N MRS 35 % Chinese Journal of Applied Probability and Statistics
E2W 201944 A Apr., 2019, Vol. 35, No. 2, pp. 165-177
doi: 10.3969/j.issn.1001-4268.2019.02.005

EFAIBIERR Ising HRMIEMIET it
ZRAH HET KA

(BN 2Rt 5 N B, IR, 233000)

1 FE: ASOH Ising B SRR S AF MR TE AN AR MIAE T, 15 BUAH R 2501 Oracle TEAMIATIL IE1E.
FE—HHR T, 52 T Ising MK SHGERE AT S A VEM TF, LRFERFE Ly W80T fh i AU s
JE. BERURILAT S 2342 B, AR T4 3730 1 10 2 A8 s e v

XK§EiR): Ising FMEA!; Logistic [A]JH; Lasso ffith; JEMIAET; FHARIER:

TEDES: 02124

EXSIAKN: LIF Q, YANG G Y, ZHANG K S. Non-concave penalized estimation based on
the neighborhood selection method for Ising model [J]. Chinese J Appl Probab Statist, 2019, 35(2):
165-177. (in Chinese)

§1. 35| =

Frig AR 5 ¢ = (V. E} o, Hih vV ={1,2,...,p} RARILLE, E 2
FETIASTAZRLE, RESV x V NTE. FBEEMRT p 4pEHEE X =
(X1, Xo, ..., Xp) TR B S A AR AR 1. v 307 B T v i 2 80 A S A e 1 f L
H Dempster M $EH . EEHIE T, §—ANEE X; BUE THNKEEE 25, Wt 5R
BRI R BENL A B X A LR A

Po(x) o exp [ > gi)st(xs,a:t)],

(s,t)eE
WA TR AL (5,1) € B, gt ET (25, 21) € X5 x 23 FITHL RN
%E%'Jf@, %1£%—‘/|\/E%%KEX{E$ -1 EE 1, Eﬂ X] S {*1, 1}, E_ ¢st($87xt) = 95t$3$t,
Hor 5 LS5, MARZ N Tsing AL, T2 Tsing #E7 p A REATLAZ B ) A 9 AR T 3K

1
Po(x) = exp Ostxsxy ), 1
o) = gy e (32, fov) W
HH Z(0) AL %L (partition function), 6 s&—> p(p — 1)/2 4S8, H# (s,t) € E,
)I_\I” est 7é 07 75)]_\]” Hst = 0.

TEFHAREESTE (WS 11571080) FIBE S HRRHEATE (kS : KJ2017A433) B,
*EINEE, E-mail: 1fq006@163.com.
A 2017 4F 7 H 24 HIEI, 2018 4F 3 H 26 HUEIME KA.



166 N MR et 35 &

SRR ICERISL, A SCHFRATR 3T Logistic [B1VH 177K 50 8T Ising 157,

XV HRRAERE AT e, FH A () = {t € V|(r,t) € B} KorTiis r FIARAE 4, Bl
TRt € A (1), W 0, # 0; #53 (r,t) NIELE B, W 6, = 0. 550, 6\, = {00 u €
WV} FR WA - W BRI p — 1 46580 ) X, = {X, |t € W, } FmM p 4EBHLAS
B X PRETE X, FR T p— 1 4R

TRIELGE X\, =z, FFMET, X, FIFMFBRIMN

Po(zr | 2\,) = exp <2xr > 9Ttxt)/{1 + exp (2$T > Grtxtﬂ. (2)

tEV\T tEV\T
(2) W LLH Logistic B AIEAT AR, A8 & X, 2 WM AR &, 1 AR R X\, AN
oAz, TR0 TR », o DSE TR (2), 53] 0\, KIflTE, AR » (A
Wride A (r), BT E Ising B A S H 0 UL LA E flit
LR AR

L(G\r;m) = Py(x, | T\;) = exp (236,, > Hrtxt>/[1 + exp <2xr > Grtmt)},

ten, e,
T =538 2 A AL AR
00\,;7) =22, S Opay —In [1 + exp (2%« > Grtxtﬂ. (3)
teWn, teWn,
TR
aﬁgg\:; ) _ gx,,x\r{1 —exp (2% tez\/:v Grt:rt) / [1 +exp (2% t Ezvj\ erm)] } (4)
I H
Ey [66(699\::95)} —0. (5)
Tk, ,
W = —n(0\p; 2) 2\, 27 (6)
Hrp

wOyie) = de (20 5 o) [[1resp (22 3 )]

tEV\T tGV\T

=4Py(X, =1 |£L'\T)[1 —Po(X: = 1]z\,)],

FITEL, n(0\,; z) ta2 X, ZRPE0 5 228, JFH n(6,,; 2) < 4.



3 2 3 EPURE, 55 BETHIAPLERERY Ising B AR MG 4l T 167

HY
920(6,; )
06,,00.7 1’
WFERE Qp AEZ L 0\, HIFET 26 AF 2040 (R B A5 2 P
FI S ={t|te #()}, SC ={t|te N(r)—S} W Q.(SS) KRHIGHE S Py
¥ Q, ITHFE, Q.(SS¢) KomHtabrte SC B Q, M TFHFE. fEAZH, FATH
Amin (A) 1 Apax (A) FRFEFE A B /MERRRFIEE. X T Q 2 I T HIfRIX:
Al Qr %jtﬁ%my H Amm(Qr(SS)) 2 Cmin; AmaXEO(X\rX\:,) < )\max> ;H\:EP Cmin ;FD
Amax KT 0 B H AL
ZARERIES X, HIRKIPTE AR RN, B HiabetE S Frifi e KR B R A AL 7 1)
FRE, B Qr(SS) & IEEH.

A2 RETHEZM: AFAE o € (0,1], 1 |Q(SC9)(Qr(SS) ™) loo <1 — 0.

AT 0 x bR A, Ao = max é Al ZERABES X, AR T4 8
AL X, MR B A8 B 22 1) AN A7 5 B

Ravikumar %5 12 X = U504 3 & F (080 43 oR R ot $A7 21 s 4, a3 Z(0) 1
TH4 1) B Ravikumar %5 B 3£F Logistic [8]1H, 454 Meinshausen Al Bithlmann 4! #2 H (1)
AAREFE i, 1E 0 TR FAH T Ising BB 755 1A 4E 1 Lasso #H4 i 1. Barber
H1 Drton® T Chen 1 Chen [0 #2 i (¥ EBIC #EN, %5t Ising B AIE BIC #E N R )
Lasso fli tH 15T, {HAZZET ¢4 73] Lasso fli vH 0 48 6B BRI S 50A 5o f 30, T
SECTAGT AR ZE, T Fan A1 Lil7 5 HAEMAE ST R A B % B Oracle PR, A0t
A TV 95 91 1) AR B B 77 VA T Tsing RS % T00 At R AH 48 s SR IS T, 45 BIAH B 3R M1 4%
AR BRI, I HUE S, PR A R0 B AR TR ¢y RSN AR A TG T
ES

RGN (E5 2 W T Ising BB Logistic [BIHAERE, fEIEM AT T,
5 T ZHUE T & S S HON A AR AL VA S YRR Oracle 5. fEICEERE b, 25t T
Ising BIBMR I RF S AH S VEAGTH, DLRAE—BUN S 45 1 Ising BB RL A o B e Slos 2.
%3 TWAHH R B =F Ising BRI BEAT BEALBANL, 45 SRR I ARMIAE T T M AH 4Bk £ 44
THRT 6 B30 N AR SRR Ah 1. 28 4 5 R FHAEMAR 30 N rAH AR 77 5 0 A 1 & [ g
0 1, [X P2 R AR AR B, S g] o A i 25 R S BE AL 45 2 W & 1. 58 5 gt 1
5| BHR 2 2 E B,

Qr=Eg| -

§2. FEMAVETI TH Ising EHER ARSI T

T Ising BB AT E A0 T (X ARAERE © fiik:



168 N MR et 35 &

0 612 bz ... Oy
021 0 923 . 92p
o_ : . : ’
Op—11 Op—12 Op—13 ... Op—1p
epl (9p2 9p3 RN 0

Hob 0 =05 10,0, 35 © M5 r FITLEBIRE r MTLRIGH p—1 IR, W O, =0,
FEBAE S R (1) 1T BLS A
1

Po(x) = 7(0) exp ( T@az)

2.1 Ising BB EFISHEITE Oracle 14

wxn = {23 mﬁdé@'ﬁkmﬂ%i( ) HIREAZS 8o n BIBRST ) 43 A 1
FEA. XF 06y, X™) = ZlnPg(xr |3: ) 125 O\, FEATAEMIR G, /2001 6, AR
[ PR A i A it

é\\ _arg maX {f(@\m%n)—n Z p)\(|07"t|)} (7)
rER tGV\T

Heph A 224, B -ﬁ@ﬁl{%/@px( ) =0.
i Q) = O X") —n 35 pa(l0n]), FHEIFEIHRWAERM QO\,), H (7) 135
tGV\T
6., kA (il
EE 1 % a, = max{p) (10]) : O # 0}, 2R max{p} (|0p]) : 0.+ # 0} = 0, Q,
HRABE AL NFE Q\T WAL Q(6\,), # H HQ\T —O\,ll2 = Op(n 12 4 a,).
B PR, R AE R N, ARLE 0, BV M EGTTE
N TS IR T Oracle YT, 6 78 311 oR B H 4 R iR
A3 BRBETT R AL pa, (10\,]) T2

lim inf lim mfp)\ (Ort)/An > 0. (8)

n—co ,,—0+
it X = diag{py (10rs,1), 2% (16r5,0), - -, 0% (0rs,_, )} FXSFTERERE, Horb S o S
R kAR b = [ (65, 1). 5, (rsal). .2, (s, T 59 p — 1 TR
FIE 2 (Oracle YER)  # x" = {20, 2@ . 2™} Bk & F Ising A (1) K
BN n LR 4R B, BRI A AL A1 A3 /ﬁi/i FHWEY n — co B, A\, =0,
¢u = oo, M /i AR it B, = (B0, 8°7) Lis i F 1 sy 2

() ot 05 = 0.



3 2 3 EPURE, 55 BETHIAPLERERY Ising B AR MG 4l T 169

(if) #IEAH: VnlQu(SS) + SHOL — 08 +[Q,(S8) + 3] b} — N(0,Q,(S9)).

2.2 Ising EEEUE T R HWSURE
PR N 483 T Logistic EIHRITVE, 45 © MHEME T vHIn T

1. B 2 H 7E ST Logistic [F1H, 5 B4 TR S AOAHARE, Bl © & FIfhit 5% O
[kt O,
Nl _n Lny
O =y =arg, mue {H(052") = 55 (10}
o, iy {0 2 0}

Hp00; %) = —n~Y0;%"),j=1,2,...,p.
2. I TAlTE O ARXIFRI, I F IR, 58] © IR O.

© = arg min |||© — ©' , 9
g i 16~ ' )

Horh 7P FRoRXHATC R NORIS TR, ||| - (|2 FnHEFER Ly 70,

E Sign(é\st>v (87t) S E;
0, HoAh.

AC W= —00(0; X™)/ 00\, WA A U1 T i) 5] #:
S 3 MTHENEHK K, an = max{p) (0n]) : 0 # 0}, FEETA r H

K?a2n
+m@}

P(IWeo > Kay) < 2exp | —

FHY a, > (4/K)\/In(p)/n B, ZHEELLEE exp{—caZn} 2| 0.



170 MRS 358

I3 4 T Qn = V2((0s + aus); X™), a € [0,1], Q.(SS) # B 44 Al, Axtig =8

FH M, |lusls = M, Vd, T )
Amin(Qa) 2 §Cmin-

%5 BLEUE R B TSR (3] 1513 3 Ik .

T YRR B B L L — E [ S I Tsing IR (411 © A 0 F RS,

EE 5 kX" =(zW,2@ . 2™) kg Ising BR AR, XEETNA r, Q" #
B AL b, = max{|p/)\n(|c9rt|)|/>\n 1Ot # 0}, ¢ = max{|p/)(n(|¢9rt|)| Ot # 0}, Omin =
min{|0s|, (5,) € E} > \pvV/d(4by + 1)/Cruin, Crnine > 205, M4 W& 5 £ 31 © DUHE R T/
T 1—exp{—K?a?n/8 +1In(p)} &

(i) Hetbtt: B, =E.

(i) BZRSEE: |||© — 6|1 < Md(4by +1)/Cuin-

§3. FENLAEL

A BATFLZAEMAET] NI Ising BEARUGTHIOREL, 8w~ = Fiis .

o B 1 FHAUEE (Random graph): LIS EILL 0.3 FIMERAFAE, PL 0.7 M
BAAE D RA G R 5 4. SR 5 BE AL A A b S ki (i, 5) 955248 0,5, 1330 1n
L (Weighted) ] 457

o il 2 4 MHARMA (nearest edges graph): IZBALZAE p N AUZHAE /p x /b HI
WA N, BEANTI RS e B 2 A YA T ROOR B, BRARRAN T A 5 e B 7R e A5 A DY A4 T A 2 [A]
TELE 4 2530, BB B R T (degree) N 4. TEFRATTIIALAE S B B (3, j) XL
24 0;; = 0.5.

o M 3 RIJUALMY (Star graph): BRI HENTASHRT p— 1 DA ¢
NI ARL, ¢ <p—1. ¢ AIPIMITRIE: (i) ¢ = [In(p)] S EMELE); (i) ¢ = [ap] (£
PEFEL ). 25 T A R, AR & T At Ms B R R, Horb o = 0.3, JF E.
Wil E(i, j) X R.HIZ4 0, = 0.75.

Ravikumar 2 B[] ¢ £& T (0 J7 BE 00 98 7 R AY 2 FIBEAY 3 10 1 A 4l i, Barber Al
Drton ) 2&F ¢ &5, 1H& 7 BIC #EM NG AV, 35 B xR 2 Akl 3 3647 7 bt
HUBAHIE 78, FRATTFI A R A3 AT g2 Kk B 26 R H R 1 IsingSampler 276177 425
5, SRJG1ER) R f) IsingFit A1 nevreg 25 LS I A5 1.

FESZ PRI AR, AT SCAD NAE T s %y, 730775 & BIC A CV kNI B 15 2
B, TTEEAT AR I . Horp

e BIC ]



%23 EPURE, 55 BETHIAPLERERY Ising B AR MG 4l T 171

i
BIC) = —2In L(6\,) + d, In(n) + 2X In(p)

2Z{x (2l))T0\, — bl(2\)T0, ]} + dp In(n) + 2\ In(p),

Strh d, Jfit 0, hAERIIAAL, b(2?)0,,) = In(1 + ¢ @00y,
WA (2), MEE—Ar, BE X, sd,\%ii X\, 1 Logidtic [a] A%, FI ] BIC #EN
23 X, HRER X, 1 Logidtic [H1)7 5% G\T N: 9\,, =arg min BIC,.

\TERP 1
o CV YN
BB REAR S T BN A K 41, TF 2on5 k A8E, IEe/E R0 EdE, a8l
— T* VERIGREA, BRI ZRE A B 15 378 T 45 1 oF o E X CV R

V=3 T {0E)E - b)),
k=1 (z())eTk
MAE CV #E R A N A(CV) = arg max CV(N\). BJa, B = XN(CV), FI &R 5E 15 2
0\, It

PATHE P ) R [ A% uEl’Jl’iZH‘;"'J“'J Bt TS5 R R T 6 BRI BIC 4 R4y
tbig. BT 4 TS 28T IsingFit R package SEH, AFMAE $ i) B 104 o 2 il
it nevreg R package SKSEH. BT nevreg £ %X T lodistic [ 7] #if1, 1M7L Ising #7437
a o, i (2) X, BATER R R EEEEAT I AR 558 X M HARE X
) logidtic [FIVHI, JEMIRAEITA Y = (X; + 1)/2, HARKMETHCA 3, &5, 55
ZHAG R 0, = B/2.

FERE UL, JRATT I8 I A AR L FE3R 131 0., MIflith, SR05 22 “AND” il “OR” #E
M, B T © Wil RS b, JATHE 7 AR T Al tF B “Sensitivity
(RABEZ)” A1 “Specificity (F 7 )7 Bl R 1R B0 /& B S2 pAs AL o 77 48 30 1l A6 1 il
() G AR5 S B i S ) B B A TR RN AR AE A TE R AAEAE R B ). B T 24
A o yy/In(p) /n, Forf o FRNHERISHL, WFEAE n = v1In(p) /A2 £ 10y 1In(p). B 1-E 6 45>
Aga T CREUE MR R MG Sy Mg E. Hd 4 “SEN-CV-AND-rule”
Al “SEN-BIC-AND-rule” PA K “SPE-CV-AND-rule” 1 “SPE-BIC-AND-rule” #& A2
A ARV AE 5T R A4S TS5 R “SEN-L1-AND-rule” fl “SPE-L1-AND-rule” /& ¢; &5~
(1] Lasso fili 11145 1.

MEF ] DUE B, FETEHEME TR & TG THE CV #ER A Th 5 R 05 5 T — 3K
EEEE T ¢4 BRI Lasso it 2247, AERERL Al F BORE S FE D7 THT, P& R ILAE 2. B 13RI
& T B SAS THAE BIC #EN R A TH ) R TT T — 8 bR T 44 F& T Lasso fli 122
U, Py AN TR AR S B (R T A Ak T ) R A



172 MRS 35 4
FERUREL Y R (p=30) FERREL {4 R A (p=100)
3 3
3 3
= e
LB &=
- Bos
o o
° —— SEN-CV —AND —rule ° —— SEN-CV —AND —rule
- SEN-BIC —AND —rule - SEN-BIC ~AND —rule
o SEN—-L1 —AND —rule o SEN—-L1 —AND —rule
o o
T T T T T T T T T
2 3 4 0.5 1.0 15 2.0 25 3.0
et
E1 MAERESRAERE 1 hREF RSB AIehZEE
ATHAPIRI R EUE (p=25) AFABITRIE AT (p=100)
Q
3
3
=
8
R .
3 S
—— SEN-CV —AND —rule —— SEN-CV —~AND —rule
- SEN-BIC—-AND —rule - SEN-BIC —~AND —rule
o SEN-L1 —AND —rule o SEN—-L1 —AND —rule
T T T T T T T T T
2 3 4 0.5 1.0 15 20 25 3.0
et e e fet e
2 MNEEIGADHAEE 2 hREETHSH A E
I W) REUE (p=30) SETURT R EE (p=100)
Q
O
o
=

0.4

0.2

0.0

—— SEN-CV —AND —rule
SEN-BIC —AND —rule
SEN-L1 —AND —rule

T T T
2 3 4

fediilb s

0.0

—— SEN-CV —AND —rule
- SEN-BIC —~AND —rule
SEN-L1 —AND —rule

T T T T T T
0.5 1.0 15 20 25 3.0

e

E 3 MNEBIAZHAKRE 3 thREEXHES S BV LE



52

EPURE, 55 BETHIAPLERERY Ising B AR MG 4l T

173

=

S

b=

1.0

0.8

0.6

04

0.2

0.0

1.0

0.8

0.6

0.4

0.2

0.0

1.0

0.8

0.6

0.4

0.2

0.0

BEAURB 57 B2 (p=30)

—— SPE-CV -AND-rule
---- SPE-BIC ~AND —rule
SPE —L1 —AND —rule

T T T T
1 2 3 4

ficdiiE -4

PRI

1.0

0.8

0.6

04

0.2

0.0

BEHUEI 45 52 (p=100)

—— SPE-CV -AND-rule
- SPE-BIC-AND-rule
SPE -L1 ~AND —rule

T T T T T T
0.5 1.0 15 20 25 3.0

fcailE s

o

Bl 4 NEBIAZHAERE 1 hrRERHES S AL E

4B S (p=25)

—— SPE-CV -AND-rule
- SPE-BIC —~AND —rule
SPE —~L1 —~AND —rule

T T T T
1 2 3 4

RIS

FESEIE

1.0

0.8

0.6

0.4

0.2

0.0

AL YR L (p=100)

—— SPE-CV —AND-rule
- SPE-BIC-AND-rule
SPE —L1 —~AND —rule

T T T T T T
0.5 1.0 15 20 25 3.0

5 MEREDAAEE 2 PR EXESIS HAIHLZE

IR (0=30)

—— SPE-CV -AND-rule
---- SPE-BIC —~AND —rule
SPE —L1 —AND —rule

T T T T
1 2 3 4

HHIZH

PRI

0.8

0.6

0.4

0.2

0.0

YRR (p=100)

—— SPE-CV -AND-rule
- SPE-BIC-AND —rule
SPE —L1 —AND —rule

T T T T T T
0.5 1.0 1.5 20 25 3.0

HEHIZH

6 MEREDAAEE 3 iR EXESIS KA L E



174 5 R G it $35 %
§4. SLHIHR

FEZMBIH, AR Tsing FEAY, 73-4r 56 [ o G 350 XA o R 156 00 AR ARAR 1. FH — 1008
PE TR PR B O 7 FORBERT, WAE oy 1, BWEh 0. SEBr¥dik B T b “The United
States Historical Climatology Network” (Menne, Willianms Jr. il Vose, 2011). iZH#E4
H 7 1890 R E 2014 FA&F H IR ANE N, 46 & H s &SR &RE. BEEUR
BRI . Barber fl Drton P} FIFHSEF ¢4 FE 5T Tsing LA 54T 1 rb 7638 PY AP (035 43 Hh [X
T F2 R I 0 AR AR 1. X DY AN 43 42 : Tllinois, Indiana, Iowa, Missouri.

75 FE BB 1 e BEAEALE S, FATIERBGZ VYN MIET 54 ANHEX 1994 48 - 2014 4R [H] [
Ree R A5, IR ) o B DR ) e Y A D AR B, S IR 2 [) ) ) i BRASHEOR, AR T
REHbTH B [F] — X AR & W) (BER) ORI IE. e im JRATTAS 3 1A X Y 502 K B Fe Y 4L
P, B3] T 4ERE p = 54, AR A n = 502 AR, BTz B R4, 50 H 6 &
T} Y Ising FEARYFI AR A5 () Tsing LAY, 70 Hr i 54 AL XA R R ARARVE M 45, el T gD
B M 2 KV Y2, 1 Barber 1 Drton ) —FE, FRATIEHT 54 AN M [X (1K) 28 24 B 7 12 1)
Delaunay = f1 #1731 Ay B0 S (A ATT B2 R AR A4 D)

A Sath 54 NI AL, it E AT Delaunay — f3 40 M, 75 H1 135 55 25 H
FENE B DX 2 ) F e R A O i) e 1) B, 25 SR 7 25 i SRS 2 it B T EBIC #E R Y
Ising BRI 01 &4k THAT BIC #E B K CV AR B HE MR §T 4k 1F 10 R 8% (IE#R R
Delaunay = f #73 % o A7 A2 BIL T L), IR DA EEECAN [F) 792 T IR IR L i BE 7). BA
WU H RS8R AR 16 R EVEH N, ik =2 1) REUZ 735 4: 0.580, 0.651, 0.620. M
ZEERARY], OV HENT BRI A4 THAE e B 1A A9 B D7 5 e 3, XA i A0,
SR EMAN. B8 4t TTE “AND-rule” 36 T Ising BIALAY K ¢4 2& 45 THATIEM
ESIh T

e

38

96 -94 -92 90 -88 -86 -84

3

7 ZEA Delaunay =BEIS M, HER 54 MbXETZ=HB515 ML T EE



%23 EPURE, 55 BETHIAPLERERY Ising B AR MG 4l T 175

8 ZEEN ( EIITRIMMEITE, AE9IEMET] TR ITE

§5. i FH
IR 1. 2 BOUERA: SR ER AR AT LU B S [7] IR § R AOAE R 4% Oracle

[PIIERH, oAb g 25, a
5138 3 WIERR: T W = —al(0;X)/00,,, WM W, = nt Y 20, Hep Z0) =
=1
()2l = Po(X = 1[a)) + Py(X” = —1]a())].
iii]

E(z{") = E[E(Z{" | 2(})
= B2l E@® o)) = Pp(XD = 12{)) + Po(X[) = =1 ()]

\7,u

=0.

T (20 < 2, Bk 29 (= 1,2, n) RASTRESME G, BB NG RBEHLAS R
i Azuma-Hoeffding %530, XF V6 > 0, H

P(IW7,| > 6) < 2exp ( _ ”22)

268 = kay, N

K242

nk?2a? n

P(W e > 6) < 2exp (= "=

= 2pexp [—

5| FRAHIE. O

B 5 WIERR: O Tk IR, MER U r, RATIE 65 = 6.



176 N MR et 35 &

AR RIS 7,

G(us) = £(0s +ug; X") — £(0s; X™) + pa, (|0s + us|) — pr, (10s]),

MR E B 1 AERE 2 RIS, 1 (7) 133010 0 1F Ug = O — 05 T/AME Gug), IF
H G(ig) < 0.

E R T H M, 2 |uglla = MAVA B, B Glus) > 0, M Glug) B4, BH
lislla < MA,Vd. FTHRIELEHKM Glus) > 0 1 M KIF.

X Glug) HATHEBIRIT, B

Glus) = (WE)Tus + ufl" (s + aug)us + [py (10s])]"us + ulph (|6s + aus|)us.

o 3 /g3 44

N2dM
4 Y

(WS| < [lusllool[us]l1 <

~ 1 1
ugﬁ”(eg + aug)ug > §Cmin”u5||% < QcminkidM2,
I[P, (105 D)) us| < ([P, (105 ) loollusl < buA2dM,

lusph, (105 + aus|)ug| < cpllusl3 < cnXadM,

P NIIEE]
)\721dM 2 2 2 1 2 2
Glus) > — — b AZAM — e \BAME + o oM
PTEAR 1/4 b 4b 1
+ 0p, n T
M
” Cmin/2 — Cn ” 2Cmin ’
fi 4b 1
~ o+
[0s — Osll2 = [lusll2 < Yo AnVd.
T2 o = min{|0u], (5,4) € B} > (4b + 1)y v/d/Conin I,
1

185 — bslloo < 65— Osll2 < 5 umin,

FFARHE AL (s,t) € E, #4 sign(0s) = sign(bs), Nl E, = E.
ST (i), BT |6 — 0|1 = |||© — 6 + 8! — O|||1, HI=AA%E R

116 — ||l < |[|© — 8|, + |6 — O]/

B (9) e A
ICECHIFESICRECIe



3 2 3 EPURE, 55 BETHIAPLERERY Ising B AR MG 4l T 177

ﬁ“&ﬁjf%?fﬁ*ﬂ‘ﬁ%dﬁ%%ﬁ )\na

116 - ©l[h <2[||8" - 6l < 2Vdmax{[[f, — ||z, r = 1,2,...,p}

4b,, +1 4b,, +1
\/&wmmxx/& o A\nd
B # ¥ W

[1] DEMPSTER A P. Covariance selection [J]. Biometrics, 1972, 28(1): 157-175.

[2] RAVIKUMAR P, WAINWRIGHT M J, RASKUTTI G, et al. High-dimensional covariance estimation
by minimizing ¢;-penalized log-determinant divergence [J]. Electron J Stat, 2011, 5: 935-980.

[3] RAVIKUMAR P, WAINWRIGHT M J, LAFFERTY J D. High-dimensional Ising model selection
using ¢;-regularized logistic regression [J]. Ann Statist, 2010, 38(3): 1287-1319.

[4) MEINSHAUSEN N, BUHLMANN P. High-dimensional graphs and variable selection with the Las-
so [J]. Ann Statist, 2006, 34(3): 1436-1462.

[5] BARBER R F, DRTON M. High-dimensional Ising model selection with Bayesian information crite-
ria [J]. Electron J Stat, 2015, 9(1): 567-607.

[6] CHEN J H, CHEN Z H. Extended Bayesian information criteria for model selection with large model
spaces [J]. Biometrika, 2008, 95(3): 759-771.

[7] FAN J Q, LI R Z. Variable selection via nonconcave penalized likelihood and its oracle properties [J].
J Amer Statist Assoc, 2001, 96(456): 1348-1360.

Non-Concave Penalized Estimation Based on the

Neighborhood Selection Method for Ising Model

LI Fanqun  YANG Guiyuan = ZHANG Kongsheng

(College of Statistics and Applied Mathematics, Anhui University of Finance and Economics,
Bengbu, 233000, China)

Abstract: In this paper, we put non-concave penalty on the local conditional likelihood. We obtain the
oracle property and asymptotic normal distribution property of the parameters in Ising model. With a
union band, we obtain the sign consistence for the estimator of parameter matrix, and the convergence
speed under the matrix L; norm. The results of the simulation studies and a real data analysis show that
the non-concave penalized estimator has larger sensitivity.

Keywords: Ising graphical model; Logistic regression; Lasso estimation; nonconcave penalty; neighbor-
hood selection
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