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§1. Ú ó

¤¢ã�.´d¤é8 G = {V,E}L«, Ù¥ V = {1, 2, . . . , p}´k�º:8, E ´

�3uº:�º:�m�>8, ´8Ü V × V �f8. ã�.£ã
 p��ÅCþ X =

(X1, X2, . . . , Xp)Ãº:�m�^���5. pdã�.¥�ëê�O��.ÀJ�@´

d Dempster [1]JÑ�. 3lÑ|Üe, z��Cþ Xj ��u�A�ê8Xj , K¤éê�

�Å�éA��ÅCþ X k±e©Ù/ª:

Pθ(x) ∝ exp
[ ∑

(s,t)∈E
φst(xs, xt)

]
,

Ù¥éuz��> (s, t) ∈ E, φst´êé (xs, xt) ∈Xs ×Xt�¢��þ�N�.

AO/, e?¿��CþÑ��u −1½ 1, = Xj ∈ {−1, 1}, � φst(xs, xt) = θstxsxt,

Ù¥ θst��¢ëê, K¡�� Ising�.. u´ Ising�.¥��ÅCþ�©Ù�±e/ª:

Pθ(x) =
1

Z(θ)
exp

( ∑
(s,t)∈E

θstxsxt

)
, (1)

Ù¥ Z(θ)��©¼ê (partition function), θ´�� p(p− 1)/2��ëê, �e (s, t) ∈ E,

K θst 6= 0, ÄK θst = 0.
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��'©zaq, �©¥·�æ^Äu Logistic£8��{5©Û Ising�..

é V ¥�?¿��º: r, ^N (r) = {t ∈ V | (r, t) ∈ E}L«º: r���:8, =

é?¿ t ∈ N (r),K θrt 6= 0;e> (r, t)Ø3>8E¥,K θrt = 0. ,	,^ θ\r = {θru |u ∈
V\r}L«�½º: r���A� p− 1�ëê, ^ X\r = {Xt | t ∈ V\r}L«l p��ÅC

þ X ¥£�Cþ Xr �{e� p− 1��ÅCþ.

u´3�½ X\r = x\r �^�e, Xr �^�VÇ©Ù�

Pθ(xr |x\r) = exp
(

2xr
∑
t∈V\r

θrtxt

)/[
1 + exp

(
2xr

∑
t∈V\r

θrtxt

)]
. (2)

(2)�±^ Logistic�.?1)º, Ù¥Cþ Xr ´�ACþ, 
Ù{Cþ X\r ´�A

��Cþ. u´éuz�º: r, �±Äu�. (2), �� θ\r ��O, l
¡Eº: r��

�:8N (r), ?
�� Ising�.�ëê θ±9>8 E ��O.

PÛÜ^�q,�

L(θ\r;x) = Pθ(xr |x\r) = exp
(

2xr
∑
t∈V\r

θrtxt

)/[
1 + exp

(
2xr

∑
t∈V\r

θrtxt

)]
,

KéêÛÜ^�q,�

`(θ\r;x) = 2xr
∑
t∈V\r

θrtxt − ln
[
1 + exp

(
2xr

∑
t∈V\r

θrtxt

)]
. (3)

u´

∂`(θ\r;x)

∂θ\r
= 2xrx\r

{
1− exp

(
2xr

∑
t∈V\r

θrtxt

)/[
1 + exp

(
2xr

∑
t∈V\r

θrtxt

)]}
, (4)

¿�

Eθ

[∂`(θ\r;x)

∂θ\r

]
= 0. (5)

,	,
∂2`(θ\r;x)

∂θ\r∂θ
T

\r
= −η(θ\r;x)x\rx

T

\r, (6)

Ù¥

η(θ\r;x) = 4 exp
(

2xr
∑
t∈V\r

θrtxt

)/[
1 + exp

(
2xr

∑
t∈V\r

θrtxt

)]2

= 4Pθ(Xr = 1 |x\r)[1− Pθ(Xr = 1 |x\r)],

¤±, η(θ\r;x)T´ Xr �^����¼ê, ¿� η(θ\r;x) 6 4.
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e-

Qr = Eθ

[
−
∂2`(θ\r;x)

∂θ\r∂θ
T

\r

]
,

KÝ
 Qr ´ëê θ\r �Äu^�©Ù�¤�&E
.

^ S = {t | t ∈ N (r)}, SC = {t | t ∈ N (r) − S}, K Qr(SS)L«d�I8 S ¤(½

� Qr �fÝ
, Qr(SS
c) L«d�I8 SC ¤(½� Qr �fÝ
. 3�Ù¥, ·�^

Λmin(A)Ú Λmax(A)L«Ý
 A���Ú��A��. éu Qr ©ªkXe�b�:

A1 Qr ´�K½�, � Λmin(Qr(SS)) > Cmin, ΛmaxEθ(X\rX
T

\r) 6 λmax, Ù¥ Cmin Ú

λmax´ü��u 0�~ê.

Tb½�y� Xr ���¤k�Cþm, =d�I8 S ¤(½�CþmØ¬kL©�

��5, � Qr(SS)´�½�.

A2 Øë05^�: �3 α ∈ (0, 1], ¦ ‖Qr(SCS)(Qr(SS)−1)‖∞ 6 1− α.

éu a× b�Ý
 A, ‖A‖∞ = max
j=1,2,...,a

b∑
k=1

|Ajk|. Tb��y� Xr Ø���¤k�C

þÚ� Xr ���¤k�Cþ�mØ�3�r��A.

Ravikumar � [2] é��êâ|Üe��©¼êJÑéê1�ª� , ?n Z(θ) �

O�¯K. Ravikumar� [3] Äu Logistic£8, (ÜMeinshausenÚ Bühlmann [4] JÑ�

��ÀJ�{, 3 `1 ¨ve�Ñ
 Ising�.��ÎÒ�>8� Lasso�Ü�O. Barber

Ú Drton [5] Äu ChenÚ Chen [6] JÑ� EBICOK, �Ñ Isingã�.3 BICOKe�

Lasso�O�5�. �´Äu `1 ¨v Lasso�Oéýé����ëêk�r�¨v, l


��
�O� �, 
 FanÚ Li [7] �Ñ�]¨ve�CþÀJäk Oracle5�. �©r

�]¨v�CþÀJ�{^ué Ising�.�º:���:8��O, ���A�]¨v

e�CþÀJ�5�, ¿ÏLê�©Û, '�
��ÀJg�e� `1 ¨vÚ�]¨v�O

�(J.

�©(�Xe: 31 2!ÄkÄu Isingã�.� Logistic£8)º, 3�]¨ve,

�Ñ
ëêÝ
¥��ëê���ÀJ�O�Ü5Ú Oracle5�. 3dÄ:þ, �Ñ


Isingã�.�ÎÒ�Ü5�O, ±93���.e�Ñ
 Isingã�.�O�Âñ�Ý.

1 3!|^ R^�én« Isingã�.?1�Å�[, (JL²�]¨ve���ÀJ�

O`u `1¨ve���ÀJ�O. 1 4!|^�]¨ve���ÀJ�{©Û
{I¥Ü

Ü/«ü�þ��5ã, ¢~©Û�(J��Å�[�(J´¬Ü�. 1 5!�Ñ
Ü©

ÚnÚ½n�y².

§2. �]�¨ve� Isingã�.���ÀJ�O

du Isingã�.�dXe�é¡Ý
 Θ£ã:
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Θ =



0 θ12 θ13 . . . θ1p

θ21 0 θ23 . . . θ2p

...
...

...
...

...

θp−1,1 θp−1,2 θp−1,3 . . . θp−1,p

θp1 θp2 θp3 . . . 0


,

Ù¥ θij =θji. ^Θr\rL«Θ�1 r���£Ø1 r����� p−1��þ,KΘr\r=θ\r.

3dPÒe (1)�±�¤

PΘ(x) =
1

Z(Θ)
exp

(1

2
xTΘx

)
.

2.1 Isingã�.��ëê�O� Oracle5

� Xn = {x(1), x(2), . . . , x(n)}´5g� Ising�. (1)���Nþ� n�ÕáÓ©Ù�

��. é `(θ\r;X
n) =

n∑
i=1

lnPθ(x
(i)
r |x(i)

\r )�ëê θ\r �1�]�¨v, ��Xe� θ\r ��

]�¨v�O:

θ̂\r = arg max
θ\r∈Rp−1

{`(θ\r;Xn)− n
∑
t∈V\r

pλ(|θrt|)}, (7)

Ù¥ λ´N!ëê, �¨v¼ê÷v pλ(0) = 0.

P Q(θ\r) = `(θ\r;X
n) − n

∑
t∈V\r

pλ(|θrt|), e¡�½nL²��z Q(θ\r), d (7)��

θ\r ��Ü�O.

½n 1 � an = max{p′λn(|θrt|) : θrt 6= 0}, XJ max{p′′λn(|θrt|) : θrt 6= 0} → 0, Qr

÷vb� A1, K�3 θ̂\r ÛÜ��z Q(θ\r), ¿� ‖θ̂\r − θ\r‖2 = Op(n
−1/2 + an).

T½nL², ÏLÀJÜ·� λn, �3 θ\r �
√
n�Ü�O.

�
?�Ú�Ñ¨v�O� Oracle5�, é¨v¼êJÑXe�b�:

A3 b�¨v¼ê pλn(|θ\r|)÷v

lim inf
n→∞

lim inf
θ\r→0+

p′λn(θrt)/λn > 0. (8)

P Σ = diag{p′′λn(|θrS1 |), p′′λn(|θrS2 |), . . . , p′′λn(|θrSp−1 |)}�é�/Ý
, Ù¥ Sk L« S

¥�1 k��I. b = [p′λn(|θrS1 |), p′λn(|θrS2 |), . . . , p′λn(|θrSp−1 |)]T� p− 1��þ.

½n 2 (Oracle5�) � Xn = {x(1), x(2), . . . , x(n)}´5gu Ising�. (1)���

Nþ� n�ÕáÓ©Ù���. b�^� A1Ú A3÷v, ¿�XJ� n→∞�, λn → 0,
√
nλn →∞, K

√
n�Ü�O θ̂\r = (θ̂

(S)
\r , θ̂

(SC)
\r )±ª�u 1�VÇ÷v

(i) DÕ5: θ̂
(SC)
\r = 0.
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(ii) ìC��5:
√
n[Qr(SS) + Σ]{θ̂(S)

\r − θ
(S)
\r + [Qr(SS) + Σ]−1b} → N(0, Qr(SS)).

2.2 Isingã�.�O9ÙÂñ�Ý

|^1�!0��Äu Logistic£8��{, �Ñ Θ��]¨v�OXe:

1. Äk|^¨v� Logistic£8, ��z�º:���8, =d Θ����O�� Θ

��O Θ̂1.

Θ̂1
r\r = θ̂\r = arg max

θ\r∈Rp−1

{
`(θ;Xn)− n

∑
t∈V\r

pλn(|θrt|)
}

= arg min
θ\r∈Rp−1

{˜̀(θ;Xn) +
∑
t∈V\r

pλn(|θrt|)
}
,

Ù¥ ˜̀(θ;Xn) = −n−1`(θ;Xn), j = 1, 2, . . . , p.

2. du�O Θ̂1Ø´é¡�, ÏLXe�é¡z, �� Θ�é¡�O Θ̂.

Θ̂ = arg min
Θ∈S p

0

|||Θ− Θ̂1|||1, (9)

Ù¥S p
0 L«é����0�é¡Ý
x, ||| · |||1L«Ý
� L1�.

P� Qr �A���¤��&E
�

Qnr = Ê[η(X; θ)X\rX
T

\r] =
1

n

n∑
i=1

[η(x(i); θ)x
(i)
\r (x

(i)
\r )T].

�ÎÒ�ã�.�>8�

E =

sign(θst), (s, t) ∈ E;

0, Ù¦.

�A�ã�.��ÎÒ>8�O�

Ên =

sign(θ̂st), (s, t) ∈ E;

0, Ù¦.

ePWn
r = −∂ ˜̀(θ;Xn)/∂θ\r, K·�kXe�Ún:

Ún 3 éu�½�~êK, an = max{p′λn(|θrt|) : θrt 6= 0}, é?¿º: rk

P(|Wn
r |∞ > Kan) 6 2 exp

[
− K2a2

nn

8
+ ln(p)

]
,

¿�� an > (4/K)
√

ln(p)/n�, TVÇ±�Ý exp{−ca2
nn}Âñ� 0.
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Ún 4 P Qα = ∇2 ˜̀((θS + αuS);Xn), α ∈ [0, 1], Qr(SS)÷v^� A1, �é�½�

~êM , ‖uS‖2 = Mλn
√
d, K

Λmin(Qα) >
1

2
Cmin.

TÚn�y²5gu©z [3]�Ún 3�y²L§.

u´���¤�&E
÷v�½�^��, Isingã�.��O Θ̂kXe5�.

½n 5 � Xn = (x(1), x(2), . . . , x(n))�5g Ising�.���, é?¿º: r, Qnr ÷

vb� A1, bn = max{|p′λn(|θrt|)|/λn : θrt 6= 0}, cn = max{|p′′λn(|θrt|)| : θrt 6= 0}, θmin =

min{|θst|, (s, t) ∈ E} > λn
√
d(4bn + 1)/Cmin, Cmin > 2cn, K�]¨v�O Θ̂±VÇØ�

u 1− exp{−K2a2
nn/8 + ln(p)}k

(i) ÎÒ�Ü5: Ên = E.

(ii) Ø�Âñ�Ý: |||Θ̂−Θ|||1 6 λnd(4bn + 1)/Cmin.

§3. �Å�[

�!¥, ·��	�]¨ve� Ising�.�O�Ly, �ÄXen«�.:

• �. 1 �Å�. (Random graph): ?¿üº:m± 0.3�VÇ�3>, ± 0.7�V

ÇØ�3>5�E�.(�. ,��Å�)ã�.¥�N> (i, j)rf�ëê θij , ��\

� (Weighted)�ã�..

• �. 2 4���. (nearest edges graph): T�.´r p�º:Sü3
√
p×√p�

��S, z�º:�Ùþe�mo�º:'é, =z�º:�Ùþe�m�o�º:�m

�3 4^>, T�.����.Ý (degree)� 4. 3·���[ïÄ¥�> E(i, j)éA�

ëê θij = 0.5.

• �. 3 (/�. (Star graph): �.¥�>d,�º:�Ù{� p − 1�º:¥ q

��º:|¤, q 6 p− 1. q^ü«�ª(½: (i) q = [ln(p)] (éêDÕã); (ii) q = [ap] (�

5DÕã). 3�¡��[¥, ·�==�w
�5DÕã��[(J, Ù¥ a = 0.3, ¿�

�> E(i, j)éA�ëê θij = 0.75.

Ravikumar � [3] ^ `1 ¨v��{ïÄ
�. 2 Ú�. 3 �ã��O, Barber Ú

Drton [5] Äu `1 ¨v, ?Ø
 BICOKe�O�5�, ¿��é�. 2Ú�. 3?1
�

Å�[ïÄ. ·�|^ R^�?1?§¦): Äk|^ R� IsingSampler§S��)ê

â, ,�/Ï R� IsingFitÚ ncvreg§S�¢y�O.

3¢S�[L§¥, ·�� SCAD�¨v¼ê, ©O�Ä BICÚ CVOKÀ�N!ë

ê, l
?1�.ÀJ. Ù¥

• BICOK
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P

BICλ = −2 lnL(θ̂\r) + dr ln(n) + 2λ ln(p)

= −2
n∑
i=1
{x(i)

r (x
(i)
\r )Tθ̂\r − b[(x

(i)
\j )Tθ̂\r]}+ dr ln(n) + 2λ ln(p),

Ù¥ dr ��O θ̂\r ¥�"���ê, b[(x
(i)
\r )Tθ̂\r] = ln(1 + e

x
(i)
r (x

(i)
\r )Tθ̂\r).

�â (2), éz�� r, �Ä Xr éÙ{Cþ X\r � Logidtic£8�., |^ BICOK

�� Xr éÙ{Cþ X\r � Logidtic£8Xê θ̂\r �: θ̂\r = arg min
θ\r∈Rp−1

BICλ.

• CVOK

Äkr��êâ T �Å©¤K |, T k L«1 k|êâ, r§��u�êâ, Ù{êâ

T − T k ��Ôö��, dÔö��êâ��¨v�O θ̂k\r, ½Â CV¼êXe:

CV(λ) =
K∑
k=1

∑
(x(i))∈Tk

{x(i)
r (x

(i)
\r )Tθ̂k\r − b[(x

(i)
\r )Tθ̂k\r]},

K3 CVOKe� λ� λ(CV) = arg max
λ

CV(λ). ��, � λ = λ(CV), |^�Nêâ��

θ\r ��O.

·�rü«OKe�]¨v�ã�.��O(JÓÄu `1 ¨v� BIC�O(J?1

'�. Äu `1 ¨v��O´ÏL IsingFit R package¢y, �]¨v�ã�.��O´Ï

L ncvreg R package5¢y. du ncvreg´�éu lodistic£8¯K�, 
3 Ising�.|

Üe, d (2)ª, ·�3^T§S��éêâ?1Xe�C�: ��Ä Xj éÙ{Cþ X\j

� logidtic£8�, r�ACþP� Yj = (Xj + 1)/2, dd����OP� β̂, ��, ��

ëê�O� θ̂\r = β̂/2.

3�[¥, ·�^ÏL��ÀJ¼�Ã θ\r ��O, ,�©O^ “AND”Ú “OR”O

K, ���Ñ
 Θ��O. 3�[�(J¥, ·�'�
ØÓ�{e��O� “Sensitivity

((¯Ý)” Ú “Specificity (AÉÝ)” [2]. (¯Ý��´ý¢��.¥�3>��O�>

�'~; AÉÝ´�ý¢�ã�.¥Ø�3�>��O�Ø�3�'~. duN!ëê

λ ∝ γ
√

ln(p)/n, Ù¥ γ¡���ëê, K��þ n = γ ln(p)/λ2 , 10γ ln(p). ã 1 –ã 6©

O�Ñ
 “(¯Ý”Ú “AÉÝ”é��ëê γ �­�ã. Ù¥­� “SEN-CV-AND-rule”

Ú “SEN-BIC-AND-rule”±9 “SPE-CV-AND-rule”Ú “SPE-BIC-AND-rule”´d�©J

Ñ��]¨ve��O(J; “SEN-L1-AND-rule”Ú “SPE-L1-AND-rule”´d `1 ¨ve

� Lasso�O�(J.

lã¥�±w�, Äu�]¨ve�¨v�O3 CVOKe��O�(¯Ý�¡��

'Äu `1 ¨v� Lasso�O�Ð, 3�.��O�AÉÝ�¡, üöLy��. Äu�]

¨ve�¨v�O3 BICOKe��O�(¯Ý�¡��'Äu `1 ¨v� Lasso�O�

Ð, Jp
�O�.�AÉÝ, �´ã+
Ü©�O�(¯Ý.
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1 2 3 4

0
.0

0
.2

0
.4

0
.6

0
.8

1
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随机模型的 灵敏度 (p=30)

控制参数

灵
敏
度

SE N − CV − AN D − rule

SE N − B IC − AN D − rule

SE N − L1 − AN D − rule
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0
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0
.4

0
.6

0
.8

1
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随机模型的灵敏度 (p=100)

控制参数

灵
敏
度

SE N − CV − AN D − rule

SE N − B IC − AN D − rule

SE N − L1 − AN D − rule

ã 1 l��m©O��. 1¥(¯Ýé��ëê�­�ã
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                       4相邻模型的                  灵敏度   (p=25)

控制参数

灵
敏
度

SE N − CV − AN D − rule

SE N − BI C − AN D − rule

SE N − L1 − AN D − rule
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4相邻模型的灵敏度   (p=100)

控制参数

灵
敏
度

SE N − CV − AN D − rule

SE N − B IC − AN D − rule

SE N − L1 − AN D − rule

ã 2 l��m©O��. 2¥(¯Ýé��ëê�­�ã
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星形 模型的灵敏度 (p=30)

控制参数

灵
敏
度

SE N − CV − AN D − rule

SE N − BI C − AN D − rule

SE N − L1 − AN D − rule
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   星形模型的灵敏度 (p=100)

控制参数

 灵
敏
度

S E N − CV − AN D − rule

S E N − B IC − AN D − rule

S E N − L1 − AN D − rule

ã 3 l��m©O��. 3¥(¯Ýé��ëê�­�ã
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§4. ¢~©Û

3T~¥, ·�|^ Ising�., ©Û{I¥ÜÜ/«�ü��¹���5. ^��ê

â£ãü��¹: e,Uü�, KP� 1, ÄKP� 0. ¢Sêâ5gu�Õ “The United

States Historical Climatology Network” (Menne, Willianms Jr.Ú Vose, 2011). Têâ�

Ñ
 1890c� 2014czF�Uí�¹, �): zF��pí§!�$í§!üÈþ±9

ü�þ. BarberÚ Drton [5]|^Äu `1¨v� Ising�.©Û
¥ÜÜo�²�Ü©/«

�ü��¹���5. ùo�²©O´: Illinois, Indiana, Iowa, Missouri.

�Ä�êâ���5ÚëY5, ·�À�To�²� 54�/« 1994c – 2014cm�

ü�þêâ, lz��À�üU�ü�þ��Cþ, ùüU�m�m�����, ±B¦�

U/�ØÓ�/«Cþm (ü�)���5. ��·���
z�/«� 502U�ü�þê

â, =��
�Ý p = 54, ��þ� n = 502���. ÄuTÀ��êâ8, ©O^ `1 ¨

v� Ising�.Ú�]¨v� Ising�., ©ÛT 54�/«�ü���5�ä. du"�

ý¢��äã��ëì, Ú BarberÚ Drton [5] ��, ·�rd 54�/«�²�Ý(½�

Delaunayn�¿©���ý¢�¦�ü���5�.

·�kd 54�/«�²�Ý, �Ñ§�� Delaunayn�¿©�, 2dT¿©��Ñ

�A�/«�m�ü��¹�Ã�ã, (Jdã 7�Ñ. ,�©OO�
 EBICOKe�

Ising�.� `1 ¨v�OÚ BICOK±9 CVOKe��]¨v�O�(¯Ý (�(£O

Delaunayn�¿©�¥��3�>�'), ¿±d'�ØÓ�{e�(£O>�Uå. ±

�z��1�UÚ1 16U�êâ�~, þãnö�(¯Ý©O�: 0.580, 0.651, 0.620. l

T(JL², CVOKe��]¨v�O3ÀJ�(�>��¡Ek`³, ùÚc¡��[

(J�´¬Ü�. ã 8�Ñ
3 “AND-rule”|Üe� Isingã�.� `1 ¨v�OÚ�]

¨v�O.
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§5. y ²

½n 1!2 �y²: ½n�y²�±ëì©z [7]�]¨ve�CþÀJ Oracle5

�y², d?Ñ�. �

Ún 3 �y²: duWn
r = −∂ ˜̀(θ;Xn)/∂θ\r, KWn

r,u = n−1
n∑
i=1

Z
(i)
u , Ù¥ Z

(i)
u =

x
(i)
\r,u[x

(i)
r − Pθ(X

(i)
r = 1 |x(i)

\r ) + Pθ(X
(i)
r = −1 |x(i)

\r )].




E(Z(i)
u ) = E[E(Z(i)

u |x
(i)
\r )]

= E[x
(i)
\r,uE(x(i)

r |x
(i)
\r )− Pθ(X

(i)
r = 1 |x(i)

\r ) + Pθ(X
(i)
r = −1 |x(i)

\r )]

= 0.

qdu |Z(i)
u | 6 2, ¤± Z

(i)
u (i = 1, 2, . . . , n)´ÕáÓ©Ù�, þ��"�k.�ÅCþ.

d Azuma-HoeffdingØ�ª, é ∀ δ > 0, k

P(|Wn
r,u| > δ) 6 2 exp

(
− nδ2

8

)
,

-δ = kan, K

P(|Wn
r |∞ > δ) 6 2 exp

(
− nK2a2

n

8

)
= 2p exp

[
− nK2a2

n

8
+ ln(p)

]
,

Ún�y. �

½n 5�y²: �
Lãþ��B, é?¿º: r, ·�P θS = θ
(S)
\r .
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é?¿º: r,

G(uS) = ˜̀(θS + uS ;Xn)− ˜̀(θS ;Xn) + pλn(|θS + uS |)− pλn(|θS |),

�â½n 1Ú½n 2�DÕ5�, d (7)��� θ̂S ¦ ûS = θ̂S − θS ��z G(uS), ¿

� G(ûS) < 0.

eé,
~ê M , � ‖uS‖2 = Mλn
√
d�, k G(uS) > 0, Kd G(uS)�à5, 7k

‖ûS‖2 < Mλn
√
d. e¡¦÷v^� G(uS) > 0�M �..

é G(uS)?1�VÐm, k

G(uS) = (Wn
S )TuS + uT

S
˜̀′′(θS + αuS)uS + [p′λn(|θS |)]TuS + uT

Sp
′′
λn(|θS + αuS |)uS .

dÚn 3ÚÚn 4k

|Wn
S | 6 ‖uS‖∞‖uS‖1 6

λ2
ndM

4
,

uT
S
˜̀′′(θS + αuS)uS >

1

2
Cmin‖uS‖22 <

1

2
Cminλ

2
ndM

2,

|[p′λn(|θS |)]TuS | 6 ‖p′λn(|θS |)‖∞‖uS‖1 6 bnλ2
ndM,

|uT
Sp
′′
λn(|θS + αuS |)uS | 6 cn‖uS‖22 6 cnλ2

ndM,

l
k

G(us) > −
λ2
ndM

4
− bnλ2

ndM − cnλ2
ndM

2 +
1

2
Cminλ

2
ndM

2.

¤±�

M >
1/4 + bn

Cmin/2− cn
>

4bn + 1

2Cmin
,

k

‖θ̂S − θS‖2 = ‖uS‖2 <
4bn + 1

2Cmin
λn
√
d.

u´� θmin = min{|θst|, (s, t) ∈ E} > (4bn + 1)λn
√
d/Cmin�, k

‖θ̂S − θS‖∞ 6 ‖θ̂S − θS‖2 6
1

2
θmin,

¤±é?¿> (s, t) ∈ E, Ñk sign(θ̂st) = sign(θst), l
 Ên = E.

éu (ii), du |||Θ̂−Θ|||1 = |||Θ̂− Θ̂1 + Θ̂1 −Θ|||1, dn�Ø�ª�

|||Θ̂−Θ|||1 6 |||Θ̂− Θ̂1|||1 + |||Θ̂1 −Θ|||1.

d (9)ª�½Â�

|||Θ̂− Θ̂1|||1 6 |||Θ̂1 −Θ|||1,
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�éu,Ú��N!ëê λn,

|||Θ̂−Θ|||1 6 2|||Θ̂1 −Θ|||1 6 2
√
dmax{‖θ̂\r − θ\r‖2, r = 1, 2, . . . , p}

6 2
√
d

4bn + 1

2Cmin
λn
√
d =

4bn + 1

Cmin
λnd. �

ë � © z
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Abstract: In this paper, we put non-concave penalty on the local conditional likelihood. We obtain the

oracle property and asymptotic normal distribution property of the parameters in Ising model. With a

union band, we obtain the sign consistence for the estimator of parameter matrix, and the convergence

speed under the matrix L1 norm. The results of the simulation studies and a real data analysis show that

the non-concave penalized estimator has larger sensitivity.
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