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§1. Ú ó

Cc5, IS	ÆöJÑ
NõÏL*Ð®k©Ù�)#©Ù��{. #©Ù���

Ç¼ê�\(¹, *�
[Üêâ���. ZografosÚ Balakrishnan [1] JÑ
�«ÏL³

ê�ÅCþ�)üCþ©Ùx�*Ð�{: � G(x)�?¿\È©Ù¼ê (CDF), éA�

VÇ�Ý¼ê (PDF)� g(x), ½Â gamma-G©Ù� PDFÚ CDF�

f(x) =
g(x)

Γ(α)
{− ln[1−G(x)]}α−1, (1)

F (x) =
1

Γ(α)

∫ − ln[1−G(x)]

0
uα−1e−udu =

γ(α,− ln[1−G(x)])

Γ(α)
, (2)

Ù¥ Γ(a) =
∫∞

0 ta−1e−tdt´³ê¼ê, γ(a, z) =
∫ z

0 t
a−1e−tdt´Ø��³ê¼ê. NõÆ

ö|^ù«*Ð�{��#©Ù. RistićÚ Balakrishnan [2] ïÄ
 gamma-exponentiated

©Ù; Cordeiro � [3] ?Ø
nëêëY gamma-Lomax ©Ù; Iriarte � [4] JÑ
üëê

gamma-Maxwell©Ù. Alzaatreh� [5] Ú\ T-X©Ùx*Ð�{: � F (x)Ú f(x)©O´

∗I[g,�ÆÄ7�8 (1OÒ: 11861049)ÚS��g,�ÆÄ7¡þ�8 (1OÒ: 2017MS0101!2018MS01027)

]Ï.
?ÏÕ�ö, E-mail: zz.yan@163.com.

�© 2017c 7� 14FÂ�, 2018c 9� 4FÂ�?Uv.
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�ÅCþ X � CDFÚ PDF, �ÅCþ T ½Â3 [0,∞)þ, §� PDF� r(t), K T-X©

Ùx� CDFÚ PDF©O�

FTX(x) =

∫ − ln[1−F (x)]

0
r(t)dt, (3)

fTX(x) =
dFTX(x)

dx
=

f(x)

1− F (x)
r{− ln[1− F (x)]} = h(x)r{− ln[1− F (x)]}, (4)

Ù¥ h(x)´�ÅCþX��xÇ¼ê.¢Sþ, Alzaatreh� [6]®²?Ø
 gamma-Pareto

©Ù; Alzaatreh� [7] JÑWeibull-Pareto©Ù, Ñáu T-Xx. MahdaviÚ Kundu [8] J

ÑÏLO\���	�/Gëê5Uõ©Ù(¹5�#�{, ¡� alpha power trans-

formation (APT). - F (x)Ú f(x)©OL«��ëY�ÅCþ X � CDFÚ PDF, ½Â

APT� CDF�

FAPT(x) =


αF (x) − 1

α− 1
, α > 0, α 6= 1;

F (x), α = 1,

(5)

�A� PDF�

fAPT(x) =


lnα

α− 1
f(x)αF (x), α > 0, α 6= 1;

f(x), α = 1.
(6)

APT�{*Ð©Ù�®kïÄé�, Ì�/, MahdaviÚ Kundu|^ APT�{*Ð


üëê�ê©Ù, �)
�«üëê�©Ù, ¡� alpha power�ê (APE)©Ù, ïÄ


T©Ù�VÇ5�, ?Ø
ëê�4�q,�O, |^¢S�êâé APE©Ù?1êâ[

Ü, ¼�
÷¿��[�J. Ù¢ Nassar� [9] ®²|^ APT�{*Ð
%Ù�©Ù, �

� alpha power%Ù� (APW)©Ù, ïÄ
ÙVÇA5Úëê�4�q,�O.

�©|^ APT�{*Ð³ê©Ù, ¡#©Ù� alpha power³ê (APG)©Ù. *Ð�

8�´�
¼�äkûÐVÇ5�Ú(¹�xÇ/G�#©Ù. JÑ� APG©Ùäk�

é(¹��xÇ¼ê, �±�Ð/[Üêâ. �©�e�SNSü: 1�!0�
 APG©

Ù, ��T©Ù� CDF!PDF!)�¼êÚ�xÇ¼ê; 1n!ïÄ
 APG©Ù�xÇ

¼êÚ PDF�/G; ?Ø
 APG©Ù�VÇ5�, �)Ý!Ý1¼ê!© ê¼ê!�!

gSÚOþ!²þ�{Æ·¼êÚ²þ���m; 1o!?Ø APG©Ù3����eë

ê�4�q,�O (MLEs), ¿|^��¢Sêâ8©Û¿µd
 APG©Ù�MLEs, �

y APG©ÙU
éÐ�[Ü�
Æ·êâ; 1Ê!ïÄ
 APG©ÙÄu�� II.Åg

��êâe�ëê�O¯K, ¿ÏL¢~êâ�����e�ëê�O?1'�; 18!

´�©�(Ø.
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§2. APG©Ù

³ê©Ù�©Ù¼ê FG(x; r, λ) = 1−Γ(r, λx)/Γ(r) = γ(r, λx)/Γ(r). - ϕ = (α, r, λ),

l (5)Ú (6)¥, ��Ñl APG©Ù�ÅCþ X � CDFÚ PDF©O�

FAPG(x, ϕ) =


α1−Γ(r,λx)/Γ(r) − 1

α− 1
, α > 0, α 6= 1;

1− Γ(r, λx)

Γ(r)
, α = 1,

(7)

fAPG(x, ϕ) =


lnα · λr

(α− 1)Γ(r)
xr−1e−λxα1−Γ(r,λx)/Γ(r), α > 0, α 6= 1;

λr

Γ(r)
xr−1e−λx, α = 1,

(8)

Ù¥ α > 0, r > 0�/Gëê, λ > 0�ºÝëê, Γ(s, x) =
∫∞
x ts−1e−tdt´þØ��³ê

¼ê, x > 0. �A�)�¼êÚ�xÇ¼ê©O�

SAPG(x, ϕ) =


α− α1−Γ(r,λx)/Γ(r)

α− 1
, α > 0, α 6= 1;

Γ(r, λx)

Γ(r)
, α = 1,

(9)

hAPG(x, ϕ) =


lnα · λr

Γ(r)
xr−1e−λx(αΓ(r,λx)/Γ(r) − 1)−1, α > 0, α 6= 1;

λr

Γ(r, λx)
xr−1e−λx, α = 1.

(10)

§3. APG©Ù�5�

3.1 �xÇ¼êÚ�Ý¼ê�/G

�f!?Ø�xÇ¼êÚ�Ý¼ê�/G. ã 1L«�xÇ¼ê�/G¥yü¸!ü

NO\!üN~�!ªu~ê. ã 2L«�Ý¼ê�/G.

5� 1

lim
x→0

h(x) =


λ lnα

α− 1
, r = 1;

0, r > 1;

∞, 0 < r < 1.

5� 2

lim
x→0

f(x) =


λ lnα

α− 1
, r = 1;

0, r > 1;

∞, 0 < r < 1.



334 A^VÇÚO 1 35ò

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0
.0

0
.5

1
.0

1
.5

2
.0

2
.5

3
.0

x

h
(x

)

lambda=1.6 r=1.65 alpha=1/100

lambda=1.6 r=1.65 alpha=5

lambda=0.6 r=0.5 alpha=2

lamda=0.25 r=1 alpha=0.6

ã 1 APG©Ù�xÇ¼ê�/G

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0
.0

0
.5

1
.0

1
.5

2
.0

x

f(
x
)

lambda=1.6 r=1.65 alpha=1/100

lambda=0.95 r=2.5 alpha=5.5

lambda=0.6 r=0.5 alpha=2

lamda=0.5 r=1 alpha=6

ã 2 APG©Ù�Ý¼ê�/G

3.2 ÝÚÝ1¼ê

�f!?Ø APG©Ù� s��:ÝÚÝ1¼ê. |^?ê α−z =
∞∑
k=0

(− lnα)kzk/k!,

X � s�Ý�

µ′s = E(Xs) =
λr

(α− 1)Γ(r)

∞∑
k=0

(lnα)k+1

k!

∫ ∞
0

xs+r−1e−λx
[γ(r, λx)

Γ(r)

]k
dx. (11)

¦^³ê�ÅCþ©Ù¼ê�?êL« γ(r, λx)/Γ(r) = [(λx)r/Γ(r)]
∞∑
m=0

(−λx)m/[(r+m)

·m!], (11)­��

µ′s =
λr

α− 1

∞∑
k=0

(lnα)k+1

k!Γ(r)k+1

∫ ∞
0

xs+r−1e−λx
[
(λx)r

∞∑
m=0

(−λx)m

(r +m)m!

]k
dx.

- u = λx, k

µ′s =
λ−s

α− 1

∞∑
k=0

(lnα)k+1

k!Γ(r)k+1

∫ ∞
0

us+r−1e−u
[
ur

∞∑
m=0

(−u)m

(r +m)m!

]k
du. (12)

5¿� (12)¥�È©�±�¤ A. Lauricella¼ê [10]�/ª, =

µ′s =
λ−s

α− 1

∞∑
k=0

(lnα)k+1r−k

k!Γ(r)k+1
Γ(s+ r(k + 1))

× F (k)
A (s+ r(k + 1); r, r, . . . , r; r + 1, r + 1, . . . , r + 1; −1,−1, . . . ,−1), (13)

Ù¥

F
(n)
A (a; b1, b2, . . . , bn; c1, c2, . . . , cn; x1, x2, . . . , xn)

=
∞∑

m1=0

∞∑
m2=0

· · ·
∞∑

mn=0
(a)m1+m2+···+mn

(b1)m1(b2)m2 · · · (bn)mn

(c1)m1(c2)m2 · · · (cn)mn

xm1
1

m1!

xm2
2

m2!
· · · x

mn
n

mn!
,
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(a)i = a(a + 1) · · · (a + i − 1). d� (13)L«\�� A. Lauricella¼ê�Ã¡Ú. Ïd,

APG©Ù�Ý1¼ê�

MX(t) =
1

α− 1

∞∑
s=0

∞∑
k=0

tsλ−sr−k(lnα)k+1

s!k!Γ(r)k+1
Γ(s+ r(k + 1))

× F (k)
A (s+ r(k + 1); r, r, . . . , r; r + 1, r + 1, . . . , r + 1; −1,−1, . . . ,−1). (14)

3.3 Rényi�

�´^5ïþ�ÅCþ���Ø(½5. ��ÅCþ ξ � PDF� fξ(x), Ù Rényi�

(REξ(v))�½Â�

REξ(v) =
1

1− v
ln
[ ∫ ∞
−∞

fvξ (x)dx
]
, v > 0, v 6= 1.

d (8)�� APG�ÅCþ X � Rényi��

REX(v) =
1

1− v
ln
{[ λrα lnα

(α− 1)Γ(r)

]v ∫ ∞
0

xv(r−1)e−vλxα−vγ(r,λx)/Γ(r)dx
}
. (15)

2|^ α−z �?êL�, (15)­��

REX(v) =
v

1− v
ln
[ λrα lnα

(α− 1)Γ(r)

]
+

1

1− v
ln
[ ∞∑
k=0

(lnα)kvk

k!Γ(r)k

∫ ∞
0

xv(r−1)e−vλxγk(r, λx)dx
]

=
v

1− v
ln
(α lnα

α− 1

)
+

vr

1− v
lnλ− v

1− v
ln[Γ(r)]

+
1

1− v
ln
[ ∞∑
k=0

(lnα)kvk

k!Γ(r)k

∫ ∞
0

xv(r−1)e−vλxγk(r, λx)dx
]
. (16)

3.4 gSÚOþ

- X1, X2, . . . , Xn � APG©Ù����Å��, K1 i�gSÚOþ Xi:n � PDF

fi:n(x)�

fi:n(x) =
n!

(i− 1)!(n− i)!
[FAPG(x)]i−1[1− FAPG(x)]n−ifAPG(x). (17)

r (7)Ú (8)�\ (17)¥, k

fi:n(x) =
n!λr lnα

(i− 1)!(n− i)!Γ(r)(α− 1)n
xr−1e−λxαγ(r,λx)/Γ(r)

×
(
αγ(r,λx)/Γ(r) − 1

)i−1(
α− αγ(r,λx)/Γ(r)

)n−i
.
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|^��ªÐm, k

fi:n(x) =
λr lnα

B(i, n− i+ 1)Γ(r)(α− 1)n

×
i−1∑
m=0

n−i∑
l=0

Cmi−1C
l
n−i

(−1)m+l

αl+i−n
xr−1e−λxα(i−m+l)γ(r,λx)/Γ(r). (18)

Ïd, Xi:n� s�Ý�

E(Xs
i:n) =

n!λ−s

(α− 1)n

i−1∑
m=0

n−i∑
l=0

∞∑
k=0

(−1)m+l(i−m+ l)kαn−i−l(lnα)k+1r−k

m!l!k!(i− 1−m)!(n− i− l)!Γ(r)k+1
Γ(s+ r(k + 1))

× F (k)
A (s+ r(k + 1); r, r, . . . , r; r + 1, r + 1, . . . , r + 1; −1,−1, . . . ,−1). (19)

3.5 ²þ�{Æ·Ú²þ���m

APG�ÅCþ X �²þ�{Æ· µ(t)�

µ(t) =
1

SAPG(t)

[
E(X)−

∫ t

0
xfAPG(x)dx

]
− t, (20)

Ù¥ ∫ t

0
xfAPG(x)dx =

αλr lnα

α− 1

∞∑
k=0

(lnα)k

k!Γ(r)k+1

∫ t

0
xre−λxγk(r, λx)dx. (21)

r (9), (13)Ú (21)�\ (20)¥, �

µ(t) =
1

α− αγ(r,λx)/Γ(r)

[
λ−1

∞∑
k=0

(lnα)k+1r−k

k!Γ(k+1)(r)
Γ(1 + r(k + 1))

× F (k)
A (1 + r(k + 1); r, r, . . . , r; r + 1, r + 1, . . . , r + 1; −1,−1, . . . ,−1)

− αλr lnα
∞∑
k=0

(− lnα)k

k!Γ(r)k+1

∫ t

0
xre−λxΓk(r, λx)dx

]
− t. (22)

X �²þ���m�

µ(t) = t− 1

F (t)

∫ t

0
xfAPG(x)dx. (23)

r (7)Ú (21)�\ (23)¥, �

µ(t) = t− αλr lnα

αγ(r,λx)/Γ(r) − 1

∞∑
k=0

(lnα)k

k!Γ(r)k+1

∫ t

0
xre−λxγk(r, λx)dx. (24)

§4. ëê�O

4.1 4�q,�O

� x1, x2, . . . , xn´ APG©Ù���, éêq,¼ê l(ϕ)�

l(ϕ) = n ln
( lnα

α− 1

)
+nr lnλ−n ln[Γ(r)]+(r−1)

n∑
i=1

lnxi−λ
n∑
i=1

xi+lnα
n∑
i=1

γ(r, λx)

Γ(r)
. (25)
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�
{zL«, Ú\ digamma¼ê:

ψ(r) =
d

dr
[ln Γ(r)] =

Γ′(r)

Γ(r)
.

l(ϕ)'u α, r, λ©O¦�� �ê, ��e¡q,�§:

∂l(ϕ)

∂α
=
n(α− 1− α lnα)

α(α− 1) lnα
+

1

α

n∑
i=1

γ1(r, λxi) = 0, (26)

∂l(ϕ)

∂r
= n lnλ− nψ(r) +

n∑
i=1

lnxi + lnα
n∑
i=1

∂γ1(r, λxi)

∂r
= 0, (27)

∂l(ϕ)

∂λ
=
nr

λ
−

n∑
i=1

xi + lnα
n∑
i=1

∂γ1(r, λxi)

∂λ
= 0, (28)

Ù¥

γ1(r, z) =
γ(r, z)

Γ(r)
, Γ′(r) =

∫ ∞
0

tr−1e−t ln(t)dt,

∂γ(r, λxi)

∂r
=

∫ λxi

0
tr−1e−t ln(t)dt,

∂γ(r, λxi)

∂λ
= λr−1xri e

−λxi ,

∂γ1(r, λxi)

∂r
=
[ ∫ λxi

0
tr−1e−t ln(t)dt− ψ(r)γ(r, λxi)

]/
Γ(r),

∂γ1(r, λxi)

∂λ
=
λr−1xri e

−λxi

Γ(r)
.

¦)q,�§ (26), (27)Ú (28)�±��ëê ϕ�MLE, P� ϕ̂ = (α̂, r̂, λ̂). �´, T�§

|´��5�, �Ø�Ù)Û), �©/Ï R^�?1ê�¦).

4.2 ìC�&«m

duëê�MLEséJ����wªL�, �ØU��MLEs°(©Ù. ·��U|

^éêq,¼ê�*ÿ Fisher&EÝ
, ¼�ëê�ìC�&«m. *ÿ Fisher&EÝ


� I(ϕ̂). Ù¥

I(ϕ) =


−∂

2l(ϕ)

∂α2
−∂

2l(ϕ)

∂α∂r
−∂

2l(ϕ)

∂α∂λ

−∂
2l(ϕ)

∂r∂α
−∂

2l(ϕ)

∂r2
−∂

2l(ϕ)

∂r∂λ

−∂
2l(ϕ)

∂λ∂α
−∂

2l(ϕ)

∂λ∂r
−∂

2l(ϕ)

∂λ2

 ,

∂2l(ϕ)

∂α2
=
n[−α(α− 1)(lnα)2 − (α− 1− α lnα)(2α lnα− lnα+ α− 1)]

[α(α− 1) lnα]2

− 1

α2

n∑
i=1

γ1(r, λxi),
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∂2l(ϕ)

∂r2
= nψ′(r) + lnα

n∑
i=1

∂2γ1(r, λxi)

∂r2
,

∂2l(ϕ)

∂λ2
= −nr

λ2
+ lnα

n∑
i=1

∂2γ1(r, λxi)

∂λ2
,

∂2l(ϕ)

∂α∂r
=
∂2l(ϕ)

∂r∂α
=

1

α

n∑
i=1

[ ∫ λxi

0
tr−1e−t ln(t)dt− ψ(r)γ(r, λxi)

]/
Γ(r),

∂2l(ϕ)

∂α∂λ
=
∂2l(ϕ)

∂λ∂α
=

1

α

n∑
i=1

λr−1xri e
−λxi

Γ(r)
,

∂2l(ϕ)

∂r∂λ
=
∂2l(ϕ)

∂λ∂r
=
n

λ
+ lnα

n∑
i=1

∂2γ1(r, λxi)

∂λ∂r
,

∂2γ1(r, λxi)

∂r2
=
[ ∫ λxi

0
tr−1e−t ln2(t)dt− ψ′(r)γ(r, λxi)

]/
Γ(r)

+ ψ(r)
[
ψ(r)γ(r, λxi)− 2

∫ λxi

0
tr−1e−t ln(t)dt

]/
Γ(r),

∂2γ1(r, λxi)

∂λ2
=

(r − 1)λr−2xri e
−λxi − λr−1xr+1

i e−λxi

Γ(r)
,

∂2γ1(r, λxi)

∂λ∂r
=

e−λxixriλ
r−1

Γ(r)
[ln(λxi)− ψ(r)].

d���nØ��, (ϕ̂ − ϕ) �ìC©Ù�"þ��þ, ���Ý
� [EI(ϕ)]−1 �

n���©Ù. [EI(ϕ)]−1 déêq,¼ê�*ÿ Fisher &EÝ
 I(ϕ̂) �_5�O. ¤

±, ϕ̂ ����Ý
�±^ I−1(ϕ̂) 5�O. ëê α, r, λ Cq 100(1 − δ)% ��&«m©

O�
(
α̂ ± Zδ/2

√
V̂ar (α̂)

)
,
(
r̂ ± Zδ/2

√
V̂ar (r̂)

)
,
(
λ̂± Zδ/2

√
V̂ar (λ̂)

)
. Ù¥ V̂ar (α̂), V̂ar (r̂),

V̂ar (λ̂)´���Ý
 I−1(ϕ̂)é��þ���, Zδ/2 ´IO��©Ù 100(1 − δ)%�þ©

 ê. d	, ëê α, r, λ�CXÇ (CPs)©O|^ CPα = P
[∣∣(α̂ − α)/

√
V̂ar (α̂)

∣∣ 6 Zδ/2
]
,

CPr = P
[∣∣(r̂ − r)/√V̂ar (r̂)

∣∣ 6 Zδ/2
]
, CPλ = P

[∣∣(λ̂− λ)/

√
V̂ar (λ̂)

∣∣ 6 Zδ/2
]
¼�.

4.3 ¢~A^

�!ÏL��¢Sêâ8�y
¤JÑ�APG ©ÙäkA^d�. æ^Lee

ÚWang [11] ���êâ8, Têâ8´é 136 ~�BJ¾<��)�m (±��ü )

?1�ÅÄ����������. 3d�c, ù�êâ8�Nõ�öæ^, [Ü¦�ï

Æ�*ÐÆ·©Ù. Zea� [12] � LemonteÚ Cordeiro [13] ©O|^Têâ8`²
 beta

exponentiatedø\÷Ú extended Lomax©Ù�¢^5; Sharma� [14]rù|êâA^�


 extended Maxwell©Ù¥, ¿ïÄ
T©Ù�ëê�O.

�¦^ APG©Ù©ÛÆ·êâ�, ·�UÏL²� TTT�{ (the empirical total

time on test procedure) ýk(½ëê α, r, λ ���. ²� TTT ã�±����óä

5�ä�Ñ�êâ8éA APG ©Ù��xÇ¼ê/G. Ù½Â� (s/n, φn(s/n), s =
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1, 2, . . . , n). Ù¥ φn(s/n) =
[ n∑
i=1

Xi:n + (n − s)Xs:n

]/ n∑
i=1

Xi L«5�²� TTT =�

(scaled empirical TTT transform), Xi:n, i = 1, 2, . . . , nL«gSÚOþ.

Aarset [15] �Ñ, XJ²� TTTã´à�!]�!kà�]�±9k]�à�, �A

�xÇ¼ê�/G´~��!O\�!ú�G�±9ü¸�. ã 3¥y
éu�BJêâ

�²� TTTã, �±�*�wÑ�BJêâéA�xÇ¼ê�/G´ü¸�.
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ã 4 �BJêâ�²�©ÙÚ APG©Ùã

y3·�|^ù|êâ[Ü APG©Ù, ¿Ú�
²;�Æ·©Ù?1'�. 'X³

ê!%Ù�!_%Ù�!�ê%Ù�!2Â�ê!alpha power�ê!alpha power%Ù�!

�ê%Ù�Ú extended Maxwell©Ù. |^ù|êâ��
ù
©Ùëê�MLEs!ëê

MLEs���!K�éêq,¼ê (− lnL)!Akaike&EOK (AIC = 2 × k − 2 × lnL)!

Bayesian&EOK (BIC = k × lnn− 2× lnL)±9 Kolmogorov-Smirnov (K-S)ÚOþÚ

§� P �. Ù¥ k ´��5�.¥ëê��ê, n´êâ8¥*ÿ�êâ�êþ, lnL´

��O�.q,¼ê����. ��/, − lnL!AIC!BIC!K-S�Oþ����, 
 P �

��, KL«[Ü�J�Ð. L 1ÚL 3©O¥y
ù
©Ù� PDF±9§�� − lnL!

AIC!BIC!K-S�Oþ!P �; L 2�Ñ
ù
©Ù�MLEs±9ëê���. lL 3¥

�±�Ù/wÑT©ÙLyÑéÐ�[Ü5. �
��*�wÑ[Ü�J, ã 4�Ñ
�

BJêâ�²�©ÙÚ APG©Ùã, lã 4¥�±wÑ APG©ÙA�Ú²�©Ù­Ü.

§5. ��II.Åg����e APG©Ùëê�4�q,�O

5.1 �� II.Åg��Á�

BalakrishnanÚ Aggarwala [16]JÑ
�� II.Åg��. T�Y£ãXe:
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L 1 A�©Ù�VÇ�Ý¼ê

©Ù PDF

Alpha Power�ê (APE)©Ù
lnα

α− 1
λe−λxα1−e−λx , x > 0, α, λ > 0, α 6= 1

³ê©Ù (GD)
1

Γ(k)θk
xk−1e−x/θ, x > 0, k, θ > 0

Extended Maxwell (EMa)©Ù
k√

2πθ3
x3k/2−1e−x

k/(2θ2), x > 0, k, θ > 0

Alpha Power%Ù� (APW)©Ù
lnα

α− 1
λβα1−e−λx

β

xβ−1e−λx
β

, x > 0, α, β, λ > 0, α 6= 1

�ê%Ù�©Ù (EWD) αβλβxβ−1e−(λx)β (1− e−(λx)β )α−1, x > 0, α, β, λ > 0

2Â�ê©Ù (GED) αλe−λx(1− e−λx)α−1, x > 0, α, λ > 0

%Ù�©Ù (WD) αλxα−1e−λx
α

, x > 0, α, λ > 0

_%Ù�©Ù (IWD) αλx−α−1e−λx
−α

, x > 0, α, λ > 0

L 2 �BJêâ�4�q,�O [��]

©Ù MLEs [Var ]

APG
(α̂, r̂, λ̂) = (0.020629, 1.398004, 0.061280)

= [0.00248357, 0.02373227, 0.00140822]

APE
(α̂, λ̂) = (1.173800, 0.111326)

= [0.71555402, 0.00051589]

GD
(k̂, θ̂) = (1.172512, 7.987657)

= [0.01713424, 1.22103250]

EMa
(k̂, θ̂) = (0.844688, 1.443141)

= [0.00296102, 0.01269054]

APW
(α̂, λ̂, β̂) = (0.014040, 0.016288, 1.268524)

= [0.00102874, 0.00008901, 0.00780948]

EWD
(α̂, β̂, λ̂) = (2.795887, 0.654421, 0.298865)

= [1.66271470, 0.01889318, 0.02973685]

GED
(α̂, λ̂) = (1.217953, 0.121167)

= [0.02217089, 0.00018466]

WD
(α̂, λ̂) = (1.047840, 0.093886)

= [0.00460805, 0.00036819]

IWD
(α̂, λ̂) = (0.752080, 2.431093)

= [0.00180000, 0.04809303]
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L 3 ���.éu�BJêâ[Ü�ÚOþ

�. − lnL K-S P � AIC BIC

APG 409.7933 0.0389 0.9901 825.5865 834.1426

APE 414.3182 0.0794 0.3954 832.6364 838.3404

GD 413.3678 0.0732 0.4986 830.7356 836.4396

EMa 412.1556 0.0597 0.7513 828.3113 834.0153

APW 410.1891 0.0459 0.9499 826.3782 834.9343

EWD 410.6801 0.0450 0.9579 827.3602 835.9163

GED 413.0776 0.1489 0.0069 830.1552 835.8592

WD 414.0869 0.0700 0.5566 832.1738 837.8778

IWD 444.0008 0.1408 0.0125 892.0015 897.7056

�Ä n�ÕáÓ©Ù�Æ·Á�ü�, l�� 0m©Á�, c r�ü�����mv

k�*ÿ�. �1 r + 1�Á�ü�����m (P� rXr+1:m:n)�*ÿ��, Kl�{

� n − r − 1�)�ü�¥�ÅÄ� Rr+1 ��ÑÁ�, Ù{ü�UYÁ�; �*ÿ�1

r + 2�Á�ü�����m rXr+2:m:n, 3�{� n − r − Rr+1 − 2�)�ü�¥�Å

Ä� Rr+2 ��ÑÁ�, Ù{ü�UYÁ�; �gaí, �*ÿ�1 r + i�Á�ü���

��m rXr+i:m:n, 3�{� n − r −
i−1∑
j=1

Rr+j − i�)�ü�¥�ÅÄ� Rr+i ��ÑÁ

�, Á�UY; ��1 m�Á�ü�����m rXm:m:n �*ÿ��, �{� Rm �Á�

ü��Ü�Ñ, (åÁ�. Á�¼����êâ (rXr+1:m:n, rXr+2:m:n, . . . , rXm:m:n)��

� II.Åg��gSÚOþ, m− rL«Á�*ÿ����m�ü��ê. n, m, r, Rr+i,

i = 1, 2, . . . ,m−r´¯k(½�,÷vRm = n−m−
m−r−1∑
i=1

Rr+i,¡ (Rr+1, Rr+2, . . . , Rm)

����Y. � r = 0�Ò´Ï~� II.Åg��.

5.2 4�q,�O

� rXr+1:m:n, rXr+2:m:n, . . . , rXm:m:n´ APG©Ù��� II.Åg����, ��B

å�, P� xr+1, xr+2, . . . , xm. ���Y� (Rr+1, Rr+2, . . . , Rm). q,¼ê�

L(ϕ) = C∗[F (xr+1)]r
m∏

i=r+1
f(xi)[1− F (xi)]

Ri , (29)

Ù¥

C∗ =
n!

r!(n− r − 1)!
(n−Rr+1 − r − 1) · · · (n−Rr+1 − · · · −Rm−1 −m+ 1).

éêq,¼ê�

l(ϕ) = ln c∗ + r ln[F (xr+1)] +
m∑

i=r+1
ln[f(xi)] +

m∑
i=r+1

Ri ln[1− F (xi)]
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= ln c∗ + r ln(αγ1(r,λxr+1) − 1)−m ln(α− 1) + (m− r) ln(lnα)

+ r(m− r) lnλ− (m− r) ln[Γ(r)] + (r − 1)
m∑

i=r+1
lnxi − λ

m∑
i=r+1

xi

+ lnα
m∑

i=r+1
γ1(r, λxi) +

m∑
i=r+1

Ri ln(α− αγ1(r,λxi))−
m∑

i=r+1
Ri ln(α− 1). (30)

l(ϕ)'uëê α, r, λ¦�� �ê, ��e¡�q,�§, ?�Ú¦)q,�§�±��

ëê α, r, λ�MLEs.

∂l(ϕ)

∂α
= rγ1(r, λxr+1)(αγ1(r,λxr+1) − 1)−1αγ1(r,λxr+1)−1 − m

α− 1
+
m− r
α lnα

+
1

α

m∑
i=r+1

γ1(r, λxi) +
m∑

i=r+1
Ri(α− αγ1(r,λxi))−1[1− γ1(r, λxi)α

γ1(r,λxi)−1]

−
m∑

i=r+1

Ri
α− 1

, (31)

∂l(ϕ)

∂r
= ln(αγ1(r,λxr+1) − 1) + r(αγ1(r,λxr+1) − 1)−1αγ1(r,λxr+1) lnα

∂γ1(r, λxr+1)

∂r

− ln(lnα) + (m− 2r) lnλ+ ln[Γ(r)]− (m− r)ψ(r) +
m∑

i=r+1
lnxi

+ lnα
m∑

i=r+1

∂γ1(r, λxi)

∂r
−

m∑
i=r+1

Ri(α− αγ1(r,λxi))−1αγ1(r,λxi) lnα
∂γ1(r, λxi)

∂r
, (32)

∂l(ϕ)

∂λ
= r(αγ1(r,λxr+1) − 1)−1αγ1(r,λxr+1) lnα

∂γ1(r, λxr+1)

∂λ
+
r(m− r)

λ
−

m∑
i=r+1

xi

+ lnα
m∑

i=r+1

∂γ1(r, λxi)

∂λ
−

m∑
i=r+1

Ri(α− αγ1(r,λxi))−1αγ1(r,λxi) lnα
∂γ1(r, λxi)

∂λ
. (33)

w,, þãq,�§éJ��°(). Ïd, �UÏLê��{��ëê α, r, λ�

MLEs, P� α̂, r̂, λ̂.

5.3 ¢~A^

�
Ú�����(J'�, �f!æ^c¡ 4.3!¥J���BJêâ¼���

II Åg����. ���Y�OXe: 3Têâ¥b�c r = 2 �ü�vk�*ÿ�,

R[3] = 2, R[4] = 5, R[10] = 4, R[12] = 1, R[15] = 3, R[20] = 2, R[110] = 1, Ù¦ R[i] = 0,

d� n = 128, m = 110. ÏL�Å�[������ II.Åg����, |^T��[Ü

APG©Ù, ëê�MLEs9Ù§����L 4. ÏL�����êâ'�, lL 4¥�±

wÑ, APG©ÙÄu�� II.Åg������ëê α, r, λ�MLEs�����eëê

�OA��C, ����eëê�O��� p, éw,, ù´d��êâÚå�. Ïd,

3�� II.Åg����e, ?Ø APG©Ù�ëê�Oäkd3�A^d�.
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L 4 Äu�� II.Åg����eëê α, r, λ�MLEs

ëê ����eëê�MLEs ����eëê�MLEs

α 0.020629 (0.00248357) 0.022397 (0.00590908)

r 1.398004 (0.02373227) 1.413466 (0.03463068)

λ 0.061280 (0.00140822) 0.063264 (0.00305210)

§6. ( Ø

�©|^APT�{é³ê©Ù?1*Ð,JÑ
�«#�nëêÆ·©Ù,¡�APG

©Ù; Äk?Ø
T©Ù�xÇ¼ê�/G; Ùg?Ø
T©Ù�VÇ5�, ��
 s��

:ÝÚÝ1¼ê!gSÚOþ�©Ù�Ý!gSÚOþ s�Ý�wªL�, ±9�!²þ�

{Æ·!²þ���m�È©L�; 1n, ?Ø
 APG©Ù3����Ú����êâe

ëê�MLEs; ��, ©Û
��¢Sêâ, ��
����Ú����e APG©Ù�ë

ê�O, ¿ÏLé'uy, ����eëê�MLEsA������e���, �´���

�e�O���Ñ�. Ïd, ÏL�©¥J�©Ù'����ê�(J, L²JÑ� APG

©Ù3[Ü�
a.�êâ�, äk`�5. ù�`²JÑ�#©Ù�±'�(¹/�[

¢Sêâ.
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Properties and Applications of Alpha Power Gamma

Distribution

NIU Yulin YAN Zaizai

(College of Science, Inner Mongolia University of Technology, Hohhot, 010051, China)

Abstract: In this paper, the gamma distribution has been extended by adding an extra shape parameter,

we refer to the new distribution as alpha power gamma distribution. It is found that the distribution has

a relatively flexible hazard rate function. The properties of the new distribution are studied, including

explicit expressions for the sth raw moments, moment generating function and distributions of order

statistics are derived. Also, the integral expressions for the entropy, mean residual life and mean waiting

time are obtained. The maximum likelihood estimators of the distribution parameters under complete

sample are discussed, the Fisher information matrix is derived. Then, the estimation of the parameters

under the general progressive type-II censoring is studied. Finally, the real data set is used to illustrate

the practicality of the proposed distribution.

Keywords: alpha power transformation; gamma distribution; maximum likelihood estimation; Fisher

information matrix; general progressive type-II censoring
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