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§1. Ú ó

© ê£8�.d KoenkerÚ Bassett [1] 3 1978cJÑ, 3���A�cp, <�é

�.ëê��OÚu��
NõïÄ. é p ∈ (0, 1), �5 p© ê£8�.´

Y = XTβ + U, (1)

Ù¥, β ´M ���þ, P(U 6 0 |X) = p, Y ∈ R, X ∈ RM �1��©þ´ 1. �©òï

Ä H0 : β = β0 vs. H1 : β 6= β0�u�, Ù¥ β0´�u��.

Otsu [2] ^²�q, (EL){Ú1w²�q, (SEL){�E β ��&�, Whang [3] �

[0�
 SEL{3�. (1)¥�A^, �´¦��ó�Ñ´3��*ÿêâe?1�.

� Y ��ÅCþ C mí��, *ÿ��´ Z , Y ∧C ���, Otsu [2]ÚWhang [3]�

(ØØ2·^. émí�êâ, Ying� [4] �E
���O�§, ^±�O¥ ê£8�.

�ëê. LengÚ Tong [5]í2
 Ying� [4]��{. WangÚWang [6]^ÛÜ\���ýé

ål{�O β. 3ùn�©z¥, β ��OÑ´ìC���, �ìC����O�©E,.
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QinÚ Tsao [7] � ZhaoÚ Chen [8] ^ EL{�¥ ê£8�.�ëê�E�&�, �´¦

��²�q,'ÚOþ±\�k�©Ù�ìC©Ù, 
�­´���.

émí�êâ, �©�â©z [9]�K�¼ê�{�� EL{��O¼êWni (� (9)),

âd�E�u�ÚOþ3�b�e�©ÙÂñ� χ2
M , χ2

M ´gdÝ�M �k�©Ù, �

Wni Ø´ β �1w¼ê, ÏdÃ{éTÚOþ?1 BartlettÅ . ëì©z [3], �©^

SEL{)ûù�¯K, �E�u�ÚOþ3�b�eE�©ÙÂñ� χ2
M . �Å�[L²

²L BartlettÅ �, SEL{�°Ýpu��ìC{Ú©z [7]� EL{.

1 2!´O�ó�. 1 3!^ EL{�E± χ2
M �ìC©Ù�u�ÚOþ. 1 4!í2

©z [9]¥mí�êâe�¥%4�½n. 1 5!�âí2�¥%4�½né�. (1)�

SELu��ÚOíä. 1 6!´�Å�[Ú¢~©Û.

§2. O�Úb�

�
�B, �©Ú^©z [10]�ÎÒÚ^�.

é?¿üN¼ê h(x), � h(x−) ´ h(x) ��4�, h{x} , h(x) − h(x−). é©Ù

¼ê F , � F , 1 − F , bF , sup{y : F (y) < 1}. ∀ a, b ∈ R, a ∧ b , min(a, b). ∀ a =

(a1, a2, . . . , aM )T, b = (b1, b2, . . . , bM )T, � aj 6 bj , j = 1, 2, . . . ,M �, P a 6 b.

'u�. (1), 3mí�e, *ÿ��Ø2´ (Y,X)���, 
´ (Z,X, δ)���

(Zi, Xi, δi), i = 1, 2, . . . , n,

Ù¥, Z = Y ∧ C, δ = I[Y 6 C]� [Y 6 C]�«5¼ê, Zi = Yi ∧ Ci, δi = I[Yi 6 Ci].

b� C � Y Õá�÷v P(Y 6 C |Y,X) = P(Y 6 C |Y ), ½Â F (y) = P(Y 6 y),

G(y) = P(C 6 y), F (y, x) = P(Y 6 y, X 6 x), F 1(y, x) = P(Y 6 y, X 6 x, δ = 1), K

F 1(y, x) =

∫
u6y

∫
w6x

G(u−)F (du,dw). (2)

½Â H(y) = P(Z 6 y), H0(y) = P(Z 6 y, δ = 0), H1(y) = P(Z 6 y, δ = 1), K

H0(y) =

∫ y

−∞
F (s)dG(s), H1(y) =

∫ y

−∞
G(s−)dF (s), H(y) = F (y)G(y). (3)

^e¡²�©Ù¼ê©O�O H(y), H0(y), H1(y)Ú F 1(y, x),

Hn(y) =
1

n

n∑
i=1

I[Zi 6 y], H0
n(y) =

1

n

n∑
i=1

I[Zi 6 y, δi = 0],

H1
n(y) =

1

n

n∑
i=1

I[Zi 6 y, δi = 1], F 1
n(y, x) =

1

n

n∑
i=1

I[Zi 6 y, Xi 6 x, δi = 1].
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�
�y�.�£O, b� bF 6 bG, K F (y)Ú G(y)� Kaplan-Meier�O�

Fn(y) = 1−
∏
s6y

[
1− H1

n{s}
Hn(s−)

]
Ú Gn(y) = 1−

∏
s6y

[
1− H0

n{s}
Hn(s−)

]
. (4)

Fn(y), Gn(y), H1
n(y)Ú Hn(y)÷v

Hn(y) = Fn(y)Gn(y) Ú dH1
n(y) = Gn(y−)dFn(y). (5)

U©z [9], ©Ù¼ê F (y, x)��O´

Fn(y, x) =

∫
s6y

∫
w6x

1

Gn(s−)
F 1
n(ds, dw). (6)

3�©¥,
L−→L«�©ÙÂñ,

a.s.−→L«A�??Âñ, È©Ò
∫ b
a L«

∫
(a,b],

∫
L«∫

R ½
∫
RM+1 . XÃAÏ`², e©Ñy��ÓÎÒ±�!½Â�O.

§3. mí�êâe�²�q,

é�. (1), �Ä^ EL{u� H0 vs. H1, é��*ÿêâ, ©z [2]��O¼ê´

g(Y,X, β) = [G0(X
Tβ − Y )− p]X, (7)

Ù¥ G0(u) , I[u > 0]. 3 H0e, ´� E[g(Y,X, β0)] = 0, ©z [2]y²
 n→∞�,

−2 sup
{ n∑
i=1

ln(npi) : pi > 0,
n∑
i=1

pi = 1,
n∑
i=1

pig(Yi, Xi, β0) = 0
}

L−→ χ2
M . (8)

émí�êâI��E#�u�ÚOþ, � ψn(s, β0) =
∫
y>s g(y, x, β0)Fn(dy,dx),

δi = 1− δi, ëì©z [10]^

Wni =
g(Zi, Xi, β0)δi

Gn(Zi−)
+
ψn(Zi, β0)

Hn(Zi−)
δi −

∫ Zi

−∞

ψn(s, β0)

H
2
n(s−)

dH0
n(s) (9)

�E²�q,'u�ÚOþ

lEL(β0) = −2 sup
{ n∑
i=1

ln(npi) : pi > 0,
n∑
i=1

pi = 1,
n∑
i=1

piWni = 0
}
. (10)

½n 1 e S0 , E(XiX
T
i )�½, F Ú GëY, � ∃λ > 1/2¦�∫

‖x‖

G
λ
(y)F

1/2
(y)

F (dy,dx) <∞, E
XTX

G(Y )
<∞, (11)

K3 H0 : β = β0e, lEL(β0)
L−→ χ2

M , n→∞.
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y²: du3 H0e E[g(Y,X, β0)] = 0, E(XiX
T
i )�½, ¿� (7)Ú (11)L²∫

‖g(Y,X, β0)‖

G
λ
(y)F

1/2
(y)

F (dy,dx) <∞,
∫
‖g(Y,X, β0)‖2

G(y)
F (dy,dx) <∞,

��â©z [10]¥½n 4.1� lEL(β0)
L−→ χ2

M . �

5P 2 þã½nò©z [10] ¥½n 4.1 �^�
∫ bF
−∞ F

−1
dG < ∞ O��

∫
‖x‖/

[G
λ
(y)F

1/2
(y)]F (dy,dx) <∞, ^©z [11]�½n 2.1Uy²ù�O�´�(�.

§4. mí�êâe¥%4�½n�í2

�
�©�A^, e¡½n´é©z [9]¥½n 3.1�í2.

½n 3 � ξn(y, x), ξ(y, x) Ú η(y, x) ∈ R �ÿ, ξn(y, x) , ξn(y, x) − ξ(y, x) ÷v

|ξn(Y,X)| 6 η(Y,X)Ú lim
n→∞

ξn(Y,X) = 0, a.s., F Ú GëY, � ∃λ > 1/2¦�∫
η(y, x)

G
λ
(y)F

1/2
(y)

F (dy,dx) <∞,
∫
η2(y, x)

G(y)
F (dy,dx) <∞. (12)

½Â µ = E[ξ(Y,X)], ψ(s) =
∫
y>s ξ(y, x)F (dy,dx), K� n→∞�,

√
n

∫
ξn(y, x)[Fn(dy,dx)− F (dy,dx)]

L−→ N(0, σ2), (13)

Ù¥

σ2 =

∫
ξ2(y, x)

G(y)
F (dy,dx)− µ2 −

∫
ψ2(s)

H
2
(s−)

dH0(s).

y²: w,

√
n

∫
ξn(y, x)[Fn(dy,dx)− F (dy,dx)]

=
√
n

∫
ξ(y, x)[Fn(dy,dx)− F (dy,dx)] +

√
n

∫
ξn(y, x)[Fn(dy,dx)− F (dy,dx)],

�â©z [9], þª�Òm>1�Ü©�©ÙÂñ� N(0, σ2), ��Iy²

√
n

∫
ξn(y, x)[Fn(dy,dx)− F (dy,dx)] = oP (1). (14)

� Z(n) = max{Z1, Z2, . . . , Zn}, �â (2)Ú (6)��

√
n
∣∣∣ ∫ ξn(y, x)[Fn(dy,dx)− F (dy,dx)]

∣∣∣
6
√
n

∫
|[G(y)−Gn(y)]ξn(y, x)|

G(y)
Fn(dy,dx) +

√
n
∣∣∣ ∫ ξn(y, x)

G(y)
[F 1
n(dy,dx)− F 1(dy,dx)]

∣∣∣
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, ∆(1)
n + ∆(2)

n . (15)

�
y² (14), e¡y²∆
(1)
n = oP (1), ∆

(2)
n = oP (1).

�â Egorov’s½nÚ©z [11]¥½n 2.1©O�� n→∞�,∫
|ξn(y, x)|

G
λ
(y)F

1/2
(y)

Fn(dy,dx)
a.s.−→ 0

Ú
√
n sup
y6Z(n)

|G(y)−Gn(y)|
G(y)

G
λ
(y)F

1/2
(y) = OP (1),

��íÑ∆
(1)
n = oP (1). d ChebyshevØ�ªÚ��Âñ½n� ∀ ε > 0,

P(∆(2)
n > ε) 6

1

ε2

∫
ξ
2
n(y, x)

G(y)
F (dy,dx)→ 0, n→∞.

Ïd ∆
(2)
n = oP (1), (Ü∆

(1)
n = oP (1)Ú (15)� (14). �

§5. 1w²�q,Ú BartlettÅ 

é�. (1), 1 3!�E
 H0 vs. H1 �u�ÚOþ lEL, �du gØ´ β �1w¼ê,

ÏdÃ{é lEL?1 BartlettÅ . ëì©z [3], e¡$^ SEL{)ûù�¯K.

�K(u)´Ø¼ê, Gh(w) =
∫
u<w/hK(u)du, K g�1w��´

gn(y, x, β) = [Gh(xTβ − y)− p]x. (16)

½Â ψ(s, β) =
∫
y>s g(y, x, β)F (dy,dx), ψ̂n(s, β0) =

∫
y>s gn(y, x, β0)Fn(dy,dx),


Wi =

g(Zi, Xi, β)δi

G(Zi−)
+
ψ(Zi, β)

H(Zi−)
δi −

∫ Zi

−∞

ψ(s, β)

H
2
(s−)

dH0(s),

Ŵni =
gn(Zi, Xi, β0)δi

Gn(Zi−)
+
ψ̂n(Zi, β0)

Hn(Zi−)
δi −

∫ Zi

−∞

ψ̂n(s, β0)

H
2
n(s−)

dH0
n(s).

(17)

émí�êâ, �â©z [9]�K�¼ê�{�EÑ H0 vs. H1�u�ÚOþXe

lSEL(β0) , −2 sup
{ n∑
i=1

ln(npi) : pi > 0,
n∑
i=1

pi = 1,
n∑
i=1

piŴni = 0
}
. (18)

3�Ñ lSEL(β0)�ìC5�c, kÚ\e¡A�^�.
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C1 Ø¼êK(u)÷v

∫
R
ujK(u)du =


1, j = 0;

0, j = 1, 2, . . . , r − 1;

cr, j = r,

Ù¥, óê r > 2, cr ��~ê.

C2 � f(u |X) ´ X ®�� U �^��Ý¼ê. é X Ú u ��, f(u |X) k., �3

u = 0�,���S'u u�3 r�ëY�ê.

C3 S0 = E(XiX
T
i )Ú D0 = E[f(0 |Xi)XiX

T
i ]�½.

C4 I° h÷v lim
n→∞

nh2r = 0.

C5 ©Ù¼ê F Ú GëY, � ∃λ > 1/2¦�é η(y, x) , ‖x‖, (12)¤á.

½n 4 e^� C1 – C5¤á, K3 H0 : β = β0e, lSEL(β0)
L−→ χ2

M , n→∞.

du gn ´ β �1w¼ê, ��±é lSEL ?1 Bartlett Å . ëì©z [3], ^²

BartlettÅ ��1w²�q, (BSEL){u� H0 vs. H1, áý��

RBSEL = {β : lBSEL(β) > χ2
M, 1−α}, (19)

Ù¥, lBSEL(β) , (1−n−1b)lSEL(β), χ2
M, 1−α´ χ2

M � 1−α© ê, b´Å Ïf, ÙO�

� (24). � β0 ∈ RBSEL�, áý�b� H0.

�y²½n 4, k0�A�Ún�^.

Ún 5 e^� C1 – C5¤á, K3 H0e n→∞�,

(i) gn(Y,X, β0)
a.s.−→ g(Y,X, β),

(ii) E[gn(Y,X, β0)] = o(n−1/2).

y²: (i) du ∀w 6= 0, lim
h→0

Gh(w) = G0(w), � lim
n→∞

gn(Y,X, β0) = g(Y,X, β), a.s.

(ii) ©z [3]Ún 1y²
 E[gn(Y,X, β0)] = O(hr), (Ü^� C4� (ii). �

Ún 6 � V̂ni = ŴniHn(Zi−)H(Zi), Vi = WiH
2
(Zi). e^� C1 – C5¤á, K3

H0e, n−1
n∑
i=1
‖Ŵni −Wi‖2 = oP (1), � n−1

n∑
i=1
‖V̂ni − Vi‖2

a.s.−→ 0, n→∞.

y²: � ψ̂(s, β0) =
∫
y>s gn(y, x, β0)F (dy,dx),

Ŵi =
gn(Zi, Xi, β0)δi

G(Zi−)
+
ψ̂(Zi, β0)

H(Zi−)
δi −

∫ Zi

−∞

ψ̂(s, β0)

H
2
(s−)

dH0(s),
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K

n−1
n∑
i=1
‖Ŵni −Wi‖2 6 n−1

n∑
i=1
‖Ŵni − Ŵi‖2 + n−1

n∑
i=1
‖Ŵi −Wi‖2.

Ó©z [12]¥Ún 4.2�� n−1
n∑
i=1
‖Ŵni − Ŵi‖2 = oP (1)Ú n−1

n∑
i=1
‖Ŵi −Wi‖2 = oP (1),

� n−1
n∑
i=1
‖Ŵni −Wi‖2 = oP (1). Ón�� n−1

n∑
i=1
‖V̂ni − Vi‖2

a.s.−→ 0. �

Ún 7 � Σ = E(WiW
T
i ), e^� C1 – C5¤á, K3 H0e n→∞�,

(i) max
16i6n

‖Ŵni‖ = oP (
√
n),

(ii) Sn , n−1
n∑
i=1

ŴniŴ
T
ni = Σ + oP (1),

(iii) n−1/2
n∑
i=1

Ŵni
L−→ N(0,Σ).

y²: (i) ®� W1,W2, . . . ,Wn i.i.d., E(Wi) = 0, � Var (Wi) = Σk�, (Ü©z

[13]�Ún 3B� max
16i6n

‖Wi‖ = oP (
√
n). éXÚn 6�

max
16i6n

‖Ŵni‖ 6
√
n
( 1

n

n∑
i=1
‖Ŵni −Wi‖2

)1/2
+ max

16i6n
‖Wi‖ = oP (

√
n).

(ii) 5¿�

ŴniŴ
T
ni = WiW

T
i + (Ŵni −Wi)W

T
i +Wi(Ŵni −Wi)

T + (Ŵni −Wi)(Ŵni −Wi)
T,

(Ü Hölder’sØ�ª, r�ê½nÚÚn 6íÑ Sn = Σ + oP (1).

(iii) �â (6)ÚÚn 5 (ii)��

1√
n

n∑
i=1

Ŵni =
1√
n

n∑
i=1

[gn(Zi, Xi, β0)δi

Gn(Zi−)
+
ψ̂n(Zi, β0)

Hn(Zi−)
δi −

∫
ψ̂n(s, β0)

H
2
n(s−)

I[Zi > s]dH
0
n(s)

]
=
√
n

∫
gn(y, x, β0)[Fn(dy,dx)− F (dy,dx)] + o(1).

� ξ(y, x) = g(y, x, β), ξn(y, x) = gn(y, x, β0), (Ü^� C5, Ún 5 (i), ½n 3Ú Cramér-

Wold’s½n=� (iii). �

P Σ = (σij)
M
i,j=1, xi´ x�1 i�©þ, ϕi(s) ,

∫
y>s[I(xTβ > y)− p]xiF (dy,dx), K

σij =

∫
[I(xTβ > y)− p]2xixj

G(y)
F (dy,dx)−

∫
ϕi(s)ϕj(s)

H
2
(s−)

dH0(s). (20)

e¡�¤½n 4�y².

½n 4�y²: ∀ c ∈ RM , cTΣc = Var (cTWi) > Var [cTg(Y,X, β)] = p(1− p)cTS0c,
�d S0�½� Σ½�½.
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� A´ RM ��Nü �þ, (Ü Σ�½ÚÚn 6, ëì©z [10]¥½n 4.1�y²

�� ∃ δ > 0¦�

lim inf
n→∞

inf
α∈A

1

n

n∑
i=1

I[αTŴni > 0] > δ, a.s. (21)

�â©z [13]¥½n 1�y², ��
 (21)ÚÚn 7BUíÑ n→∞�,

lSEL(β0) =
( 1√

n

n∑
i=1

Ŵni

)T

S−1n

( 1√
n

n∑
i=1

Ŵni

)
+ oP (1)

L−→ χ2
M .

½n 4y.. �

5P 8 � P(Y 6 C) = 1�, Ø�3mí�.d�, H0(y) ≡ 0, ¿� a.s. G(Y−) = 1,

δ = δ1 = · · · = δn = 1, H0
n(y) ≡ 0, d Kaplan-Meier�O (4)� Gn(y) ≡ 0. Ïd

Wi = [G0(X
T
i β − Yi)− p]Xi, Ŵni = [Gh(XT

i β0 − Yi)− p]Xi, Σ = p(1− p)S0.

d (18)Ú½n 4�, é��*ÿêâ

lSEL(β0) = −2 sup
{ n∑
i=1

ln(npi) : pi > 0,
n∑
i=1

pi = 1,
n∑
i=1

pi[Gh(XT
i β0 − Yi)− p]Xi = 0

}
L−→ χ2

M , n→∞.

ù�©z [3]�(Ø��.

§6. �Å�[Ú¢~©Û

é H0 : β = β0 vs. H1 : β 6= β0, �!ò'��â©z [4]���ìC{ (NA)!©z

[7]� EL{ (QEL)9�©� BSEL{�E�n�u�{K�1�a�Ø�VÇ, u��

wÍY²� α, ¤kO�þÏL R�ó¢y.

é p© ê£8�. (1), ©¥æ^©z [6]��{�O β (�½I°� hw = n−0.4),

P����O� β̂. � p = 0.5�, ëì©z [7], ½Â

Uni(β) ,
[I[Zi −XT

i β > 0]

1−Gn(XT
i β)

− 0.5
]
Xi, Γ̂1 ,

1

n

n∑
i=1

Uni(β̂)UT
ni(β̂),

Γ̂2 ,
1

4n

n∑
i=1

(
δi

n∑
j=1

I[XT
j β̂ > Zi]Xj

/ n∑
j=1

I[Zj > Zi]
)⊗ 2

, Γ̂ , Γ̂1 − Γ̂2,

Ù¥é ν ∈ RM , ν
⊗

2 , ννT.

NAu��áý��

RNA = {β : lNA(β) > χ2
M, 1−α}, (22)
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Ù¥ lNA(β) , n−1
( n∑
i=1

Uni(β)
)T

Γ̂−1
( n∑
i=1

Uni(β)
)
, � β0 ∈ RNA�, áý�b� H0.

QELu��áý��

RQEL = {β : lQEL(β) > c1−α}, (23)

lQEL(β) , −2 sup
{ n∑
i=1

ln(npi) : pi > 0,
n∑
i=1

pi = 1,
n∑
i=1

piUni(β) = 0
}
,

Ù¥, c1−α ´ l1ζ1 + l2ζ2 + · · · + lMζM � 1 − α© ê, l1, l2, . . . , lM ´ Γ̂−11 Γ̂�A��,

ζ1, ζ2, . . . , ζM
i.i.d.∼ χ2

1. � β0 ∈ RQEL�, áý�b� H0.

BSEL u�± (19) ½Â� RBSEL �áý�. O� lSEL �, Ø¼êÚI°©O��

K(u) = exp(−u2/2)/
√

2πÚ h = n−0.8, Å Ïf b�O�Xe

b =
(1

2
t1 −

1

3
t2

)
/M, t1 =

1

n

n∑
i=1

[
Ŵ T
ni(β̂)Σ̂−1Ŵni(β̂)

]2
,

t2 =
1

n2

n∑
i=1

n∑
j=1

[
Ŵ T
ni(β̂)Σ̂−1Ŵnj(β̂)

]3
, Σ̂ =

1

n

n∑
i=1

Ŵni(β̂)Ŵ T
ni(β̂),

Ŵni(β̂) =
gn(Zi, Xi, β̂)δi

Gn(Zi−)
+
ψ̂n(Zi, β̂)

Hn(Zi−)
δi −

∫ Zi

−∞

ψ̂n(s, β̂)

H
2
n(s−)

dH0
n(s).

(24)

�©À^e¡ü�¥ ê£8�.?1�[.

�. A

Yi = XT
i β + Ui, i = 1, 2, . . . , n, (25)

Ù¥, β = (1, 2)T, Xi = (1, X2,i)
T, X2,i ∼ U[0, 1], Ui ∼ N(0, 1), Ci ∼ Exp(λ), � X1, X2,

. . . , Xn, U1, U2, . . . , Un, C1, C2, . . . , Cn�pÕá.

�. B é (25), β, X1, X2, . . . , XnÚ C1, C2, . . . , Cn��½Ó�. A. Ui ∼ Exp(2)−
u0, Ù¥ u0 = (ln 2)/2´ Exp(2)�¥ ê.

3�[�, À�·�� λ, ¦�í�VÇ P(Y > C)�� 15%!25%Ú 40%. ��þ�

n ∈ {30, 60, 90}. �[­Egê� N = 25 000g, L 1ÑÑ�´ NA!QELÚ BSELn�

u��1�a�Ø�²�VÇ. u��õ�´� H1 �ý�u�áý H0 �VÇ, �
ïÄ

u��õ�, � β0 = (1.2, 2.2)T, L 2ÑÑ�´n�u��²�õ�. β0 = (0.8, 1.8)T ��

[(J�L 2aq, ùpÒØ2�Ñ
. *	L 1ÚL 2��e¡(Ø.

1) 3L 1¥, �í�VÇ�����þ���, NAu�`uÙ{ü�u�. ~Xé�

. A, � P(Y > C) = 40%, n = 30� NAu��1�a�Ø�VÇ�� 0.091 (α = 0.1)

Ú 0.044 (α = 0.05), �Ù{ü�u���C α.

2) �í�VÇ��½��þ���, BSELu�`uÙ{ü�u�, X� P(Y > C) =

15%, 25%, ½ n = 60, 90� BSELu��1�a�Ø�VÇ��C α.
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L 1 NA!QELÚ BSELn�u��1�a�Ø�²�VÇ

�. P(Y > C) n
α = 0.1 α = 0.05

NA QEL BSEL NA QEL BSEL

A

15%

30 0.091 0.105 0.103 0.043 0.057 0.055

60 0.097 0.107 0.102 0.047 0.054 0.050

90 0.098 0.104 0.100 0.050 0.054 0.050

25%

30 0.086 0.115 0.104 0.041 0.063 0.054

60 0.093 0.105 0.097 0.046 0.054 0.048

90 0.096 0.104 0.098 0.046 0.054 0.049

40%

30 0.091 0.152 0.120 0.044 0.093 0.072

60 0.094 0.111 0.099 0.044 0.057 0.051

90 0.096 0.107 0.101 0.046 0.055 0.049

B

15%

30 0.088 0.112 0.103 0.041 0.059 0.055

60 0.095 0.108 0.098 0.047 0.056 0.051

90 0.098 0.104 0.099 0.050 0.054 0.050

25%

30 0.085 0.116 0.106 0.040 0.064 0.058

60 0.093 0.110 0.098 0.044 0.057 0.048

90 0.094 0.107 0.099 0.048 0.056 0.049

40%

30 0.087 0.132 0.117 0.040 0.076 0.067

60 0.090 0.112 0.097 0.044 0.058 0.047

90 0.092 0.107 0.097 0.044 0.056 0.049

3) NAu��1�a�Ø�VÇo´�u α, QELu��1�a�Ø�VÇo´�u

α, BSELu��1�a�Ø�VÇ3 α�mÅÄ, �§�Ñ� P(Y > C)O��l α.

4) � nO�, �,n�u��1�a�Ø�VÇÑ3%C α, � BSEL�%C�Ý²

w¯uÙ{ü�u�, L² BSEL�°Ý�p.

5) 3L 2¥, n�u��²�õ�Ñ� nO�
O�, � αO�
O�, � P(Y > C)

O�
~�. '�
ó, BSEL�õ�ÑpuÙ{ü�u�.

nþ¤ã, ���ìC{Ú©z [7]� EL{�', SEL{²L BartlettÅ �k�p

�°Ý.

©Ù��0���¢~, êâ5g 121 ¡J¾<��KP¹ (�©z [4]�L 1). �

)�¾<Jø AÚ Bü«£��{, z�¾<�É�«�{. Ti´¾<�É£����¹

�m (ü : U), δi ´mí�«5Cþ, X2,i � 0Ú 1ü��, X2,i � 0L«¾<�É�{

A, ÄK�É�{ B, X3,i ´¾<�É£���c#. � Yi = log10(Ti), �
ïÄü«�{

é¾<�¹�m�K�, Ying� [4]ïá
¥ ê£8�.

Yi = XT
i β + Ui, i = 1, 2, . . . , 121,
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L 2 β0 = (1.2, 2.2)T � NA!QELÚ BSELn�u��²�õ�

�. P(Y > C) n
α = 0.1 α = 0.05

NA QEL BSEL NA QEL BSEL

A

15%

30 0.656 0.678 0.705 0.515 0.553 0.574

60 0.914 0.906 0.929 0.850 0.841 0.871

90 0.983 0.980 0.986 0.963 0.957 0.971

25%

30 0.579 0.618 0.628 0.435 0.492 0.495

60 0.868 0.849 0.885 0.780 0.763 0.804

90 0.964 0.956 0.970 0.929 0.916 0.941

40%

30 0.480 0.567 0.535 0.343 0.461 0.414

60 0.764 0.737 0.776 0.652 0.623 0.657

90 0.904 0.878 0.912 0.838 0.799 0.842

B

15%

30 0.659 0.684 0.698 0.561 0.598 0.607

60 0.920 0.918 0.932 0.876 0.873 0.892

90 0.985 0.984 0.988 0.975 0.974 0.979

25%

30 0.599 0.635 0.640 0.491 0.539 0.537

60 0.884 0.872 0.897 0.826 0.813 0.848

90 0.971 0.966 0.977 0.953 0.945 0.958

40%

30 0.529 0.570 0.567 0.421 0.481 0.470

60 0.827 0.814 0.843 0.756 0.743 0.773

90 0.945 0.935 0.952 0.913 0.900 0.923

Ù¥ Xi = (1, X2,i, X3,i)
T. U Ying � [4] �(Ø, β ���AT´ β0 = (3.028, −0.163,

−0.004)T, ^�©��{u� H0 : β = β0, (ØXe. u�ÚOþ lBSEL(β0) = 4.264 <

χ2
3,0.95, u�� p�� 0.234, ¤±u�ØwÍ, L²� β0 = (3.028,−0.163,−0.004)T ´Ü

n�.

�� "v<JÑ��B¿�¦©Ù��þk��Jp, �öé¦�L«©%a�.
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Smoothed Empirical Likelihood Testing for Quantile

Regression Models under Right Censorship

LI Zhonggui HE Shuyuan

(School of Mathematical Sciences, Capital Normal University, Beijing, 100048, China)

Abstract: This paper is focused on testing the parameters of the quantile regression models. For

complete observation, it is shown in literature that the test statistics, based on empirical likelihood (EL)

method and smoothed empirical likelihood (SEL) method, both converge weakly to the standard Chi-

square distribution χ2
M under the null hypothesis. For right censored data, the statistics in literature, by

the EL method, have a weighted Chi-square limiting distribution, but the weights are unknown. In this

paper, we show that the statistics based on the EL method and the SEL method also converge weakly to

χ2
M under the null hypothesis, so there is no need to estimate any weights. As its estimating function is

smoothed, the SEL method can be Bartlett corrected. Numerical results show that the SEL method, via

Bartlett correction, outperforms some recent methods.

Keywords: quantile regression; right censoring; smoothed empirical likelihood
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