 = σ2

∑
i

λi
(λi + λ)2

H(i).

d (12)±9 (13),  ­�þ�

Eβ̃(λ)− β = [M−1(x̃ Tx̃+ λI)−1x̃ Tx̃M − I]β

= [M−1(x̃ Tx̃+ λI)−1(x̃ Tx̃+ λI − λI)M − I]β

= −λM−1(x̃ Tx̃+ λI)−1Mβ

= −λM−1Qdiag
( 1

λi + λ

)
QTMβ. �

7dÚn�¼� β̆j(zj)�þ�Ø�¼ê.

½n 2 PM−1Q = A = (ams)k×k, Q
TMβ = γ = (γm)k×1, K β̆j(zj)kþ�Ø�:

MSE β̆j(zj) = σ2
∑
i

λihjj(i)

(λi + zj)2
+ z2j

∑
s,m

ajsajmγsγm
(λs + zj)(λm + zj)

, j = 1, 2, . . . , k. (14)

y²: �â½Â (6)� (7)��

β̆j(·) = β̃j(·), j = 1, 2, . . . , k.

d (9)�k

Var β̆j(zj) = σ2
∑
i

λihjj(i)

(λi + zj)2
, j = 1, 2, . . . , k.

2d (10)�k

E[Eβ̆j(zj)− βj ]2

= z2j e
T
jM
−1Qdiag

( 1

λi + zj

)
QTMββTMQdiag

( 1

λi + zj

)
QTM−1ej

= z2j (aj1, aj2, . . . , ajk)
[
diag

( 1

λi + zj

)
γ
][

diag
( 1

λi + zj

)
γ
]T

(aj1, aj2, . . . , ajk)
T

= z2j
∑
s,m

ajsajmγsγm
(λs + zj)(λm + zj)

.

ü��\, =�þ�Ø�ª (14). �
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3.2 þ�Ø�5�

½n 3 �3 δj > 0¦�MSE β̆j(zj)3 zj ∈ [0, δj ]þüN~�.

y²: P a = min{λi}, d x̃ Tx̃�½, � a > 0, MSE β̆j(zj)3«m (−a,+∞)SëY

��,

d MSE β̆j(zj)

dzj
= − 2σ2

∑
i

λihjj(i)

(λi + zj)3
+ 2zj

∑
s,m

ajsajmγsγm
(λs + zj)(λm + zj)

− z2j
∑
s,m

ajsajmγsγm(2zj + λs + λm)

(λs + zj)2(λm + zj)2
,

�3":?k�ê�:
d MSE β̆j(zj)

dzj

∣∣∣
zj=0

= −2σ2
∑
i

hjj(i)

λ2i
. (15)

�â H(i)½Â, éu�� i, j = 1, 2, . . . , k,

hjj(i) =
q2ji
‖xj‖2

> 0.

qdu Q���A��þÝ
, é�� j = 1, 2, . . . , k, �k
∑
i
hjj(i) > 0. u´,

d MSE β̆j(zj)

dzj

∣∣∣
zj=0

< 0.


qMSE β̆j(zj)ëY��, �3 δj > 0¦�

d MSE β̆j(zj)

dzj
< 0, zj ∈ [0, δj ],

MSE β̆j(zj)3 [0, δj ]þüN~�. �

P�þëê*£8�O�þ�Ø�¼ê�

F (z) = MSE β̆(z) =
∑
j

MSE β̆j(zj)

=
∑
j

∑
i

σ2λihjj(i)

(λi + zj)2
+
∑
j

∑
s,m

z2j ajsajmγsγm

(λs + zj)(λm + zj)
, z ∈

∏
[0, δj ]. (16)

ª (15)±9½n 3L² F (z)3":?kFÝ�þ

∇F (0) = −2σ2
[∑

i

h11(i)

λ2i
,
∑
i

h22(i)

λ2i
, . . . ,

∑
i

hkk(i)

λ2i

]
< 0. (17)

dd=�k±eíØ:
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íØ 4 F (z)3z����� ρT = (ρ1, ρ2, . . . , ρk) > 0þüN~�; AO/ F (z)3

é��� ν = 1k/‖1k‖þüN~�.

P µ = −∇F (0)/‖∇F (0)‖ > 0� F (z)3":�KFÝ��, K µ���þëê*£

8�Ok±e5�.

½n 5 éuz����� ρT = (ρ1, ρ2, . . . , ρk) > 0 (ρ 6= µ), �3 θρ > 0¦�é�

� λ ∈ (0, θρ], ¤á F (λµ) < F (λρ).

y²: éuz����� ρT = (ρ1, ρ2, . . . , ρk) > 0 (ρ 6= µ), �Ä g(λ) = F (λµ) −
F (λρ). g(λ)ëY���

g′(λ) =
[
∇F (λµ)

]T
µ−

[
∇F (λρ)

]T
ρ.

d ρ 6= µ, µTρ < 1 = µTµ, �k

g′(0) = −‖∇F (0)‖(µTµ− µTρ) < 0.

du g′(λ)ëY, �3 θρ > 0, ¦ ρjθρ < δj , j = 1, 2, . . . , k, k

g′(λ) < 0, λ ∈ [0, θρ].

g(λ)3 [0, θρ]þüN~�. 5¿� g(0) = 0, =k

g(λ) = F (λµ)− F (λρ) < 0, λ ∈ (0, θρ]. �

íØ 6 3é��� ν þ, �3 θν > 0¦ F (λµ) < F (λν), λ ∈ (0, θν ].

Xþëê*£8�O´�þëê*£8�O�é����A~:

β̆(z)|z=(λ,λ,...,λ)T = β̃(λ), MSE β̆(z)|z=(λ,λ,...,λ)T = MSE β̃(λ).

�!íØ 4=´Xþëê*£8�O��n, íØ 6KL² µ���þëê*£8�O�

Xþëê*£8�O�'�±¼����þ�Ø�üÌ.

�þëê*£8�O3/ªþ�ê|ëê*£8�O��, Ñ�¹ k �*£8ëê.

�´FÝ�þL�ª (17)L², ëê�þ�� µ��d�.��k�(½, �këê�þ

��I�ÀJû½, ùÒ¦� µ���þëê*£8�O��þ´�� 1�ûüL§. 


ê|ëê*£8�OKØ,, §� k�*£8ëê´3��`zL§¥�Ó�(½�, l


´�� k�ûüL§. üö�', µ���þëê*£8�O²wäk$�Ýûü`³.
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§4. �þëê*£8�O�[ÜØ�

������¦�O, �þëê*£8�O7,�����[ÜØ�. �©¼�
�

þëê*£8�O[ÜØ��±e5�.

½n 7 é?Û�� ρT = (ρ1, ρ2, . . . , ρk) > 0±9 ĕ(λρ) = Y − Y̆ (λρ), �3 ϑρ > 0

¦� f(λ) =
[
ĕ(λρ)

]T
ĕ(λρ)3 [0, ϑρ]þüNO\, Ù¥ Y̆ (λρ) = β̆0(λρ)1n +Xβ̆(λρ).

y²: P U(λ) = (x̃ Tx̃+ λI)−1±9 V (λ) =
k∑
j=1

eje
T
jU(λρj). ­�

β̆(λρ) =
k∑
j=1

eje
T
jM
−1U(λρj)x̃

TY.

du eje
T
jM
−1 = M−1eje

T
j , q�k

β̆(λρ) = M−1V (λ)x̃ TY.

P y = Y − Y 1n, ¿5¿� xM−1 = x̃±9 x̃ TY = x̃ Ty, �

ĕ(λρ) = Y − [ 1nβ̆0(λρ) +Xβ̆(λρ)]

= Y − [Y 1n − β̆1(λρ)X11n − β̆2(λρ)X21n − · · · − β̆k(λρ)Xk1n +Xβ̆(λρ)]

= y − xβ̆(λρ)

= y − x̃V (λ)x̃ Ty.

u´

f(λ) = yTy − 2yTx̃V (λ)Tx̃ Ty + yTx̃V (λ)Tx̃ Tx̃V (λ)x̃ Ty,

f ′(λ) = −2yTx̃V ′(λ)x̃ Ty + 2yTx̃V ′(λ)Tx̃ Tx̃V (λ)x̃ Ty = 2yTx̃V ′(λ)T[x̃ Tx̃V (λ)− I]x̃ Ty.

5¿� V (0) = U(0) = (x̃ Tx̃)−1k f ′(0) = 0.

?�Ú��k

f ′′(λ) = 2yTx̃V ′′(λ)T[x̃ Tx̃V (λ)− I]x̃ Ty + 2yTx̃V ′(λ)Tx̃ Tx̃V ′(λ)x̃ Ty

±9

f ′′(0) = 2yTx̃V ′(0)Tx̃ Tx̃V ′(0)x̃ Ty = 2(x̃ Ty)T[V ′(0)Tx̃ Tx̃V ′(0)](x̃ Ty).

�âý)�fnØ, �±�y

V ′(λ) = −
k∑
j=1

ρjeje
T
jU(λρj)

2, V ′(0) = −diag(ρj), U(0)2 = −diag(ρj)(x̃
Tx̃)−2.
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P Bn×k = x̃V ′(0). K r(B) = r(x̃) = k� BTB �½. u´,

f ′′(0) = 2(x̃ Ty)TBTB(x̃ Ty) > 0.

du f ′′(λ)ëY, ��3 ϑρ > 0¦�

f ′′(λ) > 0, λ ∈ [−ϑρ, ϑρ].

dd,

f ′(λ) = f ′(0) +

∫ λ

0
f ′′(s)ds > 0 =

∫ λ

0
f ′′(s)ds > 0, λ ∈ [0, ϑρ].

f(λ)3 [0, ϑρ]þüNO\. �

ùp^B�Ñ, ÃØ´Xþëê*£8�O, �´ê|ëê*£8�O, ©z¥Ñ��

�§�[ÜØ�5��?Ø.

§5. �þëê*£8�O¢�

5.1 ü�ýÏ�å^�

�c?Ø®²¼�:

1) �þëê*£8�O�þ�Ø�3 µ��üN~�, ¿�¼���üÌ (�½n 5);

2) �þëê*£8�O�[ÜØ�3 µ��üNO\ (�½n 7);

3) ��ëê�þ":����¦�Oäk��þ�Ø����[ÜØ�.

7d·�JÑü�ýÏ�å^�, ±ÀJû½ µ��*£8�O�ëê�þ��.

'uþ�Ø�·�JÑ±e�üÌýÏ^�:

r1 =
∣∣∣[− 2σ2

∑
j

∑
i

λµjhjj(i)

λ2i

]/[
σ2
∑
j

∑
i

hjj(i)

λi

]∣∣∣
=
∣∣∣[− 2

∑
j

∑
i

λµjhjj(i)

λ2i

]/[∑
j

∑
i

hjj(i)

λi

]∣∣∣ > ε1,
Ù¥1��©ª�©1´���¦�O�þ�Ø� (� (9)), ©f´d�©O�� µ��

*£8�O�þ�Ø�Oþ (� (15)), r1 ¤��þëê*£8�O�þ�Ø�üÌ. Ø�

ªmÃ� ε1K´dï�ö@Ó�üÌýÏ.

du*£8�{´�éõ­��5�.��O, ��5¯K�î­§Ý¤�þ�Ø�

üÌýÏ�Ä�J«. ��5¯K�î­, ï�ö¬éþ�Ø�üÌk�pýÏ. Äu��

�¦�O�Ãõ�IU
²(è«��5¯K�î­5, ÃX��*�zÏf, �'Xê,

IO����, Ñ�±¤�þ�Ø�üÌýÏ�­�ëì�I.
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'u[ÜØ�·�JÑ±e�OÌýÏ^�:

r2 =
∣∣∣√ ĕ Tĕ(λµ)

n

/
|Y | −

√
ê Tê

n

/
|Y |
∣∣∣ 6 ε2,

Ù¥Ø�ª�>´ µ��*£8�O�[ÜØ�Ç����¦�O[ÜØ�Ç��, r2

¤��þëê*£8�O�[ÜØ�ÇOÌ. Ø�ªm>� ε2 K´dï�ö@Ó�OÌ

ýÏ.

[ÜØ�þ��ÏCþ��þ��'Çäk�ß�[ÜØ�Ç¿Â (�©z [6]), 1% –

3%�m�Ø�ÇY²´~£�±�É�. �Ä����¦�O��Z[Ü�J, ï�ö�

±ëìÙ[Ü`Ý��ùp�OÌýÏ. ���¦�O�[Ü`Ý�p, ï�ö�[ÜØ

�ÇOÌýÏ�±��°t.

*£8�O´õ­��5^�e'u���¦�O�Uû�{, “Uû”5�¦���

�¦�O�*þ¤�*£8�O�ëìIO. ±þ�ýÏ^��E¿©Ny
ù�:, ε1,

ε2 �D��Ïd
�k
,«k�5�. �þëê*£8L§¥, þ�Ø�ýÏ�[ÜØ

�ýÏAT´�pëìò©À½�. ï�ö�±k1(½äk²(ýÏ�[ÜØ�ÇOÌ

«m, ��2ò©ÀJgC�þ�Ø�üÌýÏ. �©'uØ�¼ê�üN5(Ø, �ù«

þïöJJø
�15�æ.

5.2 �� λ

õ­��5¯K¦�Ý
 x̃ Tx̃�3�Cu"���A��, 
ù����
���¦

�O��þ�Ø� (�©z [7]). �a*£8�{�Ïd3���¦úª¥±Ý
 x̃ Tx̃+

zjI! x̃ Tx̃+ λI ½ö x̃ Tx̃+ diag(z1, z2, . . . , zk)�_$���Ý
 x̃ Tx̃�_$� (ë� (6),

(7), (8)). *£8ëê�Ñy¦�_$�Ý
A��¼�Oþ, �þ�Ø�¯KÏ
k"�

±Uõ.

du�©ü�Ø�¼ê�üN5(Ø´3ëê�þ��":m>���5� (½n 5,

½n 7), *£8O����å:ØUlm":��. ¿��duØÓ��.*,¼ê5�

��É, ÙO���Ú��Ø¨��. ·�ïÆëì��A�� min{λi}� λD�. �
�

�üaØ��÷¿(J, A^¢�¥ λ�D�~~I��âäN�.(¹Cz�N�.

5.3 ö�ïÆ

1) O� ‖xi‖, λi, qi, H(i), i = 1, 2, . . . , k;

2) O�
1

2σ2
∂F

∂zj

∣∣∣
zj=0

= −
∑
i

hjj(i)

λ2i
, j = 1, 2, . . . , k,

¼��þ µ;
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3) Á&5��X� λê�, O��A� β̆j(λµj), β̆0(λµ);

4) O�þ�Ø�üÌ:

r1 =
∣∣∣[2∑

j

∑
i

λµjhjj(i)

λ2i

]/[∑
j

∑
i

hjj(i)

λi

]∣∣∣;
5) O�[ÜØ�OÌ:

r2 =
∣∣∣√ ĕ Tĕ(λµ)

n

/
|Y | −

√
ê Tê

n

/
|Y |
∣∣∣;

6) �â�±�É�ýÏ�å^��ªÀJ(½ λ.

§6. ��A^¢~

�©Jø��A^ïÄ«~. �
Jp[Ü§Ý, �.æ^¥mCþ/ª?1
êâ

=�. �©êâ
g5¥I7Kc�6, 2010²L��¬uÐÚOú�±9{INóÚO

�Õ. �ÜO�ÏL E-views�¤.

Y =<¬1¢Sk�®Ç�ê;

X1 = PROD0.01 + 35, Ù¥ PROD�¥I�éNÄ)�Ç;

X2 = (TOT− 0.96)4 + 35, Ù¥ TOT�n´^�;

X3 = (OPEN− 0.2)2 + 35, Ù¥ OPENn´m�Ý;

X4 = (G− 0.1)2 + 30, Ù¥ G��?|Ñ'Ç;

X5 = RM2, Ù¥ RM2�¢SÀ1øAþ.

�.���¦�OXe:

Ŷ = −217021.7 + 2341.6X1 + 1205.6X2 + 532.63X3 + 2400.9X4 − 14.12X5.

(737.82) (363.79) (248.78) (402.41) (7.95)

(3.17) (3.31) (2.14) (5.97) (−1.78)

R2 = 0.9182, SE = 7.44, DW = 2.07, F = 44.92, n = 26.

£8�ww«, �Ü β̂ik�IO�, X1�X5�5�'Xêp� rx1x5 = 0.87. �.�

3õ­��5¯K. �©±d~ü«�þëê*£8�O.

O� x̃ Tx̃Ý
A��:

0.086413, 0.403070, 0.874906, 0.977287, 2.658323.

Á&5�� λ = 0, 0.01, . . . , 0.09, O� β̆j ±9�A�ýÏ�å'Ç r(1)� r(2), �LXe:
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L 1 β̆j ±9�A�ýÏ�å'Ç r(1)� r(2)

λ β̆1 β̆2 β̆3 β̆4 β̆5 β̆0 r1 r2

0 2341.6 1205.6 532.63 2400.9 -14.12 -217021.7 0 0

0.01 2182.4 1205.85 533.62 2400.7 -14.12 -211329.3 0.1360 0.0009

0.02 2053.0 1206.0 534.60 2400.5 -14.12 -206710.5 0.2720 0.0029

0.03 1945.8 1206.2 535.58 2400.2 -14.12 -202888.5 0.4080 0.0054

0.04 1855.5 1206.4 536.55 2399.9 -14.12 -199673.8 0.5440 0.0080

0.05 1778.4 1206.6 537.51 2399.6 -14.12 -196932.6 0.6801 0.0106

0.06 1711.8 1206.8 538.46 2399.3 -14.12 -194567.3 0.8161 0.0132

0.07 1653.7 1207.0 539.40 2398.9 -14.12 -192505.5 0.9521 0.0155

0.08 1602.5 1207.2 540.34 2398.5 -14.12 -190692.1 1.0881 0.0178

0.09 1557.1 1207.3 541.27 2398.1 -14.12 -189084.4 1.2241 0.0198

�Lw«, ëê�þ��� λ = 0.05¤û½�*£8�O, þ�Ø�'���¦�O

eü 68.01%, [ÜØ�`Ý'���¦�O�� 1.06%. XJù��þ�Ø�üÌ�[Ü

`Ý��ÎÜïÄöýÏ, �þëê*£8¼ê=�

Y̆ = −196932.6 + 1778.4X1 + 1206.6X2 + 537.5X3 + 2399.6X4 − 14.12X5.

��'�, ùp�Ñ��.�Ì6*£8�O (MATLAB� SPSS�*£8§S). §

äkXþ*£8ëê, ¿�Uì*,©Û�{(½*£8ëê. /Ï 10× 5 (λ× µ)�Á�

*£8ëê, �±¼� 5^*,­�. �´Ì6*£8�O;�*,©Û�{�(¸, 5^

*,­�¿vk¥y�Ó²­�ª³.

-

6qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq q q q q c q q q q
aB1

A1

0.0224

2024.9

0.0498

1778.4

Figure β̆1

-

6

qqqqqqqqqqqqqqqqqqqqqqqqcqqqqqqqqqqqqqqqq q q q q q q q q q
aB2

A2

0.0224

1212.4

0.0016

1206.6

Figure β̆2

-

6

qqqqqqqqqqqqqqqqqqqqqqqqqcqqqqqqqqqqqqqqq q q q q q q q q q
aB3

A3

0.0224

580.5

0.0019

537.5

Figure β̆3

-

6qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqcqqqq q q q q q q q q q

aB4

A4

0.0224

2384.9

0.0036

2399.6

Figure β̆4
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-
6

qqqqqqqqqcqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq q q q q q q q q q
aB5

A5

0.0224

-10.68

5.41 × 10−6

-14.12

Figure β̆5

ã 1 5^*,­�

XJÀÌ6*£8�O��þëê*£8�O�A~, Ö¿O�é����� 0.05�

ëê��� 0.05× (1/
√

5 ) = 0.0224, �¼�Xþëê*£8¼ê:

Ỹ = −207069.0 + 2024.9X1 + 1212.4X2 + 580.5X3 + 2384.9X4 − 10.68X5.

Ì6*£8�O��Ü β̃j (ã¥ Bj)äk�Óî�I,  u 5^­��1 43� 44:

�m. 
�þëê*£8�O��Ü β̆j (ã¥ Aj)U^S�1 46 (A1), 25 (A2), 26 (A3),

37 (A4), 10 (A5). Ö¿O� r̃1 = 30.41%, ��Ì6*£8�O�þ�Ø�Uõ§Ý²w�

u�þëê*£8�O. 
q�þëê*£8�O=='���¦�OO\Ø�L 1.1%

�[ÜØ�, �ï�Ä�(J, �þëê*£8�O´�Ð�ÀJ.

é'±þ«~�.n«�O�{�n���£8¼ê, ��ü?wÍ�É. �´ β1 �

��wÍ�É, §'X�k�®Ç�ê'u�éNÄ)�Ç�>S'X, ²d���¦�

O¤¼��>S¼ê´�þëê*£8�O� 1.3167�. �´ β5 ���wÍ�É, §'

X�k�®Ç�ê'u¢SÀ1ø�þ�>SXê, ²dÌ6*£8�O¤¼��>SX

ê´�þëê*£8�O� 0.7559�. Äu�þëê*£8�{3«~�.¥¤LyÑ�

Ø�`³, ·�@����¦�Oî­p�
�éNÄ)�Çék�®Ç�ê�K�rÝ,


Ì6*£8�OKî­$�
¢SÀ1ø�þék�®Ç�ê�K�rÝ.

§7. ( å �

¯¤±�, ���¦�Oäk�)è5���[ÜØ�, \�± Gauss-Markov^�

�, §Ó�qä�
�5Ã �Oa¥���þ�Ø�. �´õ­��5¯K�¦�5Ã

 �Oa�NÔ�
þ�Ø�`³, �5k ��a*£8�{A$
). §�^³3�

�½þ�Ø�8IeÏ¦U?, %vkò[Ü8IB\áe. �©��þëê*£8�{

�Ð/)û
üaØ��V­8I¯K, §ÄuéüaØ�¤¼��üN5(Ø, ÏLý
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Ï�å^�?1VØ�8Ie�þïöJ. �þëê*£8�O�"´�«o�þ�Ø�

g`Ó�[ÜØ�·Ý�VI�O.

ë � © z

[1] HOERL A E, KENNARD R W. Ridge regression: biased estimation for nonorthogonal problems [J].

Technometrics, 1970, 12(1): 55–67.

[2] HOERL A E, KENNARD R W. Ridge regression: applications to nonorthogonal problems [J]. Tech-

nometrics, 1970, 12(1): 69–82.

[3] MARQUARDT D W, SNEE R D. Ridge regression in practice [J]. Amer Statist, 1975, 29(1): 3–20.

[4] HOERL A E, KANNARD R W, BALDWIN K F. Ridge regression: some simulations [J]. Comm

Statist Theory Methods, 1975, 4(2): 105–123.

[5] HEMMERLE W J, BRANTLE T F. Explicit and constrained generalized ridge estimation [J]. Tech-

nometrics, 1978, 20(2): 109–120.

[6] oµu, Áÿ�. 'u R2 �A:�¦ [J]. êþ²LEâ²LïÄ, 2013, 30(9): 152–160.

[7] �FW, �t?. C�¢^£8©Û [M]. Hw: 2Ü<¬Ñ��, 1984.

Vector Parameter for Ridge Regression

ZHU Shangwei

(School of Applied Mathematics, Shanxi University of Finance & Economics, Taiyuan, 030006, China)

LI Jinghua

(School of Statistics, Shanxi University of Finance & Economics, Taiyuan, 030006, China)

Abstract: In this paper, a vector parameter method for ridge regression is proposed. We choose the

negative gradient of mean square error as vector direction and decide vector norm with the expectation

constrains both of mean square error and of residual error. We come to conclusions that the mean

square error is a decreasing function of vector norm while the residual error a increasing one. It is the

monotonicity of the errors that leads to our expectation constrains. Since two conflict constrains are under

consideration, our vector parameter ridge regression is expected to bear both satisfactory mean square

error and acceptable residual error. Finally, a multi-collinearity model is given as an example.

Keywords: direction; norm; mean square error; residual error; expectation constraint
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