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üÑ|G,=�½���K barrier� b, =�J{�L b�, ò�L�Ü©|G©ù. |^�©{, ��


 [0, t]SÏ"òy©ù (V (x; t))÷v��§, ¿3�ên�b�e�Ñ
 V (x; t)'u t� Laplace

C��wªL�ª. ��, ¦^ Stehfest�{�Ñ��ê�~f.
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§1. Ú ó

b��xúi�J{L§�

X(s) = x+ cs−
N(s)∑
i=1

Yi, (1)

Ù¥ X(0) = x > 0�Ð©J{, c > 0��¤Â��Ç, {N(s); s > 0}´rÝ� λ > 0�

ÑtL§, {Yi; i = 1, 2, . . .}´ÕáÓ©Ù��KëY.n��ÅCþS�, �Ó©Ù¼ê

� F (y). �. (1)¡�²;ºx�., 'uT�.�0��±ëw©z [1]Ú [2].
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3yk�©z¥, �õê´ïÄÃ¡�m«m�©ù¯K, 
éuk��m«m

�©ù¯K%mk©z�9. Ò·�¤�, ©z [11] ¥b�©ùcJ{L§� U(s) =

x + µs + σB(s) (Ù¥ µÚ σ > 0�~ê, B(s)�ÙK$Ä), ?Øk��m«mS�`©

ùüÑ¯K. �©É�T©z�éu, b�©ùcJ{L§�²;ºx�., �½©ùüÑ

´ëê� b > 0� barrierüÑ, ?Ø3k��m«m [0, t]S©ù�ÅCþòy��Ï".

� x 6 b�, P3ëê� b > 0� barrierüÑe, ©ù��J{L§� {Xb(s); s > 0},
Kk

Xb(s) = x+ cs−
N(s)∑
i=1

Yi −Db(s),

Db(s)���m s��©ù�\È�, = Db(s) = c
∫ s
0 I{Xb(r)=b}dr, I{·} L««5¼ê. P

»��m τ b := inf{s > 0 : Xb(s) < 0}, b�»��©ùØ2?1, = Db(s) = 0, s > τ b.

�½�m t > 0, ·��8�´�ïÄ [0, t]�m«mSÏ"òy©ù V (x; t), =

V (x; t) = Ex
[ ∫ t∧τb

0
e−δsdDb(s)

]
, (2)

Ù¥ Ex[·]L«�AuÐ©J{� x�êÆÏ", δL«òyÇ. �©��Ä x 6 b��/,

Ï�� x > b�, k V (x; t) = x− b+ V (b; t).

�©(�SüXe: 1�!�Ñ V (x; t)÷v��§, ¿�� V (x; t)��
5�; 1n

!3�ên�b�e�Ñ V (x; t)'uCþ t� LaplaceC�W (x; s)�L�ª; 1o!^

Stehfest�{�� V (x; t)�ê�).

§2. V (x; t)÷v��§

�!?Ø V (x; t)��
5�¿�ÑÙ÷v��§.

·K 1 �Ñ V (x; t) 'uCþ t �k.5, `² V (x; t) 'uCþ t � Laplace C�

W (x; s)´�3�.

·K 1 V (x; t) 6 c(1− e−δt)/δ.

y²: ´� dDb(s) 6 cds, d (2)ª�V (x; t) 6 c
∫ t
0 e
−δsds = c(1 − e−δt)/δ. y..

�

½n 2�Ñ, � t > 0� 0 < x < b�, V (x; t)÷v��§.

½n 2 � 0 < x < b� t > 0�, V (x; t)÷vXe��§

Vt(x; t)− cVx(x; t) + (λ+ δ)V (x; t)− λ
∫ x

0
V (x− y; t)dF (y) = 0. (3)

>.^��

lim
t→0

V (x; t) = V (x; 0) = 0, (4)
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Vt(0+; t)− cVx(0+; t) + (λ+ δ)V (0+; t) = 0. (5)

y²: � 0 6 x < b�, �Ä�m«m [0,4t)S�Uu)XeA«�/:

1) ±VÇ 1− λ4t+ o(4t)vkn�u), 4t���J{� x+ c4t;

2) ±VÇ λ4t+ o(4t)�VÇ�u)�gn�;

3) ±VÇ o(4t)u)�g±þn�,

�±��

V (x; t) = [1− λ4t+ o(4t)]e−δ4tV (x+ c4t; t−4t)

+ [λ4t+ o(4t)]e−δ4t
∫ x

0
V (x− y; t−4t)dF (y) + o(4t). (6)

d (6)ª´� V (x; t)3«� {0 < x < b, t > 0}S'u xÚ t� �êþ�3, l
�±

��3T«�Sk

V (x; t) = [1− (λ+ δ)4t+ o(4t)][V (x; t)− Vt(x; t)4t+ cVx(x; t)4t+ o(4t)]

+ [λ4t+ o(4t)]
∫ x

0
V (x− y; t−4t)dF (y) + o(4t).

l
 (3)ª¤á. V (x; 0) = 0´w,�. 3 (6)ª¥- t = 4t, ,�-4t→ 0, =� (4)ª.

3 (3)ª¥- x→ 0+=� (5)ª. y.. �

½n (3)�Ñ V (x; t)3 x = b?�ëY5.

½n 3 lim
x→b

V (x; t) = V (b; t).

y²: 3 (6)ª¥- x = b− c4t, k

V (b− c4t; t) = [1− λ4t+ o(4t)]e−δ4tV (b; t−4t)

+ [λ4t+ o(4t)]e−δ4t
∫ b−c4t

0
V (b− c4t− y; t−4t)dF (y) + o(4t).

(7)

-4t→ 0, k

lim
4t→0

V (b− c4t; t) = lim
4t→0

V (b; t−4t). (8)

aqu (6)ª, � x = b�, k

V (b; t) = [1− λ4t+ o(4t)]e−δ4t
[
c
eδ4t − 1

δ
+ V (b; t−4t)

]
+ [λ4t+ o(4t)]e−δ4t

∫ b

0
V (b− y; t−4t)dF (y) + o(4t). (9)
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-4t→ 0, k

lim
4t→0

V (b; t−4t) = V (b; t). (10)

d (8)Ú (10)ª��(Ø¤á. y.. �

½n 4�Ñ V (x; t)3 x = b?���>.^�.

½n 4 Vx(b; t) = 1.

y²: (7)ªü>Ó~� V (b; t), 2Ø±4t, -4t→ 0, k

Vt(b; t)− cVx(b−; t) + (λ+ δ)V (b; t)− λ
∫ b

0
V (b− y; t)dF (y) = 0. (11)

d (9)ª��,

Vt(b; t)− c+ (λ+ δ)V (b; t)− λ
∫ b

0
V (b− y; t)dF (y) = 0. (12)

d (11)Ú (12)ª�� Vx(b−; t) = 1. Vx(b+; t) = 1´w,�. y.. �

§3. �ên�b�e V (x; t)�?Ø

�!b�n��ÅCþÑlëê� β > 0��ê©Ù, = F (y) = 1− e−βy, y > 0, �

Ñ V (x; t)'u t� LaplaceC��L�ª.

ò F (y) = 1− e−βy �\ (3)ª¿��, ��

Vt(x; t)− cVx(x; t) + (λ+ δ)V (x; t)− λβe−βx
∫ x

0
V (z; t)eβzdz = 0. (13)

^�f ∂/∂x+ β �^u (13)ª, k

Vtx(x; t)− cVxx(x; t)) + (λ+ δ − βc)Vx(x; t) + βVt(x; t) + βδV (x; t) = 0. (14)

P W (x; s) (s > 0)� V (x; t)'u t� LaplaceC�, = W (x; s) =
∫∞
0 V (x; t)e−stdt. d

(4)ªÚ·K 1�� ∫ ∞
0

Vt(x; t)e
−stdt = sW (x; s),∫ ∞

0
Vx(x; t)e

−stdt =Wx(x; s),∫ ∞
0

Vtx(x; t)e
−stdt = sWx(x; s),∫ ∞

0
Vxx(x; t)e

−stdt =Wxx(x; s).
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é�§(14)ü>'u t� LaplaceC�, k

cWxx(x; s) + (βc− λ− δ − s)Wx(x; s)− β(δ + s)W (x; s) = 0. (15)

¦)�§ (15)��

W (x; s) = A1(s)e
g1(s)x +A2(s)e

g2(s)x, (16)

Ù¥ g1(s)Ú g2(s)©O´�§

cy2 + (βc− λ− δ − s)y − β(δ + s) = 0

�ü��, =

g1(s) =
λ+ δ + s− βc+

√
(βc− λ− δ − s)2 + 4βc(δ + s)

2c
,

g2(s) =
λ+ δ + s− βc−

√
(βc− λ− δ − s)2 + 4βc(δ + s)

2c
.

é (5)ª'u t� LaplaceC�, k

sW (0+; s)− cWx(0+; s) + (λ+ δ)W (0+; s) = 0. (17)

é�ª Vx(b; t) = 1ü>'u t� LaplaceC�, k

Wx(b; s) =
1

s
. (18)

ò (16)ª�\ (17)Ú (18)ª, ��

A1(s) =
λ+ δ + s− cg2(s)

s{[λ+ δ + s− cg2(s)]g1(s)eg1(s)b − [λ+ δ + s− cg1(s)]g2(s)eg2(s)b}
,

A2(s) = −
λ+ δ + s− cg1(s)

s{[λ+ δ + s− cg2(s)]g1(s)eg1(s)b − [λ+ δ + s− cg1(s)]g2(s)eg2(s)b}
.

¤±k

W (x; s) =
[λ+ δ + s− cg2(s)]eg1(s)x − [λ+ δ + s− cg1(s)]eg2(s)x

s{[λ+ δ + s− cg2(s)]g1(s)eg1(s)b − [λ+ δ + s− cg1(s)]g2(s)eg2(s)b}
. (19)

d LaplaceC�_C�O�úª��

V (x; t) =
1

2πj

∫ α+j∞

α−j∞
W (x, s)estds, α > 0, (20)

Ù¥ j �Jêü .
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§4. ê�~f

��éJÏL (20)ª�� V (x; t)�)Û), Stehfest [12] �Ñ
 LaplaceC��ê�

�üúª, ¿3��uL�µØ [13]¥�ÑÙ¥��Ø, ¿�Ñ
?�, ?���úª�

V (x;T ) =
ln 2

T

N∑
i=1

ZiW
(
x;

ln 2

T
i
)
, (21)

Ù¥

Zi = (−1)N/2+i
min(i,N/2)∑
k=[(i+1)/2]

kN/2(2k)!

(N/2− k)!k!(k − 1)!(i− k)!(2k − i)!
, (22)

(21)Ú (22)ª¥ N ��� 6� 18�m�óê, [(i + 1)/2]L«é (i + 1)/2��. ·�

� c = 1, λ = 0.1, β = 0.2, b = 1, δ = 0.05, ^ Stehfest�{ (� N = 14)�� V (0.2; t),

V (0.5; t), V (0.8; t)�ã/Xe:
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ã 1 V (x; t)�­�, x = 0.2, 0.5, 0.8

dã 1��, � tªu 0�, éx = 0.2, 0.5, 0.8, V (x; t)þªu0, ù�>.^� (4)´

¬Ü�; e·�� t¿©�, X t = 50, V (0.2; 50) = 6.7144, V (0.5; 50) = 7.0101, V (0.8; 50)

= 7.3076, d©z [14]¥ (2.34)ª, �±O���Ã¡�m«m�/�©ùy�, ©O�

V (0.2;∞) = 6.7244, V (0.5;∞) = 7.0201, V (0.8;∞) = 7.3176; ��, ^ Stehfest�{��

�Cq�J´�~Ð�.
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Dividend Problems for Finite Time Interval in the Classical

Risk Model

WANG Cuilian LIU Xiao

(School of Mathematics and Statistics, Anhui Normal University, Wuhu, 241002, China)

Abstract: In this paper, we study the dividend problems for finite time interval in the classical risk

model. Assume that the dividends are paid according to a barrier strategy in the time interval [0, t],

i.e., given a nonnegative barrier value b, the dividends only can be paid when the surplus exceeds b and

the excess is paid as dividend. Applying the “differential argument”, the equation for the total expected

discounted dividends in the time interval [0, t] (V (x; t)) is derived, and the explicit expression for the

Laplace transform of V (x; t) with respect to t is obtained under the assumption that the claim sizes are

exponentially distributed. Finally, a numerical example is given by Stehfest method.

Keywords: dividend; finite time interval; Laplace transform; Stehfest method
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