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Abstract: In this paper, we consider a perturbed compound Poisson risk model with dependence,
where the dependence structure for the claim size and the inter-claim time is modeled by a gener-
alized Farlie-Gumbel-Morgenstern copula. The integro equations, the Laplace transforms and the
defective renewal equations for the Gerber-Shiu functions are obtained. For exponential claims,
some explicit expressions are obtained, and some numerical examples for the ruin probabilities are
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§1. Introduction

The actuarial ruin model perturbed by a diffusion process was first put forword in
[1]. By then, it has received remarkable attention in insurance mathematics, see e.g.[2-6].
However, in all the aforementioned papers, it is depended on a postulation of independence
between the claim size and the inter-claim time. Although such an assumption indeed
simplifies the study of many risk problems, it has been proved to be very restrictive
and inadequate in some applications. To overcome the drawback of the independence

hypothesis, the ruin model with dependence has received considerable critical attention in
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actuarial mathematics. The ruin model with dependence but without diffusion has been
studied by many authors, see e.g.[7-10]. The need for extensions to the perturbed actuarial
ruin model has led to several studies on the modeling of dependence. Among them, Zhou
and Cail'l considered a perturbed risk model with dependence between premium rate and

[12]

claim size. Zhang and Yang "l examined several properties for a ruin model perturbed by a

Brownian motion with dependence based on a Farlie-Gumbel-Morgenstern (FGM) copula.

13l studied the Gerber-Shiu function for a renewal ruin model perturbed by

Zhang et al.
a jump-diffusion process with dependence by using a g-potential measure.

In this paper, we consider the actuarial ruin model perturbed by a Brownian motion
with dependence based on a generalized FGM copula. The surplus process has the form

N(t)
Ult)=u+pt— > X;+oW(t), t >0, (1)
i=1

where v > 0 is the initial principal and p > 0 is the premium rate. The counting process
{N(t) : t = 0} is a Poisson process defined by N(¢) = max{n : Vi + Vo +--- +V,, <
t}, where the inter-claim times {Vj, j = 1,2,...} are a sequence of exponential random
variables (r.v.’s) distributed like a generic variable V' with probability density function
(p.d.f.) k(t) = Ae™ for A > 0, cumulative distribution function (c.d.f.) K(t) =1 —e M
and Laplace transform (L.T.) E(s) = A/(A + s). The individual claim sizes {X;, i =
1,2,...} are assumed to be a sequence of strictly positive r.v.’s distributed as a generic
variable X with p.d.f. f(z), c.df. F(z) and L.T. J?(s) We suppose that the claim
size and the inter-claim time are dependent. Finally, W (t) independent of the aggregate
claims process is a standard Brownian motion starting from zero, and ¢ > 0 is the diffusion
volatility.

The aim of this paper is to study the Gerber-Shiu function. The risk model studied
in this paper extends that of [12] by using a generalized FGM copula instead of a FGM
copula. It is important to point out that the key difference between [12] and ours is that
they solve their problems through the integro-differential equation approach, while we
gain our results by applying Laplace transform method. Their approach should assume
that the claim size has a continuous density function and the Gerber-Shiu function is
twice continuously differentiable, but our method only needs the claim size with Laplace
transform and the Gerber-Shiu function with inversion of Laplace transform. Finally, our
results extend the range of the dependence parameter 6.

The rest of the paper is organized as follows. In Section 2, we briefly describe the de-

pendence structure based on a generalized FGM copula and introduce some ruin measures.
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We discuss in Section 3 a generalized Lundberg equation. The Laplace transforms for the
Gerber-Shiu functions are obtained in Section 4. In Section 5, we derive the defective
renewal equations for the Gerber-Shiu functions, and accordingly, the analytic expressions
are also obtained. Finally, explicit expressions of the Gerber-Shiu functions and numerical

results of the ruin probabilities are provided for exponential claims in Section 6.

82. Dependence Structure and Ruin Measures

Motivated by [9], we suppose that the joint distribution of (X,V’) is based on a
generalized FGM copula, which belongs to the family of copulas introduced and studied
by [14]. The copula is denoted by

C(u,v) = uv + Oh(u)g(v), 0<u,v<l, (2)

where h(u) = u®(1 —u)? and g(v) = v¢(1 —v)¢ with a,b,c,d > 1. It is an extension to the

classical FGM copulas
C(u,v) = uv + Ouv(l —u)(1 —v), 0<u,v<l,

where —1 < # < 1. One motivation of these extensions is to improve the range of de-
pendence association between the components of (X, V). Rodriguez-Lallena and Ubena-
Flores 14 show that the admissible range for 6 increases with the values of a,b,c and d.
For example, if a =b=c=d =2, then —27 < § < 27.

As in [9], the pairs {(X;,V;), ¢ € N} form a sequence of independent and identically
distributed random vectors distributed as the generic random vector (X, V'), in which the
components may be dependent. The joint p.d.f. and the joint c.d.f. of (X, V') are denoted
by fxv(z,t) and Fx y(z,t) respectively.

The p.d.f. associated to (2) is given by

c(u,v) =1+ 01 (u)g' (v). (3)
From (2), the bivariate c.d.f. of Fx y(x,t) is defined by
Fxy(z,t) = C(F(z), K(t)) = F(2)K(t) + 0F (2)"[1 — F(z)"K(t)’[1 = K@®)]%,  (4)

where F'(z) and K(t) are the distributions of the marginals of (X, V') respectively.
Accordingly (3), the joint p.d.f. of fx v (x,t) is given by

fxv(@,t) = c(F(z), K(t) f(x)k(t) = f(2)k(t) + OB (F(x))g' (K () f(2)k(E).  (5)
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For simplicity of presentation, let

gx(z) = W (F(2))f(z), (6)
and

hy (t) = g'(K(t))k(t), (7)
where the Laplace transforms of gx (z) and hy (t) are denoted by gx(s) and iALV(s) respec-
tively. Then by these notations, the p.d.f. of (X, V) could be written as

fxy(a,t) = c(F(x), K@) f(2)k(t) = f(2)k(t) + 0gx (2)hv (1). (8)

In particular, we know from (5) and (6) that the conditional p.d.f. of the claim size is
given by
fxy=e(@) = f(x) + 0g'(K () gx (2). (9)
Let T = inf{t : U(t) < 0} or oo otherwise, be the ruin time associated with risk model
(1), and denote the ultimate ruin probability by

Y(u) =P(T < 0o |U(0) = u).

By examining the sample paths of the process U(t), it shows that ruin can be caused either
by the oscillation of the Brownian motion or a claim. Similar to [2], we can split the ruin

probability into two parts:
¢(u) - T/JS(U) + %)(U),

where 1)4(u) is the ruin probability caused by a claim, and v, (u) is the ruin probability
due to oscillation. The requirement of a positive security loading is that the following net
profit condition holds

E(pV — X) > 0.

Let w(z1,22), 1 = 0, z2 > 0, be a nonnegative function. For § > 0, we define the

Gerber-Shiu function at ruin by
¢(u) = Ele™"Tw(U(T—), [U(T))I(T < 00) |U(0) = u],

where I(+) is an indicator function. The quantity w(U(T—), |U(T)|) is viewed as a penalty
at the ruin time for the surplus immediately before ruin U(T—) and the deficit at ruin
|U(T")|. It provides a unified approach to study ruin theory in different risk models.

Similarly, we can also decompose ¢(u) as follows, i.e.

d’(u) = s (u) + wa(u)a
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where

¢s(u) = Ele™Tw(U(T =), [U(T))I(T < 00, U(T) < 0)|U(0) = 1]

is Gerber-Shiu function at ruin that is due to a claim, and
dw(u) = Efe™Tw(U(T-), [UT))I(T < 00, U(T)
= w(0,0)E[e T I(T < 00, U(T) = 0) |U(0)

0)[U(0) = u]

u]

is Gerber-Shiu function at ruin that is caused by oscillation. Without loss of generality,
we suppose that w(0,0) = 1. Note the cases 06 = 0 and w(z1,22) = 1, ¢s(u) and ¢y, (u)
correspond to the ruin probabilities 1(u) and 1y, (u).

Throughout this paper, we assume that a,b > 1, c € {2,3,...} and d > 1.

83. Analysis of a Generalized Lundberg Equation

In this section, the chief aim focuses on deriving the roots of a generalized Lundberg
equation associated with the ruin model studied in this paper. Throughout the paper, the
Laplace transform of a function is defined by adding a cap to the corresponding letter.

First, we introduce the following lemma, which provides analytic expressions for hy (t)
and ?Lv(s).

Lemma 1 The function hy (t) defined in equation (7) could be expressed as

o (t) = 3 et
i=1

and its associate L.T. is given by

~ cl\s
hv(s) = 77— (10)
I[T(s+\)
i=1
c+1 Iy
= ! 11
X (11)
where
Ai=Ad+i-1), (12)
INC(=\; IN(=1) 1),
[T (=x+A) e
=1, 5
and
c+1

rear(s) = T1(s — M- (14)
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Proof See formula (19) on page 446 of [9]. O

In order to deduce the generalized Lundberg equation, we consider the discrete-time
process embedded in the continuous-time surplus process {U(t) : ¢t > 0}. Set Uy = 0, and

for n € N, we denote U, to be the surplus instantaneous after the nth claim, i.e.
Un = ut 30V~ Xi) +oW( £ Vi)
i=1 i=1
Su+ Y [pVi— Xi+ oW (Vy)],
i=1

where £ signifies equality in distribution. Now we look for a number s such that the
process {eV»tsUn 1 = 0,1,2,...} is a martingale. This process is a martingale if and
only if

E(e—dVHslPV=X+oBV)]) _ 1 (15)

which is the generalized Lundberg equation associated with the risk model (1). By (8),
the left-hand side of (15) can be written as

E(e=8V+sPV-X+oBV)]y = /oo /'oo Fxv(z, t)E(edttslt=X+oBO]) 454y

+9/ / gx (z)hy (t)e™ s (0" /2500t 4.4y

N 2

f (5 PSS — — ) + 09x(s)hy ((5 — ps — %52) (16)
for Re(s) > 0 and Re(0%s?/2 + ps) < A + &, where Re(-) represents the real part of a
number. Substituting (10) and (16) into (15) and using k(s) = A/(A + s), the generalized
Lundberg equation (15) reduces to

A ~ cI\(6 — ps — 02s%/2)
N1 psotstjal T it ) et =1 (17)
[T +0 —ps —02s2/2)
i=1

When o = 0, equation (17) equals to (20) in [9].
We declare without proof of the following proposition which can be readily proved by
the (generalized) Rouché’s theorem.
Proposition 2 For § > 0and 6 # 0, Eq. (17) has exactly c¢+2 roots, say p1(9), p2(9),
oy Pet2(0), with Re(pi(6)) > 0,i=1,2,...,¢4+2. Ford =0and 0 # 0, Eq. (17) has exactly
¢+ 1 roots, say pl(O),pg(O),...,pC+1(O), with Re(p;(0)) > 0, i = 1,2,...,c+ 1 and one

root, pc+2(0), equal to zero. In the sequel, for simplicity we write p; for p;(9).
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Remark 3 As mentioned at the end of Section 2, we suppose that d > 1 in this
paper. When d = 1, Eq. (17) has exactly ¢+ 1 roots, say {pi(d), i = 1,2,...,c+ 1} in the
right-half-complex plane with Re(p;(6)) > 0 for § > 0 and § # 0. For § = 0 and 6 # 0,
Eq. (17) has exactly c roots, say {p;(0), ¢ = 1,2,...,c} with Re(p;(0)) > 0, and one root
pe+1(0) equal to zero.

In the following sections, we consider the case d > 1 and the roots of Eq. (17) are

distinct.

84. Laplace Transforms

The emphasis of this section lies in deriving the Laplace transforms of the Gerber-Shiu
functions ¢s(u) and ¢y, (u).

First, we give analytic expressions of ¢'(K(t)) and g (K (t)), which play an important
role in analyzing the Gerber-Shiu functions.

Lemma 4 The function ¢’(K(t)) could be expressed as

c+1
g (K1) = 3 e~ NN, (18)
i=1
and its associate L.T. is given by
~ AN(s — A
JK(D) = 2 5= (19)
[T(s—=A+XN)
i=1
c+1 5
= ! 20
i=1S — )\ —+ )\z’ ( )
where LA
A=\ (a7}
Bi=—0x =3 (21)
[T (=xi+A)
=13

Proof Taking Laplace transforms on ¢'(K(t)), and using integration by parts and
(10), we obtain

FU®) = [Tt =5 [T e g o)
- % /0 o~ Nthy (#)dt = hy (s — A)
N (s —
_ oy )
[T(s=XA+X)
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Using partial fractions, it follows that

-~ _H B
g (K(t) = Z; AN (23)
Therefore, by inverting the Laplace transform in (23), we obtain (18). O
Now we introduce some auxiliary results. Let B(t)= sup B(s) be the running sper-
mium of B(t), where B(t) = —pt — oW (t) is a Brownian (fl(s)iiton starting from zero with

drift —p and variance 0. Denote by 7, = inf{t > 0 : B(t) = u} the first hitting time of
the value u > 0. From Eq. (2.0.1) in [15; page 295], we derive for ¢ > 0,

E(e™0) = ¢~ ¥¥ (24)

with v = p/o? + \/28/02 + p?/o?.
For ¢ > 0, we denote e, to be an exponential random variable with mean 1/¢q, and

introduce the following measure
Uy(u,dy) = P(B(eq) < u, B(ey) € dy), u>0, u>y,

whose explicit expression is provided in the following well-known lemma.

Lemma 5 Suppose that e, and {B(t)} are independent, we know that the following

variables

Bley); B(eq) — B(eg)

are independent and exponentially distributed with rates

respectively. Then, we obtain for 0 < y < u,

Uy(u, dy) = % e 1Y — o~ Witrautiay) gy (25)
and for y < 0,
Uy(u, dy) = %(evw — oWty gy (26)
Proof See Lemma 2 in [12]. O

From (25) and (26), we know that the measure %;(u,dy) is absolutely continuous
with respect to Lebesgue measure for u > 0.
In order to derive the Laplace transforms of ¢s(u) and ¢, (u), we define the following

potential measure

P(u,dy,dz) = E[eVI(B(V) <u,B(V) e dy, X e dz)],  w,z>0,y<u, (27)
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where § > 0. Using Lemma 4, Lemma 5 and taking equation (9) into consideration, we

obtain the following lemma.

Lemma 6 The measure & (u,dy,dz) has a density given by

c+1 90&'('192 e s . .
U, ,J,‘ e Ll e i1y __ e (<21+§7,2)U+§12y T
Py, ) zgl (Ai 4+ 0)(si1 + si2) )g9x ()
0102 e~ _ e_(@1+92)“+92y)f(x) (28)

(A+0)(01 + 02)
for 0 <y <w, and

& Oaisinsio Gi2y _ o—(Sittsiz)utsizy
Y, I3 —e 7 i i
P(wy,@) = ; (i +9)(si1 + si2) ¢ J9x (@)
n A0102 02V _ e_(91+92)“+92y)f(x) (29)

(A+06)(01 + 02)
for y < 0, where

p 2(A+46)  p? p 2(A\+4)  p?
leﬁ‘i‘ T—i_;’ QQZ_E“F T‘f’ﬁy (30>

and fori =1,2,...,c+1,

2N+ 0 2 2(N; + 0 2
§i1:;+\/(2)+§_4, §1'2:_01_)2+\/(2>+p4. (31)

g g

Proof Conditioning on the value of V', and using Lemma 4 and (9), we have

P(u,dy,dz) = / Xe” ) fov_ (z)P(B(t) < u, B(t) € dy)dzdt
0

= / T A 9) f(@)P(B(t) < u, B(t) € dy)dzdt

0
+ A0 Oocf,e e~ Xty ()P(B(t) < u, B(t) € dy)dzdt
v ctl QB
)\+5f( ) Unts(u, dy)dz + gx (z )Zzl Py ALY +o(u, dy)dz
A tl o,
= 315 @%s(u, dy)de + gx (2 )121 y N 1§ DPus(u,dy)dz (32)
which together with Lemma 5 gives the desired results. U

In the following, we will derive the Laplace transforms for the Gerber-Shiu functions

os(u) and ¢y, (u).
For ¢s(u), by Conditioning on the time and amount of first claim, and using the

definition of p(u,y, x), one obtains

/ / / e SP(B(t) < u, B(t) € dy)
t€(0,00) Jy€(—oo,u) Jz€(0,u—y]
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X ¢ps(u—y—z)fxv(z,t)dedt
/ o )/ . / —f”P(E(t) < u, B(t) € dy)
00) Jye(—oo,u) Jze(u—y,00
X w(u—y,x— (u— ))fxv(:z t)dxdt
u— y
/ / (v —y — z)p(u, y, z)dzdy
<[ / wlu— g2 — (u—y))p(u,y,2)dzdy. (3)
—oo Ju—y
Using (28) and (29), (33) can be rewritten as
& Oaisisio oty _ o= (sitteiz)uteiy
s — 7 _ i i2)U i s _ d
@s(u) l; (Ai +9)(si1 + <i2) / (e ¢ Jos1(u = y)dy
0102 /" _ _
+ e~ 01Y _ o—(01te2)utozy ; —)d
O+ 0)(er + ) Joazu —y)dy
" OaviSirGio 0 Si2y —(si1+si2)utsizy
7 _ q 32 JUTS; o _ d
* Z 1 (N +9)(sin + <i2) / (e ¢ Josa(u=y)dy
A 0
o ) / (2 — o(erre)teay)o o (u — y)dy, (34)

(A+90)(01 + 02

where

Usl 0 ¢s (u — x)gx(z)dx + wi(u),

os2(u qSS u—z)f(z)dr + wa(u),
0

wi(u) = /Oow(u r —u)gx(x)dz,
wa(u) = /Oow(u,x —u) f(x)dz.

Taking a change of variable z = u — y, (34) turns to

c+1 o1 s u 00
¢s(u) = 3 borisinsiz )[/ e_‘“(“_z)as;(z)der/ e2(" g 1 (2)dz

=1 (N +0)(sin + iz

00 A w
_ / e—cilu—ﬁzzo_s’l(z)dz] + 0102 [/ e—Ql(u—Z)Jsg(z)dz
0 ) 0

(A+0)(01 + 02
+ / e?2(=2) 5 o (2)dz — / efmu*mszsg(z)dz}-
U 0

(35)

In what follows, we introduce the Dickson-Hipp operator Ts and some of its properties.

The operator Ts on a function h is defined by

Th()= [0 hg)ay. >0
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where h is a real-valued integrable function and s is a nonnegative real number (or a
complex number with nonnegative real part). Some useful properties of the operator T

needed in this paper are listed below:

(i) Tsh(0) = / h e *Yh(y)dy = h(s), s € C.
0
Toh(z) — T,h(z)

r—s

(i) ToT,h(z) = T,Toh(z) = 2>0,r#seC.

For more properties of T, see [16].

Adopting the Dickson-Hipp operator Ty with property (i) brings (35) into

= OaiGitGio
Pa(u) = Z; (Ai +0)(si1 + <2

)[/0 e—§¢1(u—z)o—s71( )d2+ g120371(u)

o102 /“ o1 (u—
e 51 (0 o1(u=2) 5 d
e §z20- 71( ):| ()\ +5)(Q1 + 02) |: e g ,2(’2) z
+ Tpu0rs2(u) = €0 T005(0) . (36)

Taking Laplace transform of (36) and using the properties of Laplace transform, we have

qgs(s) _ s ‘ 9ai§i%§i2 ‘ [33,1(8) - 5},1(%2) n 7s1(si2) —‘33,1(8)}
=1 (N +0)(sin + <i2) 5+ Gt S — G2
A As - As As - As
n 0102 [U 2(8) — T5.2(02) L 2(02) =0 ,2(8)}’ (37)
(A+9d)(o1 + 02) s+ o1 s — 02
where
Gei(s) = Gs(8)gx (5) +Bi(s),  Fuals) = D(s)f(s) +Bals): (38)
Substituting (30) and (31) into (37) and by careful calculations, we obtain
Bu(s) = Ohy (5 — ps — 0252/2)@1(s) + k(6 — ps — 0252 /2)@a(s) — 7(s) (39)
) 1= 0hy (6 — ps — 025%/2)iix(s) = k(6 — ps = 0252/2) f(s)
where . 5u1(e) X a(o2)
< Q305,152 05,2(02
=40 : .
s) = Z)\+5 ps—0252/2+)\+5—ps—0252/2
From (39), we can derive the following theorem.
Theorem 7 The Laplace transform ggs(s) can be expressed as
&55(3) ’Yl S( ) /-)/2’ (8) (40)

hi(s) — ha(s)
where
2

hi(s) = ()\+5—ps— 02232> jf:[i ()\H—(S—ps— %52>,
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Eg(s) = A:ﬁi()\i—k 0 —ps —02232) f(s) + 0cI\¢ (5 —ps —02232) (/\ +6—ps —02232>’g\x(s),
Y1,5(s) = OcIX® (5 —ps —0582) (/\ +9—ps —0;S2>LA01(S) +Acﬁ1()\i+ d —ps —02232><7J2(s),
i=1

and A2 5(s) in terms of 7(s) = 02s%/2 + ps is a polynomial of degree ¢ + 1 or less, with
- &2 & mlor) —m(s)
Vo,s(8) = Zl Y,s(o5) 11

= ket ki T(px) — m(pj)
Proof Multiplying both the numerator and denominator of (39) by (A + 6 — ps —

0252 /2) Cﬁi()xj + 8 — ps — 025%/2) yields (40), with
j=
Y2,5(s) = ()\ +86—ps— 02232) :ﬁi </\j +8§—ps— 02282>17\(s)
= A:]ji ()\j +d—ps— 2282)35,2(@2)
+ 9(/\ +0d—ps— 02232> :ﬁi ()\j +06—ps— 02232> jii N+ (318;;(?20)282/2
= )\:]ji (Aj +d—ps— 02232)35,2(02)
+ G(A +40—ps— 0:82> :Zjozi[ Cﬁl ()\j +0—ps— 02282)}35,1(%2)7

J=1,j#i
which in terms of 02s?/2 + ps is a polynomial of degree ¢+ 1 or less. It is simple to check
that the generalized Lundberg equation (17) can also be written as El(s) — /}\LQ(S) =0,
which means that p;’s, j = 1,2,...,c+ 2 are roots of the denominator in (40). These
roots must also be the roots of the numerator in (40) since ¢(s) is analytic for Re(s) > 0,
and thus 71 s(p;) = Y25(pj), J = 1,2,...,c+ 2. By the Lagrange interpolation formula,
we obtain the desired result. 0

For ¢, (u), conditioning on whether or not ruin arises owing to oscillation before the

first claim, we obtain

w(u) = —'P(B ,B(t) ed
d) (U) /tE(O,oo) /ye(—oo,u) /we([),u—y] © ( (t) = (t) © y)
X ¢uw(u—y — ) fx,v(z, t)dedt + E[e*‘ST“I(Tu <V, (41)

where 7, is the first hitting time defined at the beginning of this section.
Since V independent of {B(t)} is a exponential random variable with parameter A,

we have

Ele™*™I(ry < V)] = E{E[e” "™ I(ry < V)] {B(t)}} = E(e- M) =7t (42)
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thanks to (24). Therefore, from (42) and Lemma 6, (41) can be rewritten as

/ / (u—vy—x)p(u,y,z)dedy + e~ 21", (43)
Proceeding as in the proof of Theorem 7 for the rest of proof, we obtain the following

theorem:

Theorem 8 The Laplace transform aw(s) can be expressed as

n _ :Y\l,w(s) B /')72,10(5)
uls) = 12 2= 8L, (4)

where

N o2 c+1 o2
Yw(s) = 7(@2 —s) ] (Ai +0—ps— ?32>,
i=1

and J2,,(s) in terms of 02s%/2 + ps is a polynomial of degree ¢ + 1 or less, with

R - ct+2 ‘ 2 M
Tow(s) = X Awles) 1, 20,5205

Here h1(s) and hs(s) are defined in Theorem 7.

Remark 9 Because the surplus process U(t) defined in this paper only regenerates
itself at the claim epoches, the common approach that consider whether or not there is a
claim during the infinitesimal time interval [0,d¢] can't be applied to study the risk model
of this paper. So we apply a potential measure method in [12] to research the Gerber-Shiu

function for the extended insurance risk model.

§5. Defective Renewal Equations

In this section, we derive some defective renewal equations for the Gerber-Shiu func-
tions by using the roots of the generalized Lundberg equation.

Now we consider the common denominator of (40) and (44). For convenience, let

c+2 c+2
[(n(s)) = Hl[ﬂ(ﬂj) —n(s)l,  T(m(py)) = . 111# (o) — m(pj)]-
J= =L k7]

Using Lemma 1, we know that A (s)—TI'(7(s)) which is a polynomial function of o252 /2+ps
with degree c + 1 satisfies

~

hi(p;) — (7 (p;)) = ha(p;)
for j =1,2,...,c+ 2. Then, using the Lagrange interpolating formula one obtains

) =T+ SRl T T =T

j=1 k=1,k#j T
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Thus, we have

~ —~ c+2 c+2 W(pk) _ 77(5) —~

o) = Fals) = Tr(s)) + 3 Talpy) T =205 — ()
W e w(p) —m(s)

=T'(m(s)) + Z [h2(ps) — ha(s)] kzlnk#, 7(pk) — m(pj)

2 hy(s) — ha(p;)
=T(n(s )){1 - ; (s)]i—"(;(Pj))}

[m (PJ)
c+1 c+1
oo T+ = (6] = TT D+ 0 = mo)]
} F(W(S)){l B0 =R 7Y B ) e AN

c+1
o Hi+s-70)]

—_ Z:1 S - .
A 2 o) —w @y ) (0]

G0 =73+ —7(s)] = [6 = 7(py)][A + 6 — 7(pj)]

TNy [7(05) — () )
e S = (o) 5= ()
"N 2 o) - 7@ o)) X gX(”J”} )

Since H [Ai +0 —7(s)] and [0 — 7(s)][A+ & — 7(s)] are two polynomials in function of 7(s)
with degree c+ 1 and 2 respectively,

c+1 c+1

T [0 = ()] = [T [+ = ()]
7(s) — 7(py)

and
[0 —7($)][A+6 —m(s)] = [6 — 7(ps)][A + 6 — 7(p))]
m(s) —m(pj)
are two polynomials in function of 7(s) with degree ¢ and 1 respectively, using the following

formula
1, k=n-—1,;
noo (s —s)" 0, k=0,1,2,...,n—2;
2~ - 1
=1 ‘ H '(51 55) —n ) kE=-1
J=1,j#i [1(s— ;)
i=1
Eq. (45) can be rewritten as
c+1
AL+ 6 —7(p)] T

_ (s — & i=1 f(s) _ f(pj)
hu(s) = ha(s) = T(n( )){1 El (02/2)(s + pj + 2p/0*)T"(w(p;))  pj—s
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B &2 9cIN[6 — m(pj)][AN+6 —m(pj)] gx(s) —gx(p;)
=1 (02/2)(s + pj +2p/0 )T (7(p;))  pj—s '

Similarly, we obtain

a(5) = Faa(s) = A1a(s) = ST o(p) T ew) = 7(s)
1,5(8) —Y2,5(5) = 71,5(5) ]; 717S(p])k:11,_[k7éj m(pr) — 7(p;)

- . c+2 31,5(8) — ﬁl,s(pj)
fr((»g;h@ﬁ_W@mWﬂmD

ity d S 0N = m(p)IIA+0 — m(py)] Ba(s) = Bilpy)
= I'(n( )){ ]; (02/2)(s + pj + 2p/0*)(7(p;))  pj—s
c+1
s AHM+5 7(p;)]

+Z

1 (o 2/2)(8+pg +2p/a*)(n(p;))  pj—s
Also, we can derive
. . an ct2 7(px) — 7(s)
’71710(8) 72,11)( ) - 71 ’LU( ) Z:: ( )k L ks 7T(,0k) — ﬂ_(p])
ct

2 ’Ylw() :Y\l,w(pj)
=E) 2 G I r(0)

e TN+ 6= (o)
=1
— () S . (18)

=1 (s +pj+2p/a?)T(7(p;))
Plugging (46) and (47) back into (40), and plugging (46) and (48) back into (44), respec-
tively, then using the property (ii) of Ts, we have

- { ct2 { 0IN[0 — (o)A + 0 — m(p;)]  TuTp,wi(0)

5] =1 X4 @/ (a(p)) 5+ p + 20)0°

A%lji[& + 6 —m(p;)] TsT, w2(0)
(02/2)I"(7(pj)) s+ pj + 2p/c* }}

11252 {0 eI 8 = () TiT0x(O
@20 (p)) s+ py+ 2p)o”

_|_

=1
c+1

A 1;[1[)‘1' 4+ — TF(pj)] TsTp-f(O) }}

TR () s+ + 2p)0”

and
c+1

A {% T [+ 6 - (o)
< |

i=1 (s+pj +2p/0?)(7(p)))
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11252 {0 I8 = () TiT0x(O
& @20 () s+ py+2p]07

c+1
=1 S+ pPj
T p) s+ py+2p/” } } (50
Rewriting (49) and (50) as
S e S 0N — m(p))IA + 8 —m(py)] T, 9x(0)
#al5) = 968) < 2 { @D(x(py)) 5+ ps+ 2]
)‘Clji[)‘i +4— W(Pj)] TSTp-f(O)
T (p) sty + 2p/o? }
&2 [0cIX[5 — m(p))][A + 6 — 7(py)]  TuTp,w1(0)
= (02/2)1 (7 (p;)) s+ pj+2p/0?
c+1
i=1 sTp,w2(0)
@D () 5t g+ 2007 } oy
and
S ey S [0l — m(p)IA+ 8 —m(py)] ToTp,9x(0)
Puls) = dule) x 2, { G220 (o) 5+ s+ 2]
c+1
) AR+ o=mei)l 1 ro)
(0%/2)T"(w(py)) s+ pj + 2p/0”
s H[A +0—(p;)]
+ Z (52)

1 (s ¥ pj +2p/0*) IV (7 (p;))
By inverting the Laplace transforms of (51) and (52), we obtain the following results.
Theorem 10 The Gerber-Shiu functions ¢s(u) and ¢, (u) satisfy the following de-

fective renewal functions

/gzﬁsu—x )z + Hy(u), (53)
/ dw(u—x)g(x)de + Hy(u), (54)

where

2 J 00 = m(py)IIA+ 0 = ()] —(p,42p/0%)a .
9(x) = ;{ (a2/2)T"(7(p;)) e Try9x(@)
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c+1
AT+ 8 - (o)

+ (02/2)FI(7T(/)])) e*(Pj+2p/02)x * ijf(x)}’
) = c+2 96')\‘3[5 - F(pj)”A +6 — ﬂ-(pj)]e*( 2p)o%u . "
Helw) j=1 { (a2/2)T" (7 (pj)) P Ty, 1(u)
c+1
A ‘HID\i +0 —7(p;)] s
1= e~ PjtT2p/07)u o wolu
i (02/2)I"(7(p;)) T;e0( )},
c+1
ey LTI+ =7(ps)]
Hy(u) = Z =1 e—(pj+2p/a2)u7

j=1 F/(W(Pj))
and x is the convolution operator.

Proof For (53) and (54) to be defective renewal equations, we need to prove that
Jo~ g(x)dz < 1 or equivalently g(0) < 1.
By (46), we obtain

§(8) =1- F(?T 8);
Then for § > 0, we have
5T +9)
[e's) 7 . i+
/ g(z)de = §(0) = 1 — hl(gzﬁ 0’”;(0) B — <1 (55)
’ Hl(ffzp?/ 2+ ppj)
=

As for 6 =0, setting s = p.12(6) in (15) and then taking derivatives w.r.t. J yields

E(V)

(0= ——2 >0

due to the net profit condition. Finally, taking the limit § — 0 in (55) and using

L’Hospital’s rule, we obtain

c+1
A ik ;
g(x)dz =1-— = = x lim ————

c 60 (04/2)pz.5(0) + ppet2(0

j:
c+1
[1 ME(pV — X)
i=1

=1- | < 1.

[1[(0%/2)p3(0) + pp; (0)IpE(V)

Jj=1
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The proof is completed. O

Now setting (1+k)~! =§(0) < 1 and G(x) = (1+k) [ g(y)dy, then G(z) is a proper
distribution. Define the following compound geometric tail
_ >k 1
Az) =1— A(z) = (

nﬂ1+k1+k)G (), =20,

where G**(z) is the tail of the n-fold convolution of G' with itself. Then by Theorem 2.1
of [17], we know that the general solutions to (53) and (54) are

() = 1+k/ Ho(u— 2)dA(z) + Hy(u), (56)

palu) = L1 F / Ha(u — 2)dA(z) + Hy(u). (57)

For general claim distribution F', the expression of compound geometric distribution func-
tion G is rather complicated. Thus, in the next section, we consider a special case that the
claim sizes are exponentially distributed. Then, explicit expressions for the Gerber-Shiu
functions ¢s(u) and ¢g(u) are given.

Remark 11  From (56) and (57), we know that the general solutions of the Gerber-
Shiu functions ¢s(u) and ¢4(u) can be expressed via a compound geometric distribution
function G. It should be point out that the expression of G just requires the claim size

distribution F' with Laplace transform.

86. Exponential Claim Amounts

In this section, we assume that the parameter a is a strictly positive integer and the

claim size X follows an exponential distribution with p.d.f. f(z) = pe™* and L.T.

Ty M
flo) = 2. (58)

From the assumption of X and the definitions of h (with a € {1,2,...}) and ¢ (with
c€{2,3,...}) in the generalized FGM copula, gx(z), denoted by (6), has the same form

as hy(t). Therefore, we obtain from Lemma 1

a+1
gx(x) = Zl §ie 7, (59)
and +1 |
. a & alu®s
T e (60)

[T (s+ p)

i=1
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where
i =pb+i—1) (t=1,...,a+1),
and
o alp (=)
& = a+1 ’
[T (—pa+ 1)
j=1, j#i
It is simple to check that
atl ¢emHiT e HT
T, gx(z)=> > , T, f(z) = : (61)
mIX = ” pi+ 1
Then
ol &i Iz
TsijgX(O) Z ij f(O) = . (62)

=1 (g + 1) (s + )’ (pj + 1) (s + 1)
Plugging the above results back into (49) and (50), then multiplying both the denominators
0)

c+2 a+1
and the numerators in (49) and (50) by (s + ) Hl(s + pj + 2p/o?) Hl (s + p;) yields
j= i=
~ B c+2 Tsyl’j(S)Tsijwl (0) + Tsjgyj(S)TsTp].WQ<0)
e = p(s) (9 | o
and
—~ ) — c+2 Tw,j(s) (64)
Pul) = 2 b — o)
where
o) = s+ T (5 05+ 2) T s+
2 [ 0eels — m(p+0 —n(p) W Gl k) 2 (%
= { G Bt L, (et )
c+1
a+1 A 1;[1 i +0 = m(p;)] 1 c+2 2p atl
ALl =y (e ) TG “")}’
P LS ) P RN Nt N
i) = =y e, L (e ) e
c+1
A H [)‘1 +6— ﬂ-(pj)] c+2 92 a+1
(5) = =L S S 4 S i
ras®) = ~ Ty ¢t L (s o+ 25) TLs+ o).
T+ () " v
(o) = S0 L (st %) s+ ).
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It is readily seen that p(s) — ¢(s) in (63) and (64) is a polynomial with degree a + ¢ + 4
with leading coefficient 1. In particular, by Proposition 2, p(s) — ¢(s) has no zeros with
nonnegative real part, then it can be expressed as
a+c+4
p(s) —a(s) = I (s+ Rn),
n=1
where all R/, s have positive real parts. If these a+c+4 roots are all distinct, by performing

partial fractions, we have

rs1i(s) Xt an rs2i(s) KGR by (65)
p(s) —a(s) ns1 Z1s+ Ry p(s) —a(s) n=1 =15+ Ry
Tw j(S) a+c+4 c+2

20 a5 = St Ry (66)

where
o Ts,l,j(_Rn)
n,j = a+c+4 ’
[I (Bn—Rn)
m=1, m#n
b - — 705,2,]'(*-Rn)
™) T adcet4 ’
m=1,m#n
P Tw,j(_Rn)
™) T atetd ’

m=1,m#n

Then plugging (65) and (66) into (63) and (64), respectively, one obtains

~ atct4 42 (07 stij w1 (O) bn stijWQ (0)
(5) = v , : 67
Bs)= % j:l[ T e (67)
and
~ a+c+4 c+2 an
duw(s) = > — 5 (68)

n=1 j=1 8+ Ry
By inverting the Laplace transforms of (67) and (68), we have

Theorem 12  Suppose that f(z) = pe™#* for > 0, and the R/ s are distinct. Then
the Gerber-Shiu functions satisfy

a+c+4 c+2 R R
0u(1) =3 S g Ty ) 4 bge P T (69
n=1 j=

and
a+c+4 c+2

Suu) = 3 3 enge . (70)

n=1 j=1
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Example 13 (The ruin probability)  For the numerical results, we assume that § = 0
and w(z1,x2) = 1, then the Gerber-Shiu functions reduce to ¥s(u) and v, (u). By formula
(70) we derive

a+c+4 c+2 R
uw(u) = > 3 enje (71)
n=1 j=1
a+1
Next, we consider ¥s(u). Note that wy(u) = > (&/ui)e ", wa(u) = e #*. Thus, by
i=1
formula (69) we have
a+tc+4 c+2 ra+l anjgi

_ e~ iU e—Rnu
vlw) = X | e = & )

bn,j —pu e—Rnu
ERPETRI I )] (72)

(iYSet pu =15, A =1,p=2,0%/2=1,a=b=c=d=2and § = 25,10, 10, —25.
From (71) and (72), we obtain

4
Vulw) = & 3 enge (73)

n=1j

and

V)= 33 [ (e o)
A =1 L= (s + pg) (R — i)

bn»j —pu e—Rnu
(b + pj)(Rn — 1) (™ )] ' (74)

_l’_

Figure 1 (a) and (b) show the behaviors of 1,,(u) and 9s(u) for different dependent parameters
0 = 25,10, —10, —25. It is clearly see the impact of the dependence parameter 6 on the ruin
probabilities ., (u) and ¥s(u) from Figure 1(a) and (b).

— — 0=25 — — 0=25
0.9 0=10 |7 09 0=10 |
- — —6=—10 - — —6=—10

6=-25| 7 0.8 6=-25|

v, (v)
&
v, ()
o
&

(a) (b)
Figure 1 Influence of the parameter §. (a) Ruin probabilities due to oscillation

yw(u). (b) Ruin probabilities caused by a claim v, (u).
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(iYSet u=15A=1,p=202/2=1,b=c=d=2,0 =10 and a = 2,10. From
(71) and (72), we have

a+6 4 _R
Yulu) = 32 > cnge ™, (75)
n=1j=1
and
a+6 4 a+1 an gz o _R
Ys(u) = - g Mt — g7 nt
(u) nz::lj; ; pi(pi + pj) (Bn — ui)( )
b .
e (et — em Buwy], (76)

Tt o) (B = 1)
Figure 2 (a) and (b) show the behaviors of 1,,(u) and 1s(u) for different parameters a = 2, 10.
It is clearly see the impact of the parameter a on the ruin probabilities ¥, (u) and ¥s(u) from
Figure 2(a) and (b).

081\ 1 08
0.7F \ 1 0.7
06 |\ 1 06

0.5

o)

04f \ 1 04
03} \\ 1 03
02r N 1 02

01f 1 o1~ T~

0 05 1 15 2 25 3 35 4 45 5 0 05 1 15 2 25 3 35 4 45 5
u u

(a) (b)
Figure 2 Influence of the parameter a. (a) Ruin probabilities due to oscillation

tw(u). (b) Ruin probabilities caused by a claim 1), (u).

(ii)Set u=15 A =1,p=2,0?/2=1,a=b=c=2,0=10and d = 2,15. From
(71) and (72), we have

4
Bl = 3 5 e, v
n=1j=1
and

IR an, ;& —piu _ o —Rpu

Vslu) = ngl i=1 bzt i + pj) (Bn — pa) . ) |
bn,j —pu _ o~ Bnu 78
EROER Ty L )] "

Figure 3 (a) and (b) show the behaviors of 1,,(u) and 1s(u) for different parameters d = 2, 15.
It is clearly see the impact of the parameter d on the ruin probabilities ¥, (u) and ¥s(u) from
Figure 3(a) and (b).
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T T T T T T T T T
\ - — —d=2
097 d=15 | 09F

08f\ B 08

07t \ 1 07t

06F \ B 06

()
o
&
(u
o
&

04 \\ b 041

03 \ 1 031

021 AN b 0.2

01f TS~ 1 01 / T
. . . . A [ . . L

(a) (b)
Figure 3 Influence of the parameter d. (a) Ruin probabilities due to oscillation

tw(u). (b) Ruin probabilities caused by a claim 1), (u).
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