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u?¿��O (�~) �¢�u�¼êϕi, i = 1, 2, �Ù÷v E[|ϕi(Xi)|] < ∞, i = 1, 2,

ϕ1(X1) > 0, E[ϕ2(X2)] > 0±9 E[|ϕ1(X1)ϕ2(X2)|] <∞�, ·�k

E[ϕ1(X1)ϕ2(X2)] 6 E[ϕ1(X1)]E[ϕ2(X2)], (1)

Ù¥ E�g�5Ï", Ò¡�Å�þ X2 K�'u�Å�þ X1. Zhang [7] �éK�'�Å

CþS��Ñ
��g�5Ï"e�r�ê½Æ, ò©z [4]�(Jí2�K�'�ÅC

þ±9Ù��Ýe.

éuk.�ÅCþ, e��ÄØ�ª (1)é�ê¼ê ϕi(x) = ecx, ∀x ∈ R, i = 1, 2¤

á, Ù¥ c�?¿¢ê, ·�ò¡��fK�', @où��fK�'�ÅCþäk�o�

�5�? �©ÏL�Äg�5Ï"e�ÅCþ�þ�!��Ú�'Xê�Vg5éd?1

ïÄ, �Ñ
K�'¼ê�§��m�'XØ�ª. ��A^·��ò�ÑfK�'�Å

CþS��r�ê½Æ.

�©(�SüXe: 1 2!0��
Ä�VgÚÚn, 1 3!�Ñg�5Ï"efK

�'�ÅCþ�½Â, 1 4!ïÄg�5Ï"efK�'�ÅCþ�5�, 1 5!y²


g�5Ï"efK�'�ÅCþS��r�ê½Æ.

§2. ý��£

- (Ω,F )��ÿ�m, P � (Ω,F )þ��xVÇÿÝ, ·�½Â�P �'��é�

�\VÇÿÝXe:

V (A) = sup
P∈P

P(A), v(A) = inf
P∈P

P(A), ∀A ∈ F .

V Ú v ©O�¡��P �'�þVÇÚeVÇ. w, V Ú v ´�Ý�, =÷v v(A) =

1− V (Ac), ∀A ∈ F , Ù¥ AcL«¯� A�{¯�.

Ún 1 - {An}∞n=1�F �ÿ�¯��, K

(i) þVÇ V ÷v��g�\5: V
( ∞⋃
n=1

An
)
6
∞∑
n=1

V (An).

(ii) þVÇ V ÷veëY5: e An ↑ A� A ∈ F , K V (An) ↑ V (A).

(iii) eVÇ v÷vþëY5: e An ↓ A� A ∈ F , K V (An) ↓ V (A).

y²: dþVÇ V �½Â��5� (i). 5� (ii)�y²�±ë�©z [2; Ún 2.1].

d5� (ii)±9�Ý5���5� (iii). �

-M � (Ω,F )þ¤k¢�k.�ÅCþ�8Ü, ·�½Â�P �'�þÏ"Xe:

E(X) = sup
P∈P

EP(X), ∀X ∈M , (2)

Ù¥ EPL«VÇÿÝ PÚ���5Ï". w,, V (A)=E(IA), v(A)=−E(−IA), ∀A∈F ,

Ù¥ IAL«¯� A�«5¼ê.
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½Â 2 [2] �½ (Ω,F ), e�¼ E : M → R÷véu?¿ X,Y ∈M ,

(i) üN5: e X 6 Y , K E(X) 6 E(Y ).

(ii) �~5: éu?¿�¢ê c, E(c) = c.

(iii) g�\5: E(X + Y ) 6 E(X) + E(Y ).

(iv) �àg5: éu?¿�¢ê λ > 0, E(λX) = λE(X).

K¡ E�g�5Ï".

·�´u�y (2)ª½Â�þÏ" E´g�5Ï".

e¡·��Ñg�5Ï" Ee�ÅCþ�þ�!��!����Vg.

½Â 3 �½�ÅCþ X ∈M , µ(X) := −E(−X)Ú µ(X) := E(X)©O¡� X �

eþ�Úþþ�. e X �þeþ���, ¡Ùvkþ�Ø(½5, ÄK¡Ùäkþ�Ø(

½5.

σ2(X) := −E(−X2)Ú σ2(X) := E(X2)©O¡� X �e��Úþ��. e X �þe

����, ¡Ùvk��Ø(½5, ÄK¡Ùäk��Ø(½5.

σE(X) :=
√
E(X2)− [E(X)]2¡� X �IO�.

éu�ÅCþX,Y ∈M , Cov E(X,Y ) :=E(XY )−E(X)E(Y )¡�X� Y ����. e

σE(X) 6= 0, σE(Y ) 6= 0, X� Y ��'Xê½Â� ρE(X,Y ) = Cov E(X,Y )/[σE(X)σE(Y )].

Ún 4 [2]

(i) éu?¿� X,Y ∈M , e X vkþ�Ø(½5, Kk E(X + Y ) = E(X) + E(Y ).

(ii) (Höllder Ø�ª) éu?¿� X,Y ∈ M , E(|XY |) 6 E(|X|p)1/pE(|Y |q)1/q, Ù¥
p, q > 1�?¿~ê�÷v 1/p+ 1/q = 1.

§3. fK�'�ÅCþ

e¡·�3�xVÇÿÝP ±9ÙéA�g�5Ï" Ee�Ñ�ÅCþ�Õá5�

�'5�Vg.

½Â 5 (Õá) [5] �½�Å�þ X = (X1, X2, . . . , Xm), Y = (Y1, Y2, . . . , Yn), Ù¥

Xi, Yj ∈M , i = 1, 2, . . . ,m, j = 1, 2, . . . , n. eéu?¿¼ê ϕ1 : Rm → RÚ ϕ2 : Rn → R
k E[ϕ1(X)ϕ2(Y )] = E{E[ϕ1(x)ϕ2(Y )]x=X}, Ù¥ ϕ1(X), ϕ2(Y ),E[ϕ1(x)ϕ2(Y )]x=X ∈M ,

K¡�Å�þ Y Õáu�Å�þ X.

éu�ÅCþS� {Xn}∞n=1 ⊆ M , e?¿ n > 2, Xn Õáu (X1, X2, . . . , Xn−1), K

¡ {Xn}∞n=1�Õá�ÅCþS�.

½Â 6 (K�') [7] �½�Å�þX = (X1, X2, . . . , Xm), Y = (Y1, Y2, . . . , Yn),Ù¥

Xi, Yj ∈ M , i = 1, 2, . . . ,m, j = 1, 2, . . . , n. eéu?¿ØO (Ø~)�ü�¼ê ϕ1 : Rm

→ RÚ ϕ2 : Rn → Rk E[ϕ1(X)ϕ2(Y )] 6 E[ϕ1(X)]E[ϕ2(Y )], Ù¥ ϕ1(X), ϕ2(Y ) ∈ M ,

E[ϕ2(Y )] > 0, ϕ1(x) > 0, ∀x ∈ Rm, K¡�Å�þ Y ´K�'u�Å�þ X �.
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éu�ÅCþS� {Xn}∞n=1 ⊆ M , e?¿ n > 2, Xn K�'u (X1, X2, . . . , Xn−1),

K¡ {Xn}∞n=1�K�'�ÅCþS�.

½Â 7 (�'¼ê) �½�Å�þX = (X1, X2, . . . , Xn), Xk ∈M , 1 6 k 6 n, ½Â

βX(c) := E
[

exp
( n∑
k=1

cXk

)]
−

n∏
k=1

E[exp(cXk)], ∀ c ∈ R.

·�¡ βX ��Å�þ X ��'¼ê.

½Â 8 (�'Xê¼ê) �½�ÅCþ X,Y ∈ M , éu?¿¢ê c (c 6= 0), e

βX,X(c) > 0� βY,Y (c) > 0, K ρX,Y (c) := βX,Y (c)/
√
βX,X(c)βY,Y (c), ∀ c ∈ R (c 6= 0), ¡

� X � Y ��'Xê¼ê.

½Â 9 (fK�') �½�Å�þ X = (X1, X2, . . . , Xn), Xk ∈ M , 1 6 k 6 n, e

Ù�'¼ê βX(c) 6 0, ∀ c ∈ R, K¡�ÅCþ X1, X2, . . . , Xn´fK�'�.

éuS� {Xn}∞n=1 ⊆M , eéu?¿�ê n > 1Ú?¿~ê c ∈ R, βX1,X2,...,Xn(c) 6

0, K¡ {Xn}∞n=1´fK�'�ÅCþS�.

½Â 10 (��K�') [8] �½S� {Xn}∞n=1 ⊆M , eéu?¿�ê n > 1Ú?¿

�VÇÿÝ P ∈P, ·�k

P(Xk 6 xk; 1 6 k 6 n) 6
n∏
k=1

P(Xk 6 xk), (3)

�

P(Xk > xk; 1 6 k 6 n) >
n∏
k=1

P(Xk > xk), (4)

Ù¥ xk �?¿¢ê, 1 6 k 6 n, K¡ {Xn}∞n=1´��K�'�.

·K 11 �½P 9Ù�A�g�5Ï" E, éu�ÅCþS� {Xn}∞n=1 ⊆M ,

(i) e {Xn}∞n=1´Õá�, K§´K�'�.

(ii) e {Xn}∞n=1´K�'�, K§´fK�'�.

(iii) e {Xn}∞n=1´��K�'�, K§´fK�'�.

y²: �â½Â� (i) Ú (ii) ´w,¤á�. éu?¿��ê n > 1 Ú¢ê c, e

{Xn}∞n=1´��K�'�, K�â'Xª (3)��

E
[

exp
( n∑
k=1

cXk

)]
= sup

P∈P
EP

[
exp

( n∑
k=1

cXk

)]
6 sup

P∈P

n∏
k=1

EP[exp(cXk)]

6
n∏
k=1

E[exp(cXk)].

�â½Â���Ún¥ (iii)�´¤á�. �

Ún 12 �½P 9Ù�A�g�5Ï" E, e {Xn}∞n=1 ⊆M ´fK�'�, Ké

u?¿ a 6= 0, bn ∈ R, n > 1, ·�k {aXn + bn}∞n=1�´fK�'�.
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y²: �âfK�'�ÅCþS��½Â´��Ún¤á. �

~ 13 b� {Xn}∞n=1 ´��
�ã|�ÅCþS� (ë�©z [2, 9]9Ù¥�'ë

�©z), ÷vé?¿ n > 1,

Q(Xn = 1) = pn, Q(Xn = 0) = 1− pn, (5)

Q(Xk = qk; 1 6 k 6 n) =
n∏
k=1

Q(Xk = qk), 1 6 k 6 n, (6)

Ù¥¢ê pn ∈ [1/3, 1/2], qk = 0, 1, 1 6 k 6 n.

w,éu?¿�ÿ8 Bk ∈ B(R), 1 6 k 6 n,

Q(Xk ∈ Bk; 1 6 k 6 n) =
n∏
k=1

Q(Xk ∈ Bk).

-P := {VÇÿÝ Q÷v�ª (5)Ú (6)}, ·��±�ÑP éA�g�5Ï", =þÏ

" E(X) := sup
Q∈P

EQ(X), ∀X ∈M . K´u�y {Xn}∞n=13g�5Ï" Ee´Õá�!K

�'�ÚfK�'�, �´P e��K�'�.

~ 14 b� {Xn}∞n=1´~ 13¥�½��ÅCþS�, - Yn = Xn −Xn−1, ∀n > 1,

Ù¥ X0 = 0, K {Xn}∞n=1 ´fK�'�, �´3g�5Ï" Ee§Ø´Õá�, Ø´K�

'�, �Ø´P e��K�'�.

y²: ·��±�y� c > 0�, E[exp(cXn)] = (ec+1)/2,� c < 0�, E[exp(cXn)] =

(ec + 2)/3. Kéu?¿¢ê cÚ�ê n > 1, ��¡

E
[

exp
( n∑
k=1

cYk

)]
= E[exp(cXn)],

,��¡, e c = 0, Kk

n∏
k=1

E[exp(cYk)] = E[exp(cXn)] = 1.

e c 6= 0, Ké?¿ 2 6 k 6 n, du Xk Õáu Xk−1, ·�k

n∏
k=1

E[exp(cYk)] =
n∏
k=1

E[exp(cXk)]E[exp(−cXk−1)]

= E[exp(cXn)]
n−1∏
k=1

E[exp(cXk)]E[exp(−cXk)]

= E[exp(cXn)]
n−1∏
k=1

1

6
[(e|c| + 1)(e−|c| + 2)] > E[exp(cXn)].

l


E
[

exp
( n∑
k=1

cYk

)]
6

n∏
k=1

E[exp(cYk)], ∀ c ∈ R, n > 1,
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= {Yn}∞n=1�fK�'�ÅCþS�. w,, {Yn}∞n=1Ø´Õá�. ·���±�y

E[exp(Y1 − Y2)] > E[exp(Y1)]E[exp(−Y2)].

ùÒ¿�X {Yn}∞n=1Ø´K�'�. ·�Ó��±�yé ∀Q ∈P, Q(Y1 = 1, Y2 = −1) >

Q(Y1 = 1)Q(Y2 = −1), �
 {Yn}∞n=1�Ø´��K�'�. �

§4. fK�'�ÅCþ�5�

½n 15 �½P 9Ù�A�g�5Ï" E, -�ÅCþ X,Y ∈M , ·�k

(i) éu?¿¿©��¢ê c (c > 0), βX,Y (c) 6 o(c), Ù¥ o(c)L« c → 0��Ã¡�

þ, ¿�

lim inf
c→0+

βX,Y (c)

c
> max{µ(X)− µ(X), µ(Y )− µ(Y )}, (7)

lim sup
c→0+

βX,Y (c)

c
6 0, (8)

lim sup
c→0+

βX,Y (c)

c2
6 Cov E(X,Y ). (9)

(ii) b� X Ú Y Ñvkþ�Ø(½5, K

lim
c→0+

βX,Y (c)

c
= 0, (10)

lim inf
c→0+

βX,Y (c)

c2
> Cov E(X,Y )− 1

2
[σ2(X)− σ2(X) + σ2(Y )− σ2(Y )]. (11)

y²: (i) éu?¿¿©��¢ê c > 0, d TaylorÐmª��

βX,Y (c) = E
[
1 + c(X + Y ) + c2XY +

c2

2
(X2 + Y 2) + o(c2)

]
− E

[
1 + cX +

c2

2
X2 + o(c2)

]
E
[
1 + cY +

c2

2
Y 2 + o(c2)

]
. (12)

�â E�g�\5��

βX,Y (c) = E(cX + cY )− E(cX)− E(cY ) + o(c) 6 o(c).

ù�¿�XØ�ª (8)¤á. �â E�g�\5Ú�àg5, ·�k

βX,Y (c) > max{c[E(X)− E(−Y )− E(X)− E(Y )], c[E(Y )− E(−X)− E(X)− E(Y )]}

+ o(c)

= cmax{µ(Y )− µ(Y ), µ(X)− µ(X)}+ o(c).
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l
��Ø�ª (7). 2gA^ E�g�\5��

βX,Y (c) 6 c2[E(XY )− E(X)E(Y )] + o(c2) = c2Cov E(X,Y ) + o(c2),

ù¿�XØ�ª (9)¤á.

(ii) d�½n¥ (i)���ª (10)w,¤á. éu¿©��¢ê c > 0, �â�ª (12)

Ú E�g�\5��

βX,Y (c) > E(c2XY )− E
(
cX +

c2

2
X2
)
E
(
cY +

c2

2
Y 2
)

− E
[
−
(
cX +

c2

2
X2
)]
− E

(
cX +

c2

2
X2
)

− E
[
−
(
cY +

c2

2
Y 2
)]
− E

(
cY +

c2

2
Y 2
)

+ o(c2).

Ï� X Ú Y ÑØäkþ�Ø(½5, dÚn 4Ú E��àg5��Ø�ª (11). �

íØ 16 �½�ÅCþ X ∈M , é?¿¢ê c, βX,X(c) > 0, ¿�

lim
c→0+

βX,X(c)

c
= 0, (13)

lim sup
c→0+

βX,X(c)

c2
6 σ2E(X). (14)

AO/, e X vkþ�Ø(½5, K

lim inf
c→0+

βX,X(c)

c2
> σ2E(X)− σ2(X) + σ2(X). (15)

e X vkþ�Ú��Ø(½5, K

lim
c→0+

βX,X(c)

c2
= σ2E(X). (16)

y²: d HöllerØ�ª�� βX,X(c) = E[exp(2cX)]− E[exp(cX)]2 > 0, ∀ c ∈ R. l


(Ü½n 15�íØ�y. �

íØ 17 b� X1, X2 ∈M Ñvkþ�Ø(½5, �éu¿©��~ê c > 0, X �

Y ��'Xê¼ê ρX1,X2(c)�½Âk¿Â.

(i) e αi := σ2E(Xi)− [σ2(Xi)− σ2(Xi)] > 0, i = 1, 2, K

lim sup
c→0+

ρX1,X2(c) 6
Cov E(X1, X2)√

α1α2
.

(ii) e σE(Xi) > 0, i = 1, 2, K

lim inf
c→0+

ρX1,X2(c) > ρE(X1, X2)−
σ2(X1)− σ2(X1) + σ2(X2)− σ2(X2)

2σE(X1)σE(X2)
.
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AO/, e Xivk��Ø"½5, i = 1, 2, K

lim
c→0+

ρX1,X2(c) = ρE(X1, X2).

y²: d½n 15¥ (9)Ú (15)ª�� (i). d½n 15¥ (11)Ú (14)ª�� (ii). �

½n 18 �½ X,Y ∈M , e X Ú Y ´fK�'��Ñvkþ�Ø(½5, K

Cov E(X,Y ) 6
1

2
[σ2(X)− σ2(X) + σ2(Y )− σ2(Y )].

e?�Úb� X Ú Y �vk��Ø(½5, K Cov E(X,Y ) 6 0, ρE(X,Y ) 6 0.

y²: �âfK�'�ÅCþ�½ÂÚ½n 15´��½n. �

§5. r�ê½Æ

Ún 19 (ChebyshevØ�ª) [10] é?¿¢ê x > 0Ú�ÅCþ X ∈M , V (X > x)

6 e−xE(eX).

Ún 20 (Borel-CantelliÚn) [10] b�¯�� {An}∞n=1 ⊆ F ÷v
∞∑
n=1

V (An) <∞,

Kk V
(

lim sup
n→∞

An
)

= 0.

e¡�Ún´w,¤á�.

Ún 21 ex 6 1 + x+ x2e−|x|, ∀x ∈ R.

Ún 22 b� {Xn}∞n=1⊆M ´fK�'�ÅCþS�, ÷v E(Xn) = µ ∈ R, ∀n >
1, ��3K > 0¦� sup

n>1
|Xn| 6 K. @oé?¿�¢êm > 0�3~ê C > 0¦�

sup
n>1

E
{

exp
[m ln(1 + n)

n

n∑
i=1

(Xi − µ)
]}
6 C,

Ù¥ C ��6u~êm, µÚK.

y²: |^Ún 21Úg�5Ï" E�5���éu?¿ 1 6 i 6 nÚm > 0,

E
{

exp
[m ln(1 + n)

n
(Xi − µ)

]}
6 1 +

[m ln(1 + n)(µ+K)

n

]2
exp

[m ln(1 + n)(µ+K)

n

]
.

Ï� [ln(1 + n)]2/n´ÂñS�, �3~ê d > 0¦� ∀n > 1, [ln(1 + n)]2/n 6 d. l


E
{

exp
[m ln(1 + n)

n
(Xi − µ)

]}
6 1 +

1

n
C1,
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Ù¥ C1 = dm2(µ+K)22m(µ+K) > 0. �âb� {Xn}∞n=1´fK�'�, dÚn 12��

E
{

exp
[m ln(1 + n)

n

n∑
i=1

(Xi − µ)
]}
6

n∏
i=1

E
{

exp
[m ln(1 + n)

n
(Xi − µ)

]}
6
(

1 +
1

n
C1

)n
→ eC1 ,

� n→∞. Ún�y. �

½n 23 (r�ê½Æ) b� {Xn}∞n=1⊆M �fK�'�ÅCþS�, �3~ê µ, µ

∈ (−∞,+∞)÷v µ > µ, ¦� E(Xn) = µ, −E(−Xn) = µ, ∀n > 1, ��3~ê K > 0¦

� sup
n>1
|Xn| 6 K. - Sn =

n∑
i=1

Xi, ∀n > 1, K

v
(
µ 6 lim inf

n→∞

Sn
n
6 lim sup

n→∞

Sn
n
6 µ

)
= 1. (17)

y²: du V � v´�Ý�, þVÇ V äkg�\5, �y²'Xª (17)·��I

�y²e¡�ü�ªf¤á

V
(

lim sup
n→∞

Sn
n
> µ

)
= 0, (18)

V
(

lim inf
n→∞

Sn
n
< µ

)
= 0. (19)

·�k5w (18)ª. éu?¿�¢ê ε > 0Úm > 1, dÚn 19Ú 22��

V
(Sn
n
> µ+ ε

)
= V

[m ln(1 + n)

n

n∑
i=1

(Xi − µ) > m ln(1 + n)ε
]

6 (1 + n)−mε sup
n>1

E
{

exp
[m ln(1 + n)

n

n∑
i=1

(Xi − µ)
]}

6 C(1 + n)−mε,

Ù¥ C > 0�=�6um, µÚK �~ê. �m÷vmε > 1, ·�k

∞∑
n=1

V
(Sn
n
> µ+ ε

)
<∞.

|^ Borel-CantelliÚn=�� (18)ª.

^ {−Xn}∞n=1�O {Xn}∞n=1, �âÚn 12Ón�y (19)ª¤á. �½ny�. �
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The Properties and Strong Law of Large Numbers for

Weakly Negatively Dependent Random Variables under

Sublinear Expectations

CHEN Xiaoyan

(School of Science, Nanjing University of Science and Technology, Nanjing, 210094, China)

XU Xiaoming

(School of Mathematical Sciences, Nanjing Normal University, Nanjing, 210023, China)

Abstract: Strong laws of large numbers play key role in nonadditive probability theory. Recently, there

are many research papers about strong laws of large numbers for independently and identically distributed

(or negatively dependent) random variables in the framework of nonadditive probabilities (or nonlinear

expectations). This paper introduces a concept of weakly negatively dependent random variables and in-

vestigates the properties of such kind of random variables under a framework of nonadditive probabilities

and sublinear expectations. A strong law of large numbers is also proved for weakly negatively dependent

random variables under a kind of sublinear expectation as an application.

Keywords: weakly negatively dependent random variables; sublinear expectation; nonadditive proba-

bility; strong law of large numbers
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