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Abstract: We study the linear quadratic optimal stochastic control problem which is jointly

driven by Brownian motion and Lévy processes. We prove that the new affine stochastic differential

adjoint equation exists an inverse process by applying the profound section theorem. Applying for

the Bellman’s principle of quasilinearization and a monotone iterative convergence method, we

prove the existence and uniqueness of the solution of the backward Riccati differential equation.

Finally, we prove that the optimal feedback control exists, and the value function is composed of

the initial value of the solution of the related backward Riccati differential equation and the related

adjoint equation.
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§1. Introduction

Consider the following stochastic differential equation:

dXs = (AsXs +Bsus + bs)ds+
k∑
i=1

(CisXs +Di
sus + dis)dw

i
s

+
l∑

i=1

∞∑
j=1

(Eijs Xs− + F ijs us + f ijs )dH ij
s , s ∈ [t, T ],

Xt = x.

(1)

Here (t, x) ∈ [0, T ] × Rn are initial time and initial state, respectively, and u(·) is the

admissible control. The quadratic cost functional is defined as follows

J(t, x, u) = E
{1

2

∫ T

t
[〈QsXs, Xs〉+ 2〈SsXs, us〉+ 〈Rsus, us〉]ds+

1

2
〈GXT , XT 〉

}
. (2)
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Here A,B, b, Cj , Dj , dj , Eij , F ij , f ij , Q, S,R are matrix-valued stochastic processes of suit-

able sizes and G is a suitable symmetric matrix random variable on FT . H ij
t , i ∈ {1, 2,

. . . , l}, l < ∞, j ∈ {1, 2, . . . ,∞} is a one-dimensional stochastic process called Teugels

martingale (see [1]), which is defined in Section 2. The value function is defined as follows

V (t, x) = inf
u(·)∈Uad

J(t, x, u). (3)

Here the set Uad = L2
F (t, T ;Rm) denotes the class of admissible controls. The value

function (3) is called a stochastic linear quadratic optimal control problem (LQ problem,

for short). It is clear that the value function has a quadratic term on the solution of the

following backward Riccati differential equation (BRDE, for short)dPs = −G(s, Ps)ds, s ∈ [t, T ],

PT = G.
(4)

Here we give the generator G as follows

G(s, P ) , PAs +A∗sP +
k∑
i=1

(Cis)
∗PCis +

l∑
i=1

∞∑
j=1

(Eijs )∗PEijs +Qs + F (s, P )

with

F (s, P ) , −
[
PBs + Ss +

k∑
i=1

(Cis)
∗PDi

s +
l∑

i=1

∞∑
j=1

(Eijs )∗PF ijs

]∗
×
[
R+

k∑
i=1

(Di
s)
∗PDi

s +
l∑

i=1

∞∑
j=1

(F ijs )∗PF ijs

]−1

×
[
PBs + Ss +

k∑
i=1

(Cis)
∗PDi

s +
l∑

i=1

∞∑
j=1

(Eijs )∗PF ijs

]
,

and a linear term involving the so-called adjoint equation (dual equation)
ϕ̇+ Â∗ϕ+

k∑
i=1

(Ĉi)∗Pdi +
l∑

i=1

∞∑
j=1

(Êij)∗Pf ij + Pb = 0, a.e., s ∈ [t, T ],

ϕT = 0.

(5)

The coefficients of the state equation and the solution of the BRDE on [t, T ] are composed

of the coefficients Â, Ĉi and Êij . Letting s ∈ [t, T ],

Λ(s, P ) ,
[
Rs +

k∑
i=1

(Di
s)
∗PDi

s +
l∑

i=1

∞∑
j=1

(F ijs )∗PF ijs

]−1

×
[
PBs + Ss +

k∑
i=1

(Cis)
∗PDi

s +
l∑

i=1

∞∑
j=1

(Eijs )∗PF ijs

]
,
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then Â , A − BΛ(·, P ) and Ĉi , Ci −DiΛ(·, P ), Êij , Eij − F ijΛ(·, P ). If BRDE (4)

and adjoint equation (5) exist the global solutions P and ϕ, the above LQ problem with

respect to the optimal state feedback control has the close form. Thus, the solution of

LQ problem is reduced to solve BRDE (4) and adjoint equation (5). These results can

be applied to the so-called mean-variance hedging, option pricing, etc. The LQ problem

driven by Lévy processes has both mathematical interest and potential applications for

the discontinuous financial market.

Wonham [2] firstly investigate the stochastic LQ optimal control problem as well as

the associated Riccati equation. In [3, 4], Bismut use the fixed point theorem to prove

the existence and uniqueness of the solution of the stochastic Riccati differential equation

derived from the stochastic LQ optimal control problem whose generator is only linearly

dependent on its second unknown variables. In [5], Kohlmann and Tang prove the closeness

of the solutions of the backward stochastic Riccati differential equations (BSRDEs, for

short) and furthermore, they prove the existence and uniqueness of the BSRDEs whose

generator only has a quadratic term of the second unknown variable. In particular, in [6],

Tang proves the existence and uniqueness of the solution for the general case of backward

stochastic Riccati equation associated with the nonsingular stochastic LQ control problem.

In [2], Wonham studies the stochastic LQ optimal control problem which is driven by

Brownian motion and the solution of the related Riccati equation is continuous. In [3,

4, 6], they investigate the LQ optimal control problems whose the cost functional takes

conditional expectation with respect to the σ-algebras generated by Brownian motions,

thus they obtain the BSRDEs driven by the Brownian motions. However, we study the

stochastic LQ optimal control problem which is jointly driven by Brownian motion and

Lévy processes, and the solution of the related Riccati equation is Lévy processes.

The rest of the paper is organized as follows. In Section 2, we provide a list of notation

and the assumptions. In Section 3, we prove that there exists a unique optimal control,

the explicit linear state feedback form is given. In Section 4, we dicuss the global existence

and uniqueness result for the backward stochastic Riccati equation.

§2. Preliminaries

Let (Ω,F , (Ft)t>0,P) be a given filtered probability space, where {Ft; t ∈ [0, T ], T <

∞} satisfies the usual conditions. Let wt be an n-dimensional standard Brownian motion

and {Ljt , t ∈ [0, T ]} be an R-valued Lévy process with a Lévy measure vj such that∫
R(1 ∧ z2)vj(dz) <∞, j = 1, 2, . . . , l. which are independent of the Brownian motion wt.
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Supposing Ft = σ(ws, s 6 t) ∨ σ(Ljs, s 6 t, j = 1, 2, . . . , l) ∨ N , where N is the

totality of the P-null set. Let (Hj
t )i, i > 1 be the Teugels martingales associated with the

Lévy process Ljt (see, e.g., [1, 7–9]). (Hj
t )i is given by

(Hj
t )i := cji,i(Y

j
t )(i) + cji,i−1(Y j

t )(i−1) + · · ·+ cji,1(Y j
t )(1),

where (Y j
t )(i) = (Ljt )

(i) − E[(Ljt )
(i)] for all i > 1 and (Ljt )

(i) are power-jump processes:

(Ljt )
(1) = Ljt and (Ljt )

(i) =
∑

0<s6t
[∆(Ljs)](i) for i > 2. The coefficients cjik correspond to

the orthonormalization of polynomials 1, z, z2, . . . with respect to the measure µj(dz) =

z2vj(dz)+(σj)2δ0(dz). The Teugels martingales {H i
t}∞i=1 are pairwise strongly orthogonal

and 〈H i, Hj〉t = δijt are their predictable quadratic variation processes. Let [H i, Hj ]t be

the quadratic variational process on H i
t and Hj

t , it is well known that the bracket process

and [H i, Hj ]t − 〈H i, Hj〉t is a martingale. The martingale representation comes from the

chaos decomposition in [1]. In [10], Løkka uses the chaos expansion to prove the martingale

representation (Clark-Ocone formula) of the Lévy process.

Notation We make use of the following notations in this paper:

• |A| =
√∑

i,j
A2
i,j ;

• A∗: the transpose of matrix A;

• 〈M1,M2〉: the inner product of the two vectors M1 and M2;

• S n, S n
+ , Ŝ n

+ : the space of all n×n symmetric matrices, the set of all non-negative

definite matrices and the set of all positive definite matrices, respectively;

• C([0, T ];H): the Banach space of H-valued continuous functions on [0, T ];

• l2(H): the Banach space of H-valued sequences {fi}i>1 such that
∞∑
i=1
|fi(s)|2 <∞;

• l2F (0, T ;H): the Banach space of l2(H)-valued Ft-adapted stochastic process fi,

endowed with the norm ‖f‖ = E
∫ T

0

∞∑
i=1
|fi(s)|2ds;

• L2
FT

(Ω;Rn): the set of Rn-valued FT -measurable random variables X such that

E|X|2 <∞;

• L∞F (0, T ;H): the Banach space of H-valued Ft-adapted, essentially bounded s-

tochastic process with the norm ‖f(t)‖L∞
F (0,T ;H) = esssup

t∈[0,T ], ω∈Ω
|f(t)|;

• L2
F (0, T ;Rm): the set of all {Ft}t>0-adapted Rm-valued processes X(·) such that

E
∫ T

0 |Xt|2dt <∞.

In this paper we need the following basic assumptions:
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(A1) A,Ci1 , Eij ∈ L∞F (0, T ;Rn×n), B,Di1 , F ij ∈ L∞F (0, T ;Rn×m), Q ∈ L∞F (0, T ; S n
+),

R ∈ L∞F (0, T ; Ŝm
+ ), G ∈ L∞FT

(Ω; S n
+), b, di1 , f ij ∈ L2

F (0, T ;Rn), i1 = 1, 2, . . . , k,

i = 1, 2, . . . , l; j = 1, 2, . . . ,∞.

(A2) Di, F ij ∈ C([0, T ];Rn×m), R ∈ C([0, T ]; Ŝm
+ ).

(A3) Q− SR−1S∗ is a.e. nonnegative definite.

§3. The Linear Stochastic Control System and Optimal

Control

In this section, we investigate the LQ problem which is jointly driven by the Brownian

motion and the Lévy processes. We prove the existence of a unique optimal control and

given the explicit linear state feedback control.

Theorem 1 Assuming that assumption (A1) is satisfied. Then u ∈ L2
F (0, T ;Rm)

is the unique optimal control for the LQ problem if and only if there is a pair of processes

(p, q, z) which solves the BSDE (called the adjoint equation)

dps = −
[
A∗sps +

k∑
i=1

(Cis)
∗(s)qis +

l∑
i=1

∞∑
j=1

(Eijs )∗zijs +QsXs + S∗sus

]
ds

+
k∑
i=1

qisdw
i
s +

l∑
i=1

∞∑
j=1

zijs dH ij
s , s ∈ [t, T ],

pT = GXT ,

(6)

with X , X0,x,u and

p ∈ L2
F (0, T ;Rn), q , (q1, q2, . . . , qk) ∈ (L2

F (0, T ;Rn))k,

z , (z11, z12, . . . , z1j , . . . , zl1, zl2, . . . , zlj , . . .) ∈ (l2F (0, T ;Rn))l,

such that

us = −R−1
s

[
B∗sps− +

k∑
i=1

(Di
s)
∗qis +

l∑
i=1

∞∑
j=1

(F ijs )∗zijs + SsXs−

]
. (7)

Proof Let u be the optimal control, and for any v ∈ L2
F (0, T ;Rm), Xv

s be the

trajectory of the system (1). Then, we have

J(0, x, v)− J(0, x, u)

= E
[1

2

∫ T

0
(〈QsXs, Xs〉+ 2〈SsXs, us〉+ 〈Rsus, us〉)ds+ 〈GXT , XT 〉

]
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− E
[1

2

∫ T

0
(〈QsXv

s , X
v
s 〉+ 2〈SsXv

s , us〉+ 〈Rsvs, vs〉)ds+ 〈GXv
T , X

v
T 〉
]

= E
{1

2

∫ T

0
[〈Qs(Xv

s −Xs), X
v
s −Xs〉+ 〈Rs(vs − us), vs − us〉2

+ 2〈QsXs, X
v
s −Xs〉+ 2〈Rsus, vs − us〉+ 2〈SsXv

s −Xs, vs〉+ 2〈SsXs, vsus〉]ds

+ 〈G(Xv
T −XT ), Xv

T −XT 〉+ 2〈GXT , X
v
T −XT 〉

}
.

From GXT = pT , we apply Itô-Lévy formula to compute 〈Xv
T −XT , pT 〉 and get

E〈Xv
T −XT , pT 〉 = E

{∫ T

0

[
−
〈
B∗sps− +

k∑
i=1

(Di
s)
∗qis +

l∑
i=1

∞∑
j=1

(F ijs )∗zijs , vs − ûs
〉

− 〈QsXs, X
v
s− −Xs−〉 − 〈S∗sus, Xv

s− −Xs−〉
]
ds
}
.

Since S and P are nonnegative definite matrices, we get

J(0, x, v)− J(0, x, û)

= E
[ ∫ T

0

〈
Rsus +B∗sps− +

k∑
i=1

(Di
s)
∗qis +

l∑
i=1

∞∑
j=1

(F ijs )∗zijs + SsXs−, vs − us
〉

ds
]

> 0.

So the optimal control is given by

us = −R−1
s

[
B∗sps− +

k∑
i=1

(Di
s)
∗qis +

l∑
i=1

∞∑
j=1

(F ijs )∗Z
ij
s + SsXs−

]
, s ∈ [0, T ]. (8)

We now prove the uniqueness of the optimal control. Assuming that u1 and u2 are both

optimal controls, and their corresponding trajectories are X1
s and X2

s . It is obvious that

the trajectory of the control (u1 + u2)/2 is (X1
s +X2

s )/2. Since S and P are nonnegative,

we have

J(0, x, u1) = J(0, x, u2) = α > 0,

and

2α = J(0, x, u1) + J(0, x, u2)

= 2J
(

0, x,
u1 + u2

2

)
+ 2E

[ ∫ T

0

(〈
Qs

X1
s −X2

s

2
,
X1
s −X2

s

2

〉
+
〈
Rs
u1
s − u2

s

2
,
u1
s − u2

s

2

〉)
ds+

〈
G
X1
T −X2

T

2
,
X1
T −X2

T

2

〉]
> 2α+ 2E

(∫ T

0

〈
Rs
u1
s − u2

s

2
,
u1
s − u2

s

2

〉
ds
)
.
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So

E
(∫ T

0

〈
Rt
u1
s − u2

s

2
,
u1
s − u2

s

2

〉
ds
)
6 0,

and we get u1 = u2.

Applying for the convexity of the cost functional J(t, x, u), it is clear that we get the

sufficient part. All the details of the proof of Theorem 1 can be given like the work in

[3, 4]. Also the proof of the necessity refer to [11] and [12]. �

We give the so-called stochastic Hamiltonian system

dXs = (AsXs +Bsus + bs)ds+
k∑
i=1

(CisXs +Di
sus + dis)dw

i
s

+
l∑

i=1

∞∑
j=1

(Eijs Xs− + F ijs us + f ijs )dH ij
s ,

dps = −
[
A∗sps +

k∑
i=1

(Cis)
∗qis +

l∑
i=1

∞∑
j=1

(Eijs )∗zijs +QsXs + S∗sus

]
ds

+
k∑
i=1

qisdw
i
s +

l∑
i=1

∞∑
j=1

zijs dH ij
s , s ∈ [t, T ],

Xt = x,

pT = GXT .

(9)

The last equation is a forward-backward stochastic equation and the solution consists of

a quadruple (X, p, q, Z).

Although we have obtained the optimal feedback control law for the LQ problem by

(8), but it is not complete control strategy, because it contains p, q and z. We will obtain

a state feedback representation of the optimal control for the LQ problem via a backward

Riccati equation, in the case where the problem is uniquely solvable at some t ∈ [0, T ].

We guess that Xs and ps have the following relationship

ps = PsXs + ϕs, s ∈ [t, T ], (10)

with P (·) ∈ C([t, T ]; S n
+) and ϕ(·) ∈ C([t, T ];Rn). Applying Itô’s formula to the equality

(10), we have (suppressing s in the functions)

(ṖX + PAX + PBu+ Pb+ ϕ̇)ds+ P
k∑
i=1

(CiX +Diu+ di)dwis

+ P
l∑

i=1

∞∑
j=1

(EijXs− + F iju+ f ij)dH ij
s = dp

= −
[
A∗p+

k∑
i=1

(Ci)∗qi +
l∑

i=1

∞∑
j=1

(Eij)∗zij +QX + S∗u
]
ds
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+
k∑
i=1

qidwis +
l∑

i=1

∞∑
j=1

zijdH ij
s . (11)

Thus, we obtain

qi = P (CiX +Diu+ di), zij = P (EijXs− + F iju+ f ij), (12)

and

0 = ṖX + PAX + PBu+ Pb+ ϕ̇+A∗(PX + ϕ) +
k∑
i=1

(Cj)∗P (CiX +Diu+ di)

+
l∑

i=1

∞∑
j=1

(Eij)∗P (EijX + F iju+ f ij) +QX + S∗u

=
[
Ṗ + PA+A∗P +

k∑
i=1

(Ci)∗PCi +
l∑

i=1

∞∑
j=1

(Eij)∗PEij
]
X

+
[
PB +

k∑
i=1

(Ci)∗PD +
l∑

i=1

∞∑
j=1

(Eij)∗PF ij
]
u

+A∗ϕ+
k∑
i=1

(Ci)∗Pdi + Pb+ ϕ̇+
l∑

i=1

∞∑
j=1

(Eij)∗Pf ij . (13)

On the other hand, by (7) – (10) and (12), we obtain

0 = Ru+B∗P +
k∑
i=1

(Di)∗qi +
l∑

i=1

∞∑
j=1

(F ij)∗zij + SX

=
[
R+

k∑
i=1

(Di)∗PDi +
l∑

i=1

∞∑
j=1

(F ij)∗PF ij
]
u+B∗ϕ+

k∑
i=1

(Di)∗Pdi

+
l∑

i=1

∞∑
j=1

(F ij)∗Pf ij +
[
B∗P +

k∑
i=1

(Di)∗PCi +
l∑

i=1

∞∑
j=1

(F ij)∗PEij
]
X.

Thus, according to the existence of

[
R+

k∑
i=1

(Di)∗PDi +
l∑

i=1

∞∑
j=1

(F ij)∗PF ij
]−1

,

we derive from the above that

0 =
[
Ṗ + PA+A∗P +

k∑
i=1

(Ci)∗PCi +
l∑

i=1

∞∑
j=1

(Eij)∗PEij +Q+ F (s, P )
]
X

+ Pb+ ϕ̇+ Â∗ϕ+
k∑
i=1

(Ĉi)∗Pdi +
l∑

i=1

∞∑
j=1

(Êij)∗Pf ij .

Hence, P should be a solution of the following backward stochastic differential equation



No. 3 HU S. P., HE Z. M.: SLQ Problem Driven by Brownian Motion and Lévy Processes 283

(BSDE):

Ṗ + PA+A∗P +
k∑
i=1

(Ci)∗PCi +
l∑

i=1

∞∑
j=1

(Eij)∗PEij +Q+ F (s, P ) = 0,

a.e., s ∈ [t, T ],

PT = G,

R+
k∑
i=1

(Di)∗PDi +
l∑

i=1

∞∑
j=1

(F ij)∗PF ij > 0, a.e., s ∈ [t, T ],

(14)

and ϕ should be a solution of the following BSDE:
ϕ̇+ Â∗ϕ+

k∑
i=1

(Ĉi)∗Pdi +
l∑

i=1

∞∑
j=1

(Êij)∗Pf ij + Pb = 0, a.e., s ∈ [t, T ],

ϕT = 0.

(15)

Because (15) is a linear stochastic ordinary differential equation with bounded coefficients,

it has a solution ϕ(·) in the interval [t, T ].

Theorem 2 Let assumption (A1) hold. Let P (·) ∈ C([0, T ];Sn) and ϕ(·) ∈ C([0, T ];

Rn) be the solutions of (14) and (15), respectively, for some t ∈ [0, T ] such that

BΨ, DiΨ, F ijΨ ∈ L∞F (t, T ;Rn×n),

where Ψ , R̂−1
[
B∗P + S +

k∑
i=1

(Di)∗PCi +
l∑

i=1

∞∑
j=1

(F ij)∗PEij
]
,

R̂ , R+
k∑
i=1

(Di)∗PDi +
l∑

i=1

∞∑
j=1

(F ij)∗PF ij ,

(16)

and 
Bψ,Diψ,F ijψ ∈ L∞F (t, T ;Rn×n),

where ψ , R̂−1
[
B∗ϕ+

k∑
i=1

(Di)∗Pdi +
l∑

i=1

∞∑
j=1

(F ij)∗Pf ij
]
.

(17)

Then the LQ problem is solvable at t with the optimal control u being of a state feedback

law,

us = −ψsXs− − ψs, s ∈ [t, T ], (18)

and

V (t, x) =
1

2
〈Ptx, x〉+ 〈ϕt, x〉+

1

2
E

∫ T

t

(
2〈ϕ, b〉+

k∑
i=1
〈Pdi, di〉

+
l∑

i=1

∞∑
j=1
〈Pf ij , f ij〉 − |R̂1/2ψ|2

)
ds, ∀x ∈ Rn. (19)
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Proof By assumption (A1) and (16) – (17), the following stochastic differential

equation has a unique strong solution X:

dXs = (ÂsXs −Bsψs + bs)ds+
k∑
i=1

(ĈisXs −Di
sψs + dis)dw

i
s

+
l∑

i=1

∞∑
j=1

(Êijs Xs− − F ijs ψs + f ijs )dH ij
s ,

Xt = x.

(20)

Moreover, the following estimate holds:

E sup
t6s6T

|Xs|2 6 K(1 + |x|2).

Thus the control u defined by (18) is admissible. Applying Itô-Lévy formula to 〈PX,X〉,
we have

E〈GXT , XT 〉 − 〈Ptx, x〉

= E

∫ T

t

{〈[
Ṗ + PA+A∗P +

k∑
i=1

(Ci)∗PCi +
l∑

i=1

∞∑
j=1

(Eij)∗PEij
]
X,X

〉
+ 2
〈[
B∗P +

k∑
i=1

(Di)∗PCi +
l∑

i=1

∞∑
j=1

(F ij)∗PEij
]
X +

k∑
i=1

(Di)∗Pdi

+
l∑

i=1

∞∑
j=1

(F ij)∗Pf ij , u
〉

+ 2
〈
Pb+

k∑
i=1

(Ci)∗Pdi +
l∑

i=1

∞∑
j=1

(Eij)∗Pfij , X
〉

+
〈[ k∑

i=1
(Di)∗PDi +

l∑
i=1

∞∑
j=1

(F ij)∗PF ij
]
u, u

〉
+

k∑
i=1
〈Pdi, di〉+

l∑
i=1

∞∑
j=1
〈Pf ij , f ij〉

}
ds.

Also, applying Itô-Lévy formula to 〈ϕ,X〉, we have

−〈ϕt, x〉 = E

∫ T

t

[〈
Â∗ϕ+

k∑
i=1

(Ĉi)∗Pdi +
l∑

i=1

∞∑
j=1

(Êij)∗Pfij + Pb,X
〉

+ 〈ϕ,AX +Bu+ b〉
]
ds

= E

∫ T

t

[
〈Ψ∗R̂ψ,X〉 −

〈 k∑
i=1

(Ci)∗Pdi + Pb+
l∑

i=1

∞∑
j=1

(Eij)∗Pf ij , X
〉

+ 〈B∗ϕ, u〉+ 〈ϕ, b〉
]
ds.

Thus, by setting

Ŝ ,
[
PB + S +

k∑
i=1

(Ci)∗PDi +
l∑

i=1

∞∑
j=1

(Eij)∗PF ij
]∗
,

we have the following:

J(t, x, u)− 1

2
〈Ptx, x〉 − 〈ϕt, x〉



No. 3 HU S. P., HE Z. M.: SLQ Problem Driven by Brownian Motion and Lévy Processes 285

=
1

2
E

∫ T

t

{
〈Ŝ∗R̂−1ŜX,X〉+ 2

〈
ŜX +B∗ϕ+

k∑
i=1

(Di)∗Pdi +
l∑

i=1

∞∑
j=1

(F ij)∗Pf ij , u
〉

+
k∑
i=1
〈Pdi, di〉+

l∑
i=1

∞∑
j=1
〈Pf ij , f ij〉+ 2〈ϕ, b〉+ 〈R̂u, u〉

+ 2
〈
Ŝ∗R̂−1

[
B∗ϕ+

k∑
i=1

(Di)∗Pdi +
l∑

i=1

∞∑
j=1

(F ij)∗Pf ij
]
, X
〉}

ds

=
1

2
E

∫ T

t

{∣∣∣R̂−1/2
[
ŜX + R̂u+B∗ϕ+

k∑
i=1

(Di)∗Pdi +
l∑

i=1

∞∑
j=1

(F ij)∗Pf ij
]∣∣∣2

−
∣∣∣R̂−1/2

[
B∗ϕ+

k∑
i=1

(Di)∗Pdi +
l∑

i=1

∞∑
j=1

(F ij)∗Pf ij
]∣∣∣2 + 2〈ϕ, b〉

+
k∑
i=1
〈Pdi, di〉+

l∑
i=1

∞∑
j=1
〈Pf ij , f ij〉

}
ds

=
1

2
E

∫ T

t

(
|R̂1/2(u+ ΨX + ψ)|2 − |R̂1/2ψ|2 + 2〈ϕ, b〉+

k∑
i=1
〈Pdi, di〉

+
l∑

i=1

∞∑
j=1
〈Pf ij , f ij〉

)
ds.

We deduce that from the above that

J(t, x;u) =
1

2
〈Ptx, x〉+ 〈ϕt, x〉

+
1

2
E

∫ T

t

(
2〈ϕ, b〉+

k∑
i=1
〈Ptdi, di〉+

l∑
i=1

∞∑
j=1
〈Pf ij , f ij〉 − |R̂1/2ψ|2

)
ds

6 J(t, x;u).

It shows that u is an optimal control and it also results in (19). �

§4. Global Solvability of Backward Stochastic Riccati

Equations

It is vital that the stochastic Riccati differential equation has the solution for the

solution the stochastic LQ problem. In this section we discuss the existence and uniqueness

of solution to the BRDE. Let us first prove the uniqueness of solutions to the backward

stochastic Riccati equation (14) as well as (15).

Proposition 3 Let assumptions (A1) and (A2) be satisfied. If P ∈ C([0, T ]; S n)

is a solution to the backward stochastic Riccati equation (14), then P is the only solution.

Moreover, in this case (15) has only one solution ϕ ∈ C([0, T ];Rn).
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Proof Assuming that P̃ ∈ ([0, T ];Rn×n) is another solution of (14). Set P̂ , P − P̃ .

Then P̂ satisfies the following equation

˙̂
P + P̂A+A∗P̂ +−

[
P̂B +

k∑
i=1

(Ci)∗P̂Di +
l∑

i=1

∞∑
j=1

(Eij)∗P̂F ij
]
R̂−1

×
[
B∗P +

k∑
i=1

(Di)∗PCi +
l∑

i=1

∞∑
j=1

(F ij)∗PEij
]

+
[
P̃B + S∗ +

k∑
i=1

(Ci)∗P̃Di

+
l∑

i=1

∞∑
j=1

(Eij)∗P̃F ij
]
R̂−1

[ k∑
i=1

(Di)∗P̂Di +
l∑

i=1

∞∑
j=1

(F ij)∗P̂F ij
]
R̃−1

×
[
B∗P + S +

k∑
i=1

(Di)∗PCi +
l∑

i=1

∞∑
j=1

(F ij)∗PEij
]
−
[
P̃B +

k∑
i=1

(Ci)∗P̃Di

+
l∑

i=1

∞∑
j=1

(Eij)∗PF ij
]
R̃−1

[
B∗P̂ +

k∑
i=1

(Di)∗P̂Ci +
l∑

i=1

∞∑
j=1

(F ij)∗P̂Eij
]

+
k∑
i=1

(Ci)∗P̂Ci +
l∑

i=1

∞∑
j=1

(Eij)∗P̂Eij = 0,

P̂T = 0.

Here

R̂ , R+
k∑
i=1

(Di)∗PDi +
l∑

i=1

∞∑
j=1

(F ij)∗PF ij > 0,

R̃ , R+
k∑
i=1

(Di)∗P̃Di +
l∑

i=1

∞∑
j=1

(F ij)∗P̃F ij > 0.

Based on their continuity, we obtain that |R̂−1| and |R̃−1| are uniformly bounded. Us-

ing Gronwall’s inequality to get P̂ ≡ 0. This proves the uniqueness for the equation

(14). Moreover, if P solves (14), so does P ∗. Thus P = P ∗ by uniqueness, hinting P ∈
C([0, T ]; S n). �

Theorem 4 Let assumptions (A1), (A2) and (A3) be satisfied. Then the stochastic

Riccati equation (14) admits a unique solution over [0, T ].

To prove this theorem, we need the following lemmas.

Lemma 5 Let X and Y be two bounded optional processes such that:

E[XT ;T <∞] = E[YT ;T <∞]

for every stopping time T (including those taking infinite values). Then X and Y are indis-

tinguishable.

For the proof the reader is referred to [13].
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Lemma 6 The linear matrix-valued differential equation
Ṗs + PsÂs + (Âs)

∗Ps +
k∑
i=1

(Ĉis)
∗PsĈ

i
s +

l∑
i=1

∞∑
j=1

(Êijs )∗PsÊ
ij
s + Q̂s = 0,

PT = Ĝ, s ∈ [0, T ].

(21)

Here Âs, Ĉ
i
s, Q̂s, Ĝ and Êijs are measurable and uniformly bounded, admits a unique solution

P ∈ C([0, T ]; S n). Moreover, if Q̂ ∈ L∞(0, T ; S n
+) and Ĝ ∈ S n

+ then P ∈ C([0, T ]; S n
+).

Proof Because BSDE (21) has linear with bounded coefficients, it is obvious that

P ∈ C([0, T ]; S n
+) has the existence and uniqueness of its solution. Now let φ be the

solution of the following SDE
dφs = Âsφsds+

k∑
i=1

ĈisφsdW
i
s +

l∑
i=1

∞∑
j=1

Êijs φsdH
ij
s , s ∈ [0, T ],

φ0 = I.

(22)

Clearly, this equation has a unique solution. Moreover, φ is invertible for all s ∈ [0, T ] and

φ−1 = Φ exists, satisfying
dΦs = −Φs

[
Âs −

k∑
i=1

(Ĉis)
2 −

l∑
i=1

∞∑
j=1

(Êijs )2
]
ds−

k∑
i=1

ΦsĈ
i
sdW

i
s −

l∑
i=1

∞∑
j=1

ΦsÊ
ij
s dH ij

s ,

ψ0 = I.

(23)

Applying Itô-Lévy formula to φΦ, we have

d(φsΦs) = ÂsφsΦsds+
k∑
i=1

ĈisφsΦsdW
i
s +

l∑
i=1

∞∑
j=1

Êijs φsΦs−dH ij
s −

k∑
i=1

φsΦsĈ
i
sdW

i
s

−
k∑
i=1

ĈisφsΦsĈ
i
sds− φsΦs

[
Âs −

k∑
i=1

(Ĉis)
2 −

l∑
i=1

∞∑
j=1

(Êijs )2
]
ds

+
l∑

i=1

∞∑
j=1

l∑
n=1

∞∑
m=1

Êijs φsΦsÊ
nm
s d〈H ij , Hnm〉s −

l∑
i=1

∞∑
j=1

φs−ΦsÊ
ij
s dH ij

s

−
l∑

i=1

∞∑
j=1

l∑
n=1

∞∑
m=1

Êijs φsΦsÊ
nm
s d([H ij , Hnm]s − 〈H ij , Hnm〉s). (24)

Taking any stopping τ , we have EφτΦτ = I. Applying Lemma 5, thus φΦ and I are

indistinguishable.

Now applying Itô-Lévy formula, we have

d(φ∗sPsφs) = φ∗sPsφsds+ φ∗sÂ
∗
sPsφsds+ φ∗sPsAsφsds+

k∑
i=1

φ∗s(Ĉ
i
s)
∗PsC

i
sφsds

+
l∑

i=1

∞∑
j=1

φ∗s(Ê
ij)∗PsÊ

ij
s φsd〈H ij , H ij〉s +

k∑
i=1
{· · · }dW i

s +
l∑

i=1

∞∑
j=1
{· · · }dH ij

s .
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Consequently,

Pt = E
{

(φ−1
t )∗φ∗T ĜφTφ

−1
t +

∫ T

t

[
(φ−1
s )∗φ∗sQ̂sφsφ

−1
s

]
ds
}
> 0,

if Q̂ > 0 and Ĝ > 0. This prove P ∈ C([0, T ]; S n
+). �

Proof of Theorem 4 Firstly, we claim equation (14) to be equal to the following

BSDE 
Ṗ + PÂ+ Â∗P +

k∑
i=1

(Ĉi)∗PĈi +
l∑

i=1

∞∑
j=1

(Êij)∗PÊij + Q̂ = 0,

PT = G.

(25)

Here 
Â = A−BΨ, Ĉi = Ci −DiΨ, Êij = Eij − F ijΨ,

Q̂ = (Ψ−R−1S)∗R(Ψ−R−1S) +Q− S∗R−1S,

Ψ = R̂−1
[
B∗P + S +

k∑
i=1

(Di)∗PCi +
l∑

i=1

∞∑
j=1

(F ij)∗PEij
]
.

(26)

Actually, in view of the definitions of Â, Ĉi, Êij , Q̂ and Ψ as in (26), we obtain[
R+

k∑
i=1

(Di)∗PDi+
l∑

i=1

∞∑
j=1

(F ij)∗PF ij
]
Ψ = −

[
B∗P+S+

k∑
i=1

(Di)∗PCi+
l∑

i=1

∞∑
j=1

(F ij)∗PEij
]

and

−Ṗ = P (Â−BΨ) + (Â−BΨ)∗P +
k∑
i=1

(Ĉi −DiΨ)∗P (Ĉi −DiΨ) +
l∑

i=1

∞∑
j=1

(Êij − F ijΨ)∗

× P (Êij − FijΨ) +Q−ΨT
[
R+

k∑
i=1

(Di)∗PDi +
l∑

i=1

∞∑
j=1

(F ij)∗PF ij
]
Ψ

= PÂ+ Â∗P +
k∑
i=1

Ĉ∗i PĈi +
l∑

i=1

∞∑
j=1

Ê∗ijPÊij − PBΨ−Ψ∗B∗P −
k∑
i=1

Ψ∗(Di)∗PĈi

−
k∑
i=1

(Ĉi)∗PDiΨ +
k∑
i=1

Ψ∗(Di)∗PDiΨ−
l∑

i=1

∞∑
j=1

Ψ∗(F ij)∗PÊij −
l∑

i=1

∞∑
j=1

(Êij)∗PF ijΨ

+
l∑

i=1

∞∑
j=1

Ψ∗(F ij)∗PF ijΨ +Q−Ψ−1
[
R+

k∑
i=1

(Di)∗PDi +
l∑

i=1

∞∑
j=1

(F ij)∗PF ij
]
Ψ

= PÂ+ Â∗P +
k∑
i=1

(Ĉi)∗PĈi +
l∑

i=1

∞∑
j=1

(Êij)∗PÊij + 2F (s, P )∗ −
k∑
i=1

Ψ∗(Di)∗PDiΨ

−Ψ∗
[
R+

k∑
i=1

(Di)∗PDi +
l∑

i=1

∞∑
j=1

(F ij)∗PF ij
]
Ψ−Ψ∗

l∑
i=1

∞∑
j=1

(F ij)∗PF ijΨ +Q

= PÂ+ Â∗P +
k∑
i=1

(Ĉi)∗PĈi +
l∑

i=1

∞∑
j=1

(Êij)∗PÊij + Q̂+ Ψ∗RΨ. (27)
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Secondly, we construct the following iterative sequence. For n = 0, 1, 2, . . ., set

P0 ≡ G,

Ψn = −
[
R+

k∑
i=1

(Di)∗PnD
i +

l∑
i=1

∞∑
j=1

(F ij)∗PnF
ij
]−1

×
[
B∗Pn + S +

k∑
i=1

(Di)∗PnC
i +

l∑
i=1

∞∑
j=1

(F ij)∗PnE
ij
]
,

Ân = A−BΨn, Ĉin = Ci −DiΨn, Êijn = Eij − F ijΨn,

Q̂n = Q+ Ψ∗nRΨn,

(28)

and let Pn+1 denote the solution of the following equation
Ṗn+1 = P̂n+1Ân + ÂnPn+1 +

k∑
i=1

(Ĉin)∗Pn+1Ĉ
i
n +

l∑
i=1

∞∑
j=1

(Êijn ) + Q̂n = 0,

Pn+1(T ) = G.

(29)

Combining Lemma 6 and assumption (A3), we obtain Pn(s) > 0, ∀ s ∈ [0, T ], n > 1.

Hence, the above iterative plan can be processed. We now claim that

Pn(s) > Pn+1(s), ∀ s ∈ [0, T ], n > 0. (30)

To prove this, define 4n , Pn − Pn+1 and Λn , Ψn−1 − Ψn. Subtracting the (n + 1)th

equation from the nth equation for (29), we have

−4̇n = 4n Ân + Â∗n 4n +
k∑
i=1

(Ĉin)∗ 4n Ĉ
i
n +

l∑
i=1

∞∑
j=1

(Êijn )∗ 4n Ê
ij
n + Q̂n−1 − Q̂n

+ Pn(Ân−1 − Ân) + (Ân−1 − Ân)∗Pn +
k∑
i=1

(Ĉin−1)∗PnĈ
i
n−1 −

k∑
i=1

(Ĉin)∗PnĈ
i
n

+
l∑

i=1

∞∑
j=1

(Êijn−1)∗PnÊ
ij
n−1 −

l∑
i=1

∞∑
j=1

(Êijn )∗PnÊ
ij
n . (31)

By (28), we get

Ân−1 − Ân = −BΛn, Ĉin−1 − Ĉin = −DiΛn, Êijn−1 − Ê
ij
n = −F ijΛn,

Q̂n−1 − Q̂n = Λ∗nRΛn + (ψn −R−1S)∗RΛn + Λ∗nR(ψn −R−1S),

(Ĉin−1)∗Pn(Ĉin−1)− (Ĉin)∗Pn(Ĉin) = Λ∗n(Di)∗PnD
iΛn − (Ci)∗PnD

iΛn − Λ∗n(Di)∗PnC
i,

(Êijn−1)∗PnÊ
ij
n−1 − (Êijn )∗PnÊ

ij
n = Λ∗n(F ij)∗PnF

ijΛn − (Eij)∗PnF
ijΛn − Λ∗n(F ij)∗PnE

ij .

Thus, plugging the above into (31) produces

−
[
4̇n +4nÂn + Â∗n 4n +

k∑
i=1

(Ĉin)∗ 4n (Ĉin) +
l∑

i=1

∞∑
j=1

(Êijn )∗ 4n (Êijn )
]
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= PBΛn + Λ∗nB
∗P +

k∑
i=1

Λ∗n(Di)∗PnD
iΛn +

k∑
i=1

(Ci)∗PnD
iΛn +

k∑
i=1

Λ∗n(Di)∗PnC
i

+ Λ∗nRΛn + ψ∗nRΛn + Λ∗nRψn +
l∑

i=1

∞∑
j=1

Λ∗n(F ij)∗PnF
ijΛn +

l∑
i=1

∞∑
j=1

(Eij)∗PnF
ijΛn

+
l∑

i=1

∞∑
j=1

Λ∗nF
ijPnE

ij

= Λ∗n

[
R+

k∑
i=1

(Di)∗PDi +
l∑

i=1

∞∑
j=1

(F ij)∗PF ij
]
Λn > 0. (32)

Noting that ∆n(T ) = 0, we can use Lemma 6 again to have our claim (30). Thus {Pn} is a

decreasing sequence in C([0, T ]; S n
+) and thus there exists a limit, denoted by P . Clearly,

P is the solution to (25), hence (14) holds. �

§5. Conclusion

The LQ problem is very useful, but also extends the application of financial product

pricing. For example, the mean-variance hedging problem is a one-dimensional singular

stochastic LQ problem. A new stochastic Riccati differential equation is introduced in

this paper as a potential application for the contingent claim pricing. We investigate

the linear-quadratic optimal stochastic control which is jointly driven by Lévy processes

and Brownian motion. We obtain the explicit form of optimal control and proved the

uniqueness of feedback control. We prove the existence and uniqueness of the backward

stochastic Riccati equation and the backward dual equation which can compose of the

optimal control.
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