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§1. Introduction and Main Results

Let {Xi, i > 1} be a sequence of independent and identically distributed (i.i.d.)

random variables taking values in Rd on probability space (Ω,F ,P) with unknown density

function f . Let K be a measurable function such that

K(x) > 0,

∫
Rd

K(x)dx = 1. (1)

The kernel density estimator of f based on kernel function K is defined by

fn(x) =
1

nadn

n∑
i=1

K
(x−Xi

an

)
, x ∈ Rd, (2)

where {an, n > 1} is a bandsequence, that is, a sequence of positive numbers sastifying

an → 0, nadn →∞, as n→∞. (3)

As usual, we denote by ‖g‖p = [
∫
Rd |g(x)|pdx]1/p, p > 1.
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He and Gao [1], Gao [2], Gińe and Guillou [3], Diallo and Louani [4], Louani [5] studied

the limit properties for the kernel density estimator recently. The statistic sup
x∈Rd

|fn(x) −

fn(−x)| was used to test the hypothesis that the density function f(x) is symmetric

about 0. He and Gao [1] studied moderate deviations and large deviations (cf. [6]) for

sup
x∈Rd

|fn(x) − fn(−x)| of the density f in case d = 1 by the empirical approach. Xu and

Zhou [7, 8] proved moderate deviations and large deviations for sup
x∈Rd

|fn(x) − fn(−x)| in

case d > 1. Gao [9] obtained moderate deviations and law of the iterated logarithm in

L1(Rd) for kernel density estimator. Motivated by Gao [9], we also try to use a measure

transformation and Devroye partition method to deduce that moderate deviations hold

for {fn(x) − fn(−x), n > 1} in L1(Rd) here. Moderate deviations in [1], Xu and Zhou [7]

do not imply that in L1(Rd) for {fn(x)− fn(−x), n > 1}, moderate deviations in L1(Rd)
for {fn(x) − fn(−x), n > 1} also could not lead to that for sup

x∈Rd

|fn(x) − fn(−x)| in [1]

and [7]. Moderate deviations in L1(Rd) for {fn(x) − fn(−x), n > 1} complement the

results obtained by He and Gao [1], Xu and Zhou [7]. As in [9], we find the condition on

the bandsequence such that {‖fn(·)− fn(−·)− E[fn(·)− fn(−·)]‖} satisfies the moderate

deviation principle.

Let bn, n > 1 be a sequence of positive real numbers satisfying

n

bn
→ +∞ and

n

b2n
→ 0 as n→ +∞. (4)

We introduce the following conditions:

(A1) f is continuous and symmetric and lim
|x|→∞

f(x) = 0.

(A2)
∫
Rd(1 + |x|pd)K2(x)dx <∞,

∫
Rd |x|pdf(x)dx <∞, for some p > 1.

As in Remark 1.1 in [9], if (A2) holds, then∫
Rd

√
f(x)dx <∞,

and

sup
n>1

∫
Rd

√∫
Rd

1

adn
K2
(x− y

an

)
f(y)dy dx <∞.

Write

I(g) =


1

8

∫
Rd

[ g(x)

f(x)

]2
f(x)dx if g ∈ L1(Rd) and g(−x) = −g(x);

+∞ otherwise,

(5)
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and set

J(h) =


1

2

∫
Rd

[h(x)

f(x)

]2
f(x)dx if h ∈ L1(Rd) and

∫
Rd h(x)dx = 0;

+∞ otherwise,

(6)

where 0/0 = 0.

Theorem 1 Suppose that (A1) and (A2) hold. If the width of windows {an, n > 1}
satisfies

(BC)
n

b2na
d
n

→ 0 as n→ +∞,

then

(i) for any open subset G in (L1(Rd), ‖ · ‖1),

lim inf
n→∞

n

b2n
lnP

{ n
bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} ∈ G

}
> − inf

g∈G
I(g), (7)

(ii) for any open and convex subset G in (L1(Rd), ‖ · ‖1),

lim
n→∞

n

b2n
lnP

{ n
bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} ∈ G

}
= − inf

g∈G
I(g), (8)

(iii) for any compact subset C in (L1(Rd), ‖ ·‖1), for any δ > 0, there exists an open subset

Gδ ⊃ C such that

lim sup
n→∞

n

b2n
lnP

{ n
bn
{[fn(·)−fn(−·)]−E[fn(·)−fn(−·)]} ∈ Gδ

}
6 − inf

g∈C
I(g)+δ, (9)

in particular,

lim sup
n→∞

n

b2n
lnP

{ n
bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} ∈ C

}
6 − inf

g∈C
I(g). (10)

As in Remark 1.2 in [9], by Fatou’s lemma, I(·) is lower-semicontinuous in (L1(Rd),
‖ · ‖1).

Remark 2 Gao [9] proved that if (A2) and (BC) hold, then for any open subset G in

(L1(Rd), ‖ · ‖1), any compact subset C in (L1(Rd), ‖ · ‖1),

lim inf
n→∞

n

b2n
lnP

{ n
bn
{fn(·)− E[fn(·)]} ∈ G

}
> − inf

h∈G
J(h), (11)

lim sup
n→∞

n

b2n
lnP

{ n
bn
{fn(·)− E[fn(·)]} ∈ C

}
6 − inf

h∈C
J(h). (12)

We define F (h(·)) = h(·) − h(−·) : (L1(Rd), ‖ · ‖1) 7→ (L1(Rd), ‖ · ‖1). F is continuous.

By contraction principle (cf. [6; p.126]), we could also obtain (7) and (10) from (11) and
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(12). Indeed, we only need to prove I(g) = inf
F (h)=g

J(h). For g ∈ L1(Rd) and g(−x) =

−g(x), choose h = g/2 and h(−x) = −h(x), then I(g) > inf
F (h)=g

J(h). By Cauchy-Schwartz

inequality and (A1), we see that

inf
F (h)=g

J(h) > inf
F (h)=g

1

2

∫ [h(x)− h(−x)

f

]2 f

4
dx > inf

F (h)=g
I(g) = I(g).

Theorem 3 (i) Assume that (A1), (A2), and (BC) hold. Then for any open subset

G ⊂ [0,+∞).

lim inf
n→∞

n

b2n
lnP

{ n
bn
‖[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]‖1 ∈ G

}
> − inf

λ∈G

λ2

8
, (13)

and for any closed subset F ⊂ [0,+∞),

lim sup
n→∞

n

b2n
lnP

{ n
bn
‖[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]‖1 ∈ F

}
6 − inf

λ∈F

λ2

8
. (14)

In particular, for any λ > 0,

lim sup
n→∞

n

b2n
lnP

{ n
bn
‖[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]‖1 > λ

}
= −λ

2

8
. (15)

(ii) Let K be a bounded function with compact support, and let f also have compact

support. Then (15) holds if and only if (BC) is valid.

§2. Proof of Theorem 1

The ideas of proof come from that of [9]. The lower bound is shown by a measure

transformation. The upper bound for an open convex subset follows from the Hahn-Banach

theorem and the Chebyshev inequality.

Proof of Theorem 1(i) Let G be an open subset in (L1(Rd), ‖ · ‖1). For any

g ∈ G, choose δ > 0 such that B(g, δ) := {ϕ ∈ L1(Rd); ‖ϕ− g‖1 6 δ} ⊂ G. Then

lim inf
n→∞

n

b2n
lnP

{ n
bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} ∈ G

}
> lim inf

n→∞

n

b2n
lnP

{∥∥∥ n
bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} − g

∥∥∥
1
< δ
}
.

Therefore, the following lemma implies Theorem 1(i). �

Lemma 4 Assume that (A1), (A2), and (BC) hold. Then for any g ∈ L1(Rd), and

for any δ > 0,

lim inf
n→∞

n

b2n
lnP

{∥∥∥ n
bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} − g

∥∥∥
1
< δ
}
> −I(g). (16)
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Proof Without restriction of generality, we assume that (Ω,F ,P) = (Rd,B(Rd), µ)N

where µ(dx) = f(x)dx and N = {1, 2, . . .}. Let Xi(ω) = ωi, i = 1, 2, . . . be the coordinate

variables on Ω. If I(g) = ∞, then (16) is trivial. Therefore, we need to prove (16) for

g with I(g) < ∞. Moreover, if I(g) < ∞, write g̃N (x) = g(x)I{N−1f(x)6|g(x)|6Nf(x)} and

gN (x) = g̃N (x) − f(x)
∫
g̃N (y)dy = g̃N (x), then

∫
gN (x)dx = 0, ‖gN − g‖1 → 0, and

I(gN ) → I(g) as N → ∞. Hence, we may assume that g(x)/f(x) is a bounded function.

Then for n large enough,

νn(dx) =
[
f(x) +

bn
2n
g(x)

]
dx

is a probability measure on Rd, which is equivalent to µ. Let

Qn(dx1, dx2, . . . ,dxn) = νn(dx1)νn(dx2) · · · νn(dxn).

Then for n large enough, for any ε > 0,

P
{∥∥∥ n

bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} − g

∥∥∥
1
< δ
}

=

∫
{‖nb−1

n {[fn(·)−fn(−·)]−E[fn(·)−fn(−·)]}−g‖1<δ}

n∏
i=1

[
1 +

bng(xi)

2nf(xi)

]−1
Qn(dx1,dx2, . . . ,dxn)

=

∫
{‖nb−1

n {[fn(·)−fn(−·)]−E[fn(·)−fn(−·)]}−g‖1<δ}
exp

{
−

n∑
i=1

ln
[
1 +

bng(xi)

2nf(xi)

]}
× Qn(dx1, dx2, . . . ,dxn)

> exp
{
− n

{
Eνn ln

[
1 +

bng(X1)

2nf(X1)

]
+
b2nε

n2

}}
× Qn

{
An,ε ∩

{∥∥∥ n
bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} − g

∥∥∥
1
< δ
}}

,

where

An,ε :=
{ n
b2n

n∑
i=1

ln
[
1 +

bng(Xi)

2nf(Xi)

]
6
n2

b2n
Eνn ln

[
1 +

bng(X1)

2nf(X1)

]
+ ε
}
.

Since

n

b2n

n∑
i=1

ln
[
1 +

bng(Xi)

2nf(Xi)

]
=

1

bn

n∑
i=1

g(Xi)

2f(Xi)
− 1

8n

n∑
i=1

g2(Xi)

f2(Xi)
+O

(bn
n

)
,

n

bn
Eνn
[ g(X1)

2f(X1)

]
= 2I(g) +O

(bn
n

)
,

1

8
Eνn
[ g2(X1)

f2(X1)

]
= I(g) +O

(bn
n

)
,

and
n2

b2n
Eνn ln

[
1 +

bng(X1)

2nf(X1)

]
= I(g) +O

(bn
n

)
,

by the Chebyshev inequality, for each η > 0, for n large enough, we get

Qn
[∣∣∣ 1

8n

n∑
i=1

g2(Xi)

f2(Xi)
− I(g)

∣∣∣ > η
]
6 Qn

{∣∣∣ 1

8n

n∑
i=1

g2(Xi)

f2(Xi)
− 1

8
Eνn
[ g2(X1)

f2(X1)

]∣∣∣ > η

2

}



146 Chinese Journal of Applied Probability and Statistics Vol. 35

6
16

nη2
Eνn
{ g2(X1)

f2(X1)
− Eνn

[ g2(X1)

f2(X1)

]}2

and

Qn
[∣∣∣ 1

2bn

n∑
i=1

g(Xi)

f(Xi)
− 2I(g)

∣∣∣ > η
]
6 Qn

{∣∣∣ 1

2bn

n∑
i=1

{ g(Xi)

f(Xi)
− Eνn

[ g(X1)

f(X1)

]}∣∣∣ > η

2

}
6

n

b2nη
2
Eνn
{ g(X1)

f(X1)
− Eνn

[ g(X1)

f(X1)

]}2
.

Therefore

Qn(An,ε)→ 1.

On the other hand, since

EQn [fn(·)− fn(−·)] = E[fn(·)− fn(−·)] +
bn
2n

∫
1

adn

[
K
(x− y

an

)
−K

(−x− y
an

)]
g(y)dy

and ∫ ∣∣∣1
2

∫
1

adn

[
K
(x− y

an

)
−K

(−x− y
an

)]
g(y)dy − g(x)

∣∣∣dx→ 0 as n→∞,

we obtain

lim sup
n→∞

EQn

{∥∥∥ n
bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} − g

∥∥∥
1

}
6 lim sup

n→∞
EQn

{∥∥∥ n
bn
{[fn(·)− fn(−·)]− EQn [fn(·)− fn(−·)]}

∥∥∥
1

}
.

Now, applying the Cauchy-Schwartz inequality to

EQn

{∣∣∣ n
bn
{[fn(·)− fn(−·)]− EQn [fn(·)− fn(−·)]}

∣∣∣},
we see that for any η > 0,

EQn

{∥∥∥ n
bn
{[fn(·)− fn(−·)]− EQn [fn(·)− fn(−·)]}

∥∥∥
1

}
=

∫
Rd

EQn

{∣∣∣ n
bn
{[fn(·)− fn(−·)]− EQn [fn(·)− fn(−·)]}

∣∣∣}dx

6
√

n

b2na
d
n

∫
Rd

√
Eνn
{[
K
(x−X1

an

)
−K

(−x−X1

an

)]2}/
adn dx.

And so

EQn

{∥∥∥ n
bn
{[fn(·)− fn(−·)]− EQn [fn(·)− fn(−·)]}

∥∥∥
1

}
= 0,

and

Qn
{∥∥∥ n

bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} − g

∥∥∥
1
< δ
}
→ 1.
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Therefore, for any ε > 0,

lim inf
n→∞

n

b2n
lnP

{∥∥∥ n
bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} − g

∥∥∥
1
< δ
}

> − lim sup
n→∞

n2

b2n

{
Eνn ln

[
1 +

bng(X1)

2nf(X1)

]
+
b2nε

n2

}
= −I(g) + ε.

Letting ε→ 0, we have (16). �

Proof of Theorem 1(ii) It is sufficient for (8) to prove that for any open convex

subset G,

lim sup
n→∞

n

b2n
lnP

{ n
bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} ∈ G

}
6 − inf

g∈G
I(g). (17)

Now let G be an open convex subset. Since (17) is trivial if inf
g∈G

I(g) = 0, we can assume

inf
g∈G

I(g) > 0. For any N > 0 and 0 < ε < inf
g∈G

I(g), put U = {ϕ ∈ L1(Rd); I(ϕ) 6 tN}

where tN = min
{
N, inf

g∈G
I(g) − ε

}
. Then U ∩ G = ∅, and thus by the Habh-Banach

theorem, there exist h ∈ L∞(Rd) and c ∈ R such that H ∩ U = ∅ and G ⊂ H, where

H = {ϕ ∈ L1(Rd);
∫
h(x)ϕ(x)dx > c}. Hence, by the Chebyshev inequality, we deduce

that for any α > 0,

lim sup
n→∞

n

b2n
lnP

{ n
bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} ∈ G

}
6 lim sup

n→∞

n

b2n
lnP

{ n
bn

∫
h(x){[fn(x)− fn(−x)]− E[fn(x)− fn(−x)]}dx > c

}
6 − αc+ lim sup

n→∞

n

b2n
lnE

{
exp

{
αbn

∫
h(x){[fn(x)− fn(−x)]− E[fn(x)− fn(−x)]}dx

}}
.

By a Taylor series expansion, we get

Λ(h) ≡ lim
n→∞

n

b2n
lnE

{
exp

{
bn

∫
h(x){[fn(x)− fn(−x)]− E[fn(x)− fn(−x)]}dx

}}
=

1

2

{∫
[h(x)− h(−x)]2f(x)dx−

{∫
[h(x)− h(−x)]f(x)dx

}2}
.

Therefore for any α > 0,

lim sup
n→∞

n

b2n
lnP

{ n
bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} ∈ G

}
6 −αc+ α2Λ(h),

and so

lim sup
n→∞

n

b2n
lnP

{ n
bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} ∈ G

}
6 − c2

4Λ(h)
.
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Noting that ϕ ∈ U implies that ϕ(−·) = −ϕ(·) ∈ U , we have U ⊂ {ϕ; |
∫
h(x)ϕ(x)dx| 6

|c|}. Therefore,

2Λ(h) =

∫ {
h(x)− h(−x)−

∫
[h(y)− h(−y)]f(y)dy

}2
f(x)dx

= sup
8I(ϕ)61

∣∣∣ ∫ [h(x)− h(−x)]ϕ(x)dx
∣∣∣2

=
1

8tN
sup
ϕ∈U

∣∣∣ ∫ [h(x)− h(−x)]ϕ(x)dx
∣∣∣2 6 c2

2tN
.

Hence,

lim sup
n→∞

n

b2n
lnP

{ n
bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} ∈ G

}
6 − tN = −min

{
N, inf

g∈G
I(g)− ε

}
.

Now, first letting N →∞, and then letting ε→ 0, we get (17). �

Proof of Theorem 1(iii) Let C be a compact subset. For any δ > 0, and for any

g ∈ C, there exists an open ball Ug 3 g such that inf
ϕ∈Ug

I(ϕ) > I(g)− δ, since I(·) is lower-

semicontinuous. Choose finite g1, g2, . . . , gm such that C ⊂
m⋃
i=1

Ugi and write Gδ =
m⋃
i=1

Ugi .

Then

lim sup
n→∞

n

b2n
lnP

{ n
bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} ∈ Gδ

}
6 max

16i6m

{
− inf
ϕ∈Ugi

I(ϕ)
}
6 − inf

g∈C
I(g) + δ. �

§3. Proof of Theorem 3

The ideas of the proof come also from that in [9]. The lower bound is a consequence

of Theorem 1. Here are two basic steps in proving the upper bound. As in [9], the upper

bound follows by Devroye’s proof in [10]. The Devroye partition plays an important role

in proof of the upper bound, here it requires precise estimates to get the MDP.

Proof of Theorem 3(i) Denote Ψ : (L1(Rd), ‖ · ‖1) 7→ [0,∞) by Ψ(ϕ) = ‖ϕ‖1.

Then Ψ is continuous from Ψ : (L1(Rd), ‖ · ‖1) to [0,∞) and

inf
Ψ(g)=λ

I(g) =
λ2

8
. (18)

By Cauchy-Schwarz inequality,

inf
Ψ(g)=λ

I(g) = inf
Ψ(g)=λ

1

8

∫ ( g√
f

)2
dx

∫
(
√
f )2dx > inf

Ψ(g)=λ

1

8
Ψ(g)2 >

λ2

8
;
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on the other hand, if one takes g(x) = λ[IA(x) − IB(x)]f(x) where A ∩ B = ∅, A = −B,

A ∪ B = Rd and
∫
A f(x)dx = 1/2, then ‖g‖1 = λ and I(g) = λ2/8. Therefore (18) holds.

Lower bound: Let G be an open subset in [0,∞). Then Ψ−1(G) is an open subset in

(L1(Rd), ‖ · ‖1); hence by Theorem 1,

lim inf
n→∞

n

b2n
lnP

{ n
bn
‖[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]‖1 ∈ G

}
= lim inf

n→∞

n

b2n
lnP

{ n
bn
{[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]} ∈ Ψ−1(G)

}
> − inf

Ψ(g)∈G
I(g) = − inf

λ∈G

λ2

8
.

Upper bound: Let F be a closed subset in [0,∞), and let λ = inf{x; x ∈ F}. Without loss

of generality, we can assume λ > 0. Then for any 0 < ε < λ,

P
{ n
bn
‖[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]‖1 ∈ F

}
6 P

{ n
bn
‖[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]‖1 > λ− ε

}
.

Thus, it is sufficient for the upper bound to prove for any λ > 0,

lim sup
n→∞

n

b2n
lnP

{ n
bn
‖[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]‖1 > λ

}
6 −λ

2

8
.

By (A2) and (BC) and Lemma A.1 in [9], without loss of restricition we can assume that

there exists a constant 1 < L <∞ such that {K 6= 0} ∪ {f 6= 0} ⊂ [−L+ 1, L− 1]d, and

K(x) =
m∑
j=1

cjIAj (x),
m∑
j=1

cj |Aj | = 1, |Aj | > 0,

where 0 < cj < ∞, j = 1, 2, . . . ,m are constants, and Aj ⊂ [−L,L]d, j = 1, 2, . . . ,m are

disjoint rectangles, and |A| =
∫
A dx (see Lemmas A.5 – A.7 in Appendix in [9] with K[(x−

Xi)/an] − K[(−x − Xi)/an] in place of K[(x − Xi)/an]). Write Kj(x) = (|Aj |)−1IAj (x)

and

fn;j =
1

nadn

n∑
i=1

Kj

(x−Xi

an

)
.

Then by fn =
m∑
j=1

cj |Aj |fn;j and
m∑
j=1

cj |Aj | = 1, we deduce that for any λ > 0,

{ n
bn
‖[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]‖1 > λ

}
⊂

m⋃
j=1

{ n
bn
‖[fn;j(·)− fn;j(−·)]− E[fn;j(·)− fn;j(−·)]‖1 > λ

}
.
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Therefore, we only prove the upper bound for K(x) = (|A|)−1IA(x), where A is a rectangle.

There is no loss of generality in assuming that A = [0, 1]d, i.e., K(x) = I[0,1]d(x). In this

case,

‖[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]‖1

=
1

adn

∫
Rd

|µn(x+ anA)− µn(−x+ anA)− [µ(x+ anA)− µ(−x+ anA)]|dx,

where µ(B) =
∫
B f(x)dx and µn(B) = n−1

n∑
i=1

δXi(B) is the empirical measure for Xi,

i = 1, 2, . . . , n. Define the partition Ψ of Rd as follows (see [9] and [10]):

Ψ :=
{ d∏
j=1

[(ij − 1)an
N

,
ijan
N

)
; ij ∈ Z, j = 1, 2, . . . , d

}
,

where N is a constant to be chosen as in [9]. Set

Dx = (x+ anA)−
⋃

B∈Ψ, B⊂x+anA,B∩[−L,L]d 6=∅
B.

Then

1

adn

∫
Rd

|µn(x+ anA)− µn(−x+ anA)− [µ(x+ anA)− µ(−x+ anA)]|dx

6 2
1

adn

∫
Rd

|µn(x+ anA)− µ(x+ anA)|dx

6 2
∑

B∈Ψ, B∩[−L,L]d 6=∅
|µn(B)− µ(B)|+ 2

1

adn

∫
Rd

|µn(Dx)− µ(Dx)|dx,

where the last inequality is due to a−dn
∫
B⊂x+anA

dx 6 1. And the rest of the proof is the

same as that of upper bound of Theorem 1.2(1) in [9] with λ/2 and δ/2 in place of λ and

δ respectively, so we omitted the proof. �

Proof of Theorem 3(ii) Similarly as in [9], we only need to prove necessity. Let

K be a bounded function with compact support, and let f have also compact support. If

(15) holds, then
n

bn
‖[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]‖1

P→ 0. (19)

Now we take B = L1(Rd), and

ξi,n =
1

adn

{
K
(x−Xi

an

)
−K

(−x−Xi

an

)
− E

[
K
(x−Xi

an

)
−K

(−x−Xi

an

)]}
in Lemma A.1 in [9], then by (19) and Lemma A.1 in [9], we have

n

bn
E{‖[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]‖1} → 0. (20)
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Since K is bounded, K and f have compact support, hence we have

lim sup
n→∞

∫
adnE(|ξ1,n|3)

E(|ξ1,n|2)
dx <∞,

where 0/0 = 0. By Lemma A.2 in [9], we have∣∣∣√nE|[fn(x)− fn(−x)]− E[fn(x)− fn(−x)]| −
√

2

π

√
E(|ξ1,n|2)

∣∣∣ 6 AE(|ξ1,n|3)√
nE(|ξ1,n|2)

.

Hence ∣∣∣ n
bn

E‖[fn(·)− fn(−·)]− E[fn(·)− fn(−·)]‖1 −
√

2

π

√
n

bn
√
adn

∫ √
adnE(|ξ1,n|2) dx

∣∣∣
6
∫

AadnE(|ξ1,n|3)

bnadnE(|ξ1,n|2)
dx. (21)

Finally, by (20) and lim
n→∞

∫ √
adnE(|ξ1,n|2) dx = c1

∫ √
f(x) dx, we see that (21) implies

(BC). �
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Ø�Ý�O�é¡u�3 L1(Rd)e�¥ �

M²± ¶�� ±[�

(µ�	>b�Æ&Eó§Æ�, µ�	, 333403)

Á �: � fn ´Äu��Ø¼ê K Ú��u Rd �ÕáÓ©Ù�ÅCþ�����ëêØ�Ý�O. �©

y²
 {fn(x)− fn(−x), n > 1}3 L1(Rd)�me�ü�¥ �½n.

'�c: é¡u�; Ø�Ý�O; ¥ �

¥ã©aÒ: O211.4


