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§1. Úó9Ì�(J

ρ -·ÜS��VgÄk� Kolmogorov� Rozanov [1]JÑ, Xe:

½Â 1 � {Xn; n > 1}´VÇ�m (Ω,F ,P)����ÅCþ,8ÜΓ−n = σ(Xi; 1 6

i 6 n), Γ+
n = σ(Xi; i > n). ½Â

ρ(n) = sup
k>1

sup
X∈L2(Γ−

k ), Y ∈L2(Γ+
k+n)

|EXY − EXEY |√
E(X − EX)2(Y − EY )2

,

XJ ρ(n)→ 0 (n→∞), K¡S� {Xn; n > 1}´ ρ -·Ü�.

��, ρ -·ÜS�nØ�ïÄéõ. X©z [2–4]��
 ρ -·ÜS��¥%4�½n;

©z [5–7]��
 ρ -·ÜS�����Ø�ª; ©z [8]��
 ρ -·ÜS��r�êÆ;

©z [9–13]��
 ρ -·ÜS��°(ìC5.

�©3©z [14]ïÄÕáÓ©ÙS�Ü©Ú°(ìC5�Ä:þ, /�©z [10]é ρ -

·ÜS�Ü©Ú°(ìC5�ïÄ, |^ ρ -·ÜS��fÂñ½n9VÇØ�ª, 3·�

�Ý^�e, ��
 ρ -·ÜS�Ü©Ú�°(ìC5���(J.

�©�½: ‖X1I(|X1| 6 x)‖q2 = [EX2
1I(|X1| 6 x)]q/2, bxc = sup{m : m 6 x, m ∈ Z},

Sn =
n∑
i=1

Xi, σ
2 = EX2

1 + 2
∞∑
n=2

EX1Xn > 0, N �IO���ÅCþ, Φ(x)�IO��©
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Ù¼ê, {Wt; t > 0}�IO�BL§, C 3ØÓ� �L«ØÓ�~ê. �©�Ì�(J

Xe:

½n 2 � {Xn; n > 1}´þ��"�î²­ ρ -·ÜS�, 0 < σ2 <∞, lim
n→∞

ES2
n/n

= σ2, �3~ê 0 6 δ < 1/2Ú α > 0¦� E|X1|2δ+2+α < ∞, ��3~ê q > 2δ + 2 + α

¦�
∞∑
n=1

ρ2/q(2n) <∞. e�3 n0 ∈ Z+, ¦�±e^�¤á:

(i) g(x)� [n0,∞)þ��¼ê, �÷v g(x) ↑ ∞, x→∞.

(ii) �3 n1 > n0, ¦� gδ(x)g′(x)3 [n1,∞)þüN�,.

(iii) lim
x→∞

g(x− 1)/g(x) = 1.

(iv) xg′(x) > 03 [n1,∞)üN�,.

Kk

lim
ε→0

ε2δ+2 ∑
n>n0

gδ(n)g′(n)P[|Sn| > εσ
√
ng(n)] =

1

δ + 1
E|N |2δ+2.

½n 3 3½n 2�^�e, Kk

lim
ε→0

ε2δ+2 ∑
n>n0

gδ(n)g′(n)P
[

max
16k6n

|Sk| > εσ
√
ng(n)

]
=

2

δ + 1
E|N |2δ+2

∞∑
k=0

(−1)k

(2k + 1)2δ+2
.

5P 4 ÷v½n¥�¼ê g(x)kéõ, 'X g(x) = (lnx)β, (ln lnx)γ . Ù¥ β > 0,

γ > 0�,
·��ëê.

5P 5 3½n¥� g(x) = lnx, �±��©z [10]�(Ø.

íØ 6 � {Xn; n > 1}´þ��"�î²­ ρ -·ÜS�, lim
n→∞

ES2
n/n = σ2 > 0, e

�3~ê 0 < ν 6 1¦� EX2
1 (ln |X1|)ν <∞, ��3~ê κ > 2ν + 2¦�

∞∑
n=1

ρ2/κ(2n) <

∞, Kk

lim
ε→0

ε2ν+2 ∑
n>n0

(lnn)ν

n
P(|Sn| > εσ

√
n lnn) =

1

ν + 1
E|N |2ν+2,

lim
ε→0

ε2ν+2 ∑
n>n0

(lnn)ν

n
P
(

max
16k6n

|Sk| > εσ
√
n lnn

)
=

2

ν + 1
E|N |2ν+2

∞∑
k=0

(−1)k

(2k + 1)2ν+2
.

5P 7 ½n¥�(ØéÕáÓ©ÙS�E,¤á, �©z [14].

§2. Ú n

Ún 8 [4, 5] � {Xn; n > 1}�î²­ ρ -·ÜS�, EX1 = 0, EX2
1 <∞,

∞∑
n=1

ρ(2n) <

∞,XJ lim
n→∞

ES2
n/n = σ2,Kk Sn/(σ

√
n)�©ÙÂñuN(0, 1). � {Wt; t > 0}�IO�

BL§, XJ σ > 0, KkWn ⇒ W , AO�, max
16i6n

|Si|/(σ
√
n)�©ÙÂñu sup

06s61
|W (s)|,

n→∞. Ù¥, Wn(t) = S[nt]/(σ
√
n), 0 6 t 6 1, “⇒”L«3 D[0, 1]¥�fÂñ.
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Ún 9 [6] � {Xn; n > 1}� ρ -·ÜS�, EXn = 0, Sn =
n∑
i=1

Xi, Ké?¿� q > 2,

�3~ê K = K(q, ρ(·)), ¦�é?¿� x > 0 Ú y > 0 ÷v 2n max
16i6n

E|Xi|I(|Xi| > y)

6 x, k

P(max |Sn| > x) 6
n∑
i=1

P(|Xi| > y)

+Kx−qnq/2 exp
[
K

[lnn]∑
i=1

ρ(2i)
]

max
16i6n

‖XiI(|Xi| 6 y)‖q2

+Kx−qn exp
[
K

[lnn]∑
i=1

ρ2/q(2i)
]

max
16i6n

E|Xi|qI(|Xi| 6 y).

Ún 10 [15] � {Wt; t > 0} �IO�BL§, N �IO���ÅCþ, é?¿�

x > 0, K

P
[

sup
06s61

|W (s)| > x
]

= 1−
∞∑

k=−∞
(−1)kP[(2k − 1)x 6 N 6 (2k + 1)x]

= 4
∞∑
k=0

(−1)kP[N > (2k + 1)x]

= 2
∞∑
k=0

(−1)kP[|N | > (2k + 1)x].

AO�,

P
[

sup
06s61

|W (s)| > x
]
∼ 2P(|N | > x) ∼ 4√

2πx
e−x

2/2, x→∞.

§3. ½n 2�y²

Ø���5,Ø�b� σ2 = 1,PΨ(x) = 1−Φ(x)+Φ(−x), x > 0. d(ε) = g−1(M/ε2),

M > 2.

·K 11 3½n 2�^�e, é¿©�� ε > 0, K

lim
ε→0

ε2δ+2 ∑
n>n0

gδ(n)g′(n)Ψ(ε
√
g(n)) =

1

δ + 1
E|N |2δ+2.

y²:

lim
ε→0

ε2δ+2 ∑
n>n0

gδ(n)g′(n)Ψ(ε
√
g(n)) = lim

ε→0
ε2δ+2

∫ ∞
n0

gδ(x)g′(x)Ψ(ε
√
g(x))dx

= lim
ε→0

ε2δ+2

∫ ∞
g(n0)

yδΨ(ε
√
y)dy

= lim
ε→0

2

∫ ∞
ε
√
g(n0)

t2δ+1Ψ(t)dt

=
1

δ + 1
E|N |2δ+2. �
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·K 12 3½n 2�^�e, K

lim
ε→0

ε2δ+2 ∑
n6d(ε)

gδ(n)g′(n)|P[|Sn| > ε
√
ng(n)]−Ψ(ε

√
g(n))| = 0.

y²: P∆n = sup
x
|P(|Sn| >

√
nx)−Ψ(x)|. dÚn 8�∆n → 0, n→∞, =

1

gδ+1(m)

m∑
n=1

gδ(n)g′(n)∆n → 0, m→∞. (1)

d (1), Kk

ε2δ+2 ∑
n6d(ε)

gδ(n)g′(n)|P [|Sn| > ε
√
ng(n)]−Ψ(ε

√
g(n))|

6 ε2δ+2 ∑
n6d(ε)

gδ(n)g′(n)∆n

= ε2δ+2gδ+1(d(ε))
1

gδ+1(d(ε))

∑
n6d(ε)

gδ(n)g′(n)∆n

6 ε2δ+2
(M
ε2

)δ+1 1

gδ+1(d(ε))

∑
n6d(ε)

gδ(n)g′(n)∆n

= M δ+1 1

gδ+1(d(ε))

∑
n6d(ε)

gδ(n)g′(n)∆n → 0, ε→ 0. �

·K 13 3½n 2�^�e, é¿©�� ε > 0, K

lim
M→∞

ε2δ+2 ∑
n>d(ε)

gδ(n)g′(n)Ψ(ε
√
g(n)) = 0.

y²: Ï g(d(ε) − 1) 6 g(d(ε)) = M/ε2, lim
x→∞

g(x − 1)/g(x) = 1, K lim
ε→0

ε2g(d(ε))

= M . =é¿©�� ε > 0, k

ε2g(d(ε)) >
M

2
. (2)

ε2δ+2 ∑
n>d(ε)

gδ(n)g′(n)Ψ(ε
√
g(n)) 6 ε2δ+2

∫ ∞
d(ε)

gδ(x)g′(x)Ψ(ε
√
g(x))dx

= 2

∫ ∞
√
ε2g(d(ε))

y2δ+1Ψ(y)dy

6 2

∫ ∞
√
M/2

y2δ+1Ψ(y)dy → 0, M →∞. �

·K 14 3½n 2�^�e, é¿©�� ε > 0, K

lim
M→∞

ε2δ+2 ∑
n>d(ε)

gδ(n)g′(n)P[|Sn| > ε
√
ng(n)] = 0.
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y²: 3Ún 9¥� x = ε
√
ng(n), y = ε

√
ng(n)/3, d n>d(ε)� ε2g(n)>M . u´

2n max
16i6n

E|Xi|I[|Xi| > ε
√
ng(n)/3]

ε
√
ng(n)

6
CE|X1|2I[|X1| > ε

√
ng(n)/3]

ε2g(n)

6
C

M
→ 0, M →∞.

dÚn 9, Kk∑
n>d(ε)

gδ(n)g′(n)P[|Sn| > ε
√
ng(n)]

6
∑

n>d(ε)

gδ(n)g′(n)nP
[
|X1| >

ε
√
ng(n)

3

]
+ C

∑
n>d(ε)

gδ(n)g′(n)nq/2[ε
√
ng(n)]−q

{
EX2

1I
[
|X1| 6

ε
√
ng(n)

3

]}q/2
+ C

∑
n>d(ε)

gδ(n)g′(n)n[ε
√
ng(n)]−qE|X1|qI

[
|X1| 6

ε
√
ng(n)

3

]
= I1 + I2 + I3.

Äk, �O ε2δ+2I1. d xg′(x) > 03 [n1,∞)üN�,, Kéu¿©�� x > 0, �3�ê l

¦� xg′(x) 6 l. é¿©�� ε > 0, Kk

ε2δ+2I1 6 ε
2δ+2l

∑
n>d(ε)

gδ(n)P
[
|X1| >

ε
√
ng(n)

3

]
6 ε2δ+2l

∑
n>d(ε)

gδ(n)
∑
k>n

P
[ε√kg(k)

3
6 |X1| <

ε
√

(k + 1)g(k + 1)

3

]
6 ε2δ+2l

∑
k>d(ε)

P[kg(k) 6 9ε−2|X1|2 < (k + 1)g(k + 1)]
∑

d(ε)<n6k
gδ(n)

6 ε2δ+2l
∑

k>d(ε)

kgδ(k)P[kg(k) 6 9ε−2|X1|2 < (k + 1)g(k + 1)].

Ï k > d(ε) = g−1(M/ε2), Kk g(k) > M/ε2, = [g(k)]δ−1 > (M/ε2)δ−1. é 0 6 δ < 1, K

ε2δ+2I1 6 ε
2δ+2l

(M
ε2

)δ−1 ∑
k>d(ε)

kg(k)P[kg(k) 6 9ε−2|X1|2 < (k + 1)g(k + 1)]

6 ε2δ+2l
(M
ε2

)δ−1
9ε−2E|X1|2

6 9lε2M δ−1E|X1|2 → 0, M →∞. (3)

Ùg, �O ε2δ+2I2. d (2), q > 2δ + 2 + α, α > 0, Kk

ε2δ+2I2 6 Cε
2δ+2−q ∑

n>d(ε)

gδ−q/2(n)g′(n) 6 Cε2δ+2−q
∫ ∞
d(ε)

gδ−q/2(x)g′(x)dx
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6 Cε2δ+2−q
∫ ∞
g(d(ε))

yδ−q/2dy 6 Cε2δ+2−q
(
ε−2M

2

)δ−q/2+1

6 CM δ−q/2+1 → 0, M →∞. (4)

��, �O ε2δ+2I3. d (2), EX2δ+2+α
1 <∞, 0 6 δ < 1/2, α > 0, q > 2δ + 2 + α, Kk

ε2δ+2I3

6 Cε2δ+2−q ∑
n>d(ε)

gδ−q/2(n)g′(n)n1−q/2E|X1|q−(2δ+2+α)|X1|2δ+2+αI
[
|X1| 6

ε
√
ng(n)

3

]
6 Cε2δ+2−q ∑

n>d(ε)

gδ−q/2(n)g′(n)n1−q/2
[ε√ng(n)

3

]q−(2δ+2+α)

6 Cε−α
∑

n>d(ε)

g−1−α/2(n)g′(n)n−δ−α/2

6 Cε−α
∫ ∞
d(ε)

g−1−α/2(x)g′(x)dx

6 CM−α/2 → 0, M →∞. (5)

d (3) – (5)�·K 14¤á. �

Ïd, d·K 11 – 14�½n 2¤á.

§4. ½n 3�y²

Ø���5, Ø�b� σ2 = 1, P d(ε) = g−1(M/ε2), M > 2.

·K 15 3½n 3�^�e, K

lim
ε→0

ε2δ+2 ∑
n>n0

gδ(n)g′(n)P
[

sup
06s61

|W (s)| > ε
√
g(n)

]
=

2

δ + 1
E|N |2δ+2

∞∑
k=0

(−1)k

(2k + 1)2δ+2
.

y²: dÚn 10, é?¿�m > 1, x > 0, Kk

2
2m+1∑
k=0

(−1)kP[|N | > (2k + 1)x] 6 P
[

sup
06s61

|W (s)| > x
]

6 2
2m∑
k=0

(−1)kP[|N | > (2k + 1)x].

aq·K 11�y², é?¿� q > 0, K

lim
ε→0

ε2δ+2 ∑
n>n0

gδ(n)g′(n)P[|N | > qε
√
g(n)] =

q−(2δ+2)

δ + 1
E|N |2δ+2.

u´, ·K 15¤á. �
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·K 16 3½n 3�^�e, K

lim
ε→0

ε2δ+2 ∑
n6d(ε)

gδ(n)g′(n)
∣∣∣P[ max

16k6n
|Sk| > ε

√
ng(n)

]
− P

[
sup

06s61
|W (s)| > ε

√
g(n)

]∣∣∣ = 0.

y²: P ∆′n = sup
x

∣∣P( max
16k6n

|Sk| >
√
nx
)
− P

[
max
06s61

|W (s)| > x
]∣∣. dÚn 8 �

∆′n → 0, n→∞. y²aq·K 12, d?Ñ. �

·K 17 3½n 3�^�e, K

lim
M→∞

ε2δ+2 ∑
n>d(ε)

gδ(n)g′(n)P
[

sup
06s61

|W (s)| > ε
√
g(n)

]
= 0.

y²: dÚn 10, é¿©�� x > 0, K P
[

sup
06s61

|W (s)| > x
]
6 CP(|N | > x). é¿

©�� ε > 0, Kk

ε2δ+2 ∑
n>d(ε)

gδ(n)g′(n)P
[

sup
06s61

|W (s)| > ε
√
g(n)

]
6 Cε2δ+2 ∑

n>d(ε)

gδ(n)g′(n)P[|N | > ε
√
g(n)].

�e�y²aq·K 13, d?Ñ. �

·K 18 3½n 3�^�e, K

lim
M→∞

ε2δ+2 ∑
n>d(ε)

gδ(n)g′(n)P
[

max
16k6n

|Sk| > ε
√
ng(n)

]
= 0.

y²: �·K 14�y²��, d?Ñ. �

Ïd, d·K 15 – 18�½n 3¤á.
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Precise Asymptotics for Partial Sums of ρ-Mixing Sequence
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FEI Dandan FU Zongkui WANG Gaixia

(School of Mathematics and Statistics, Xinyang University, Xinyang, 464000, China)

Abstract: Let {Xn; n > 1} be a sequence of strictly stationary ρ-mixing random variables with zero

mean and finite variance. Using the weak convergence theorem and probability inequalities of ρ-mixing

sequence, under some proper conditions, we obtained general laws of precise asymptotics for partial sums

of ρ-mixing sequence.
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