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úi��`Ý]üÑ¯K. Wang [3] b½�xúi�¢�L§´��XaL§, Ú YangÚ

Zhang [2] ØÓ�´, ¦b½½|¥kõ«ºx]��±Ý], ïÄ
3�ê�^e�xú

i��`Ý]¯K. ,
, �xúiØ=¡�½|ºx, �¡�X�xºx, cÙ�
ã/

�x, ¢��é�, �xúilg�S���Ý5`, Ø�Øé�
2�xúi�Ó«úù

a�x�Ö. Ïd, BaiÚ Guo [4]3Wang [3]�Ä:þ, ?�Úb½�xúi��±	ï'

~2�x5=£�xºx, 3©Ù¥¦�|^��¤£�ÙK$Ä£ã�xúi�J{L

§, ©O3�ªãL�Ï"�ê�^��zÚ»�VÇ��zùü�8Ie��
ñ��

����`Ý]Ú2�x¯K. BaiÚ Guo [5] � BaiÚ Guo [4] ØÓ�´, ¦�3ù�©Ù

¥�Ä
����2�x
Ø´	ï'~2�x, ¦��(Ø´3�ªãL�Ï"�ê�

^��zÚ»�VÇ��zùü�8Ie, 	ï����2�x�'	ï'~2�x�Ð.

þ¡ù
©zÑ´b½ºx]�d�÷vAÛÙK$Ä�.. ¯¤±�, ^AÛÙK$Ä

£ãºx]�d�Ä�ØUéÐ�)ºÅÄÇ��y�. Ïd, ©z [6–8]qïÄ
�ÅÅ

ÄÇ�.e�xúi��`Ý]Ú2�x¯K. c¡J��©ÙÑ´æ^Ï"��¤OK,

,
�xúiæ���¤�n�kÙ¦�
/ª, ~X���¤OK. Yuen� [9]b½�x

úi��
�x�Ö�mk��'X, ��¤O�æ^���¤OK, ïÄ
�xúi±

Ï"�ê�^��z�8I���`2�x¯K. Zhang� [10]32Â�þ� –���¤O

KÚ��ñ��¹e, ïÄ
�xúi��`Ý]Ú2�x¯K. �þ�¢yL²�¦�

d�Ä�¬É�²L±Ï�K�, Ïd Hamilton [11] Äg^G�=��.5�xºx]�

�d�Ä�, 3T7K�.¥|^�ëY�mê��Åó5£ã²L�G�. Chen� [12]

b½2�xúi��¤æ^���¤OK, Ø�^G�=��.5£ã½|¥�ºx]�

d�Ä�, �b½�xúi�¢�L§Ñ�6u²LG�, |^�ÅÄ�5y�n��


�xúi¢�L§÷v*ÑCqL§Ú²;ºxL§ùü«�¹e�xúi��`Ý]

Ú2�xüÑ. k'�xúi�`Ý]Ú2�x�¡�ïÄ��±ë�©z [13, 14].

,
, �8c��, 3ïÄ�xúi��`Ý]Ú2�x¯K�¡, ò®ÇºxÏ��

Ä?��é�. Guo� [15] b½�xúiØ=�±Ý]�I�ºx]�, ��±Ý]I	

�ºx]�, Äg�Ä
®Çºxé�xúi�`Ý]Ú2�xüÑ�K�. ,
, ·��

©ÙÚ¦��©Ù�´ké��ØÓ. Äk, ¦��©Ù==�Ä
�xúi¢�d*Ñ

L§5Cq, 
·�Ø=�Ä
*ÑCqL§��¹, ��Ä
²;ºx�.; 1��ØÓ

�´, ·��Ä��^¼ê�¦��Ø��, ¦��Ä�´��^, ·��Ä�´�ê�

^; 1n�ØÓ�´·�b½�xúiÚ2�xúi��¤Ñæ^�´���¤OK, 


¦�æ^�´þ��¤OK; ��du2�x¤^'�xúiÂ���¤�p, ·���

Ä
�xúi	ï2�x'~������¹. �©(�Xe: 1�!�Ñ
7KÚ�x

½|�.9�'��
b�. 31n!¥�Ñ
¢�÷v*ÑCq�.��`Ý]Ú2�

xüÑ. 1o!�Ä
¢�÷v²;ºx�.e�`Ý]Ú2�xüÑ. 1Ê!ÏLê�

(J?Ø
½|¥�ëêé�`Ý]Ú2�xüÑ�K�. 18!é��©Ù�
o(.
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§2. � .

·��Ä������È6�VÇ�m (Ω,F , {Ft}t∈[0,T ],P), Ù¥ P ´�©ÿÝ,

T > 0. 3VÇ�m (Ω,F , {Ft}t∈[0,T ],P) þ, ·�½ÂXe�ÅL§Ú�ÅCþ, Ù

¥ W (t) = (W1(t),W2(t),W3(t),W4(t))T ´o�IOÙK$Ä, N(t) ´��ÑtL§,

{Yj}j=1,2,... ´��ÕáÓ©Ù��ÅCþ. d	, W1(t), W2(t), W3(t), W4(t), N(t) Ú

{Yj}j=1,2,... �b½´�ÅÕá�. ·�b½�©¤�Ä�7K½|Ã�Þ�Ã@|, ½|

¥�Ý]ö3 [0, T ]�mãS�ëY�´, �7K½|�¹kn«]�, �«´ÃºxÅ 

B, ,	ü«´�¦ Sd Ú Sf , Sd L«�I��¦, Sf L«	I��¦. b½ÃºxÅ 

�d�L§ B := {B(t)}t∈[0,T ]÷vXe�©�§:

dB(t) = rdB(t)dt, B(0) = 1, (1)

Ù¥ rd > 0L«IS�Ãºx|Ç, �´��~�. �¦ Sd Ú Sf �d�L§©O÷vX

e�Å�©�§

dSd(t) = Sd(t)[µddt+ σddW1(t)], Sd(0) = sd, (2)

dSf (t) = Sf (t)[µfdt+ σfdW2(t)], Sf (0) = sf , (3)

Ù¥ µd Ú µf ©O´�¦ Sd Ú Sf �ýÏ£�Ç, σd Ú σf ©O´�¦ Sd Ú Sf �ÅÄ

Ç, sd > 0, sf > 0��~�. ·�æ^©z [15]¥�®Çºx�., - Q := {Q(t)}t∈[0,T ]

L«®ÇºxL§, ÷vXe

dQ(t) = Q(t)
[
(rd − rf )dt+ ρ1δdW1(t) + ρ2δdW2(t) +

√
1− ρ2

1 − ρ2
2 δdW3(t)

]
, (4)

Ù¥ rf L«I	Ãºx|Ç, δ > 0 ´®Ç Q(t) �ÅÄÇ, ρ1 Ú ρ2 ´�'Xê, ρ1 ∈
(−1, 1), ρ2 ∈ (−1, 1).

- S(t) = Sf (t)Q(t), §L«I	�¦ Sf ^�1O�3 t���d�. |^ Itôúª�

��

dS(t) = Sf (t)dQ(t) +Q(t)dSf (t) + d〈Sf , Q〉t

= S(t)
[
µdt+ ρ1δdW1(t) + (σf + ρ2δ)dW2(t) +

√
1− ρ2

1 − ρ2
2 δdW3(t)

]
, (5)

Ù¥ 〈Sf , Q〉L« Sf Ú Q����g�C�L§, µ = rd − rf + µf + ρ2δσf .

3²;��xºxnØ¥, �xúi�¢�L§ C := {C(t)}t∈[0,T ]d�EÜÑtL§

5�x

C(t) :=
N(t)∑
j=1

Yj , (6)
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Ù¥N(t)´ëê� λ > 0�ÑtL§, Yj > 0L«1 jg¢���Ý,Ù©Ù¼ê� F (y).

�
ÎÒLã�B, ·�- α = λE[Yj ], β =
√
λE[Y 2

j ], ùp E[·]L«3VÇÿÝ Pe�Ï

". ·�æ^©z [1]¥J���{, |^*ÑL§5Cq¢�L§, =

dC(t) = d
N(t)∑
j=1

Yj ≈ αdt− βdW4(t). (7)

b½�xúiU
ÏL	ï2�x5��ºx, 3ù�©Ù¥·��Ä'~2�x.

- q(t) L« t ���xúig3�'~, �Ò´`2�xúi«ú¢�¥�'~�

(1 − q(t)). d	, ·�b½�xúiÚ2�xúiæ^�Ñ´���¤OKÂ��¤, K

�xúi3 t ����¤¤Ç� α + ηβ2, �xúiG�2�xúi��¤3 t ���

[1− q(t)]α+ [1− q(t)]2θβ2, Ù¥ ηÚ θ©O��xúiÚ2�xúi��éS�KÖ. ,

	, du2�xúiÂ���¤�pu�xúi, ·�b½ θ > η > 0. Ïd, �æ^*ÑL

§5Cq¢�L§�, �xúi�J{L§ R(t)÷vXe�©�§:

dR(t) = (α+ ηβ2)dt− {[1− q(t)]α+ [1− q(t)]2θβ2}dt− q(t)[αdt− βdW4(t)]

= [η − θ + 2q(t)θ − q(t)2θ]β2dt+ q(t)βdW4(t). (8)

�¢�L§÷v²;�EÜÑtL§�, �xúi�J{L§ R(t)÷vXe:

dR(t) = (α+ ηβ2)dt− {[1− q(t)]α+ [1− q(t)]2θβ2}dt− q(t)d
N(t)∑
j=1

Yj

= {[η − θ + 2q(t)θ − q(t)2θ]β2 + q(t)α}dt− q(t)d
N(t)∑
j=1

Yj . (9)

é�xúi5`, ��Â���¤��LG�2�xúi��¤â´Ün�, Ïd

(α+ ηβ2)− {[1− q(t)]α+ [1− q(t)]2θβ2} > 0. (10)

)þãØ�ªk q0 6 q(t) 6 q1, Ù¥

q0 =
2θβ2 + α−

√
4θηβ4 + 4αθβ2 + α2

2θβ2
, (11)

q1 =
2θβ2 + α+

√
4θηβ4 + 4αθβ2 + α2

2θβ2
. (12)

éN´uy q1 > 1, 5¿ θ > η, K 0 < q0 < 1, � q0 6 q(t) 6 1.

§3. *ÑCq�.

- π1(t), π2(t)©OL«Ý]��I�¦ Sd Ú	I�¦ Sf Ó�xúiãL�'~,

K 1 − π1(t) − π2(t) L«Ý]�ÃºxÅ B þ�'~. - u := {u(t) = (π1(t), π2(t),
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q(t))}t∈[0,T ] L«�xúi��`Ý]Ú2�xüÑ. Ïd, ÏLª (5) Ú (8), ãLL§

Xu(t)÷vXe

dXu(t) =
π1(t)Xu(t)

Sd(t)
dSd(t) +

π2(t)Xu(t)

Q(t)Sf (t)
d[Q(t)Sf (t)]

+
[1− π1(t)− π2(t)]Xu(t)

B(t)
dB(t) + dR(t)

= Xu(t)[rd + π1(t)(µd − rd) + π2(t)(µ− rd)]dt

+Xu(t)[π1(t)σd + π2(t)ρ1δ]dW1(t)

+Xu(t)
[
π2(t)(σf + ρ2δ)dW2(t) + π2(t)

√
1− ρ2

1 − ρ2
2 δdW3(t)

]
+ [η − θ + 2q(t)θ − q(t)2θ]β2dt+ q(t)βdW4(t). (13)

½Â 1 Ý]üÑ u = (π1, π2, q)
T ¡��1�½�#NüÑ, XJ u(t)´Ft ÌS�

ÿ�, q0 6 q(t) 6 1, �ãL�§ (13)k��r).

- ΛL«¤k�#NüÑ�8Ü. �©�Ä®ÇºxK�e�xúi��`Ý]Ú2

�x¯K, Ïé�`��#NüÑ, ¦��ªãL�Ï"�^����, =¦)e¡��`

z¯K

sup
u∈Λ

E[U(Xu(T ))], (14)

Ù¥�^¼ê U(x)´�ëY���î�4O�]¼ê.

½Â¯K (14)��`�¼êXe

V (t, x) = sup
u∈Λ

E[U(Xu(T )) |Xu(t) = x], (15)

Ù>.^�� V (T, x) = U(x).

dÄ�5y�n�� Hamilton-Jacobi-Bellman (HJB)�§Xe

sup
u∈Λ
{A uV (t, x)} = 0, (16)

Ù¥

A uV (t, x) = Vt + xVx[rd + π1(t)(µd − rd) + π2(t)(µ− rd)]

+ Vx[η − θ + 2q(t)θ − q(t)2θ]β2 +
1

2
Vxxx

2[π2
1(t)σ2

d + 2π1(t)π2(t)ρ1σdδ]

+
1

2
Vxxx

2π2
2(t)(σ2

f + 2ρ2σfδ + δ2) +
1

2
Vxxq

2(t)β2, (17)

ùp Vt, Vx´'u�m tÚãL x����ê, Vxx´'uãL x����ê.

|^©z [2]9 [16]¥��{, éN´��e¡��y½n, 3ùp·�ÒØ2y²
.



1 5Ï �t, �: ®ÇºxÚ���¤OKe�`Ý]Ú2�xüÑ 513

½n 2 e¼ê G(t, x) ∈ C1,2([0, T ]×R)÷v HJB�§ (16)9>.^� V (T, x) =

U(x), K G(t, x) > V (t, x). d	, XJ�3�#NüÑ u∗ = (π∗1, π
∗
2, q
∗), ¦�

u∗ ∈ arg sup
u∈Λ

A u∗G(t, x),

K G(t, x) = V (t, x), � u∗ = (π∗1, π
∗
2, q
∗)´�`Ý]Ú2�xüÑ.

d½n 2 ��, �����`Ý]Ú2�xüÑ, ÄkI��� HJB �§ (16) �

). ·�Äkb½þª π2
1(t), π2

2(t), q2(t)�Xê Vxxx
2σ2
d/2, Vxxx

2(σ2
f + 2ρ2σfδ + δ2)/2,

(Vxx/2− Vxθ)β2Ñ´K�, Ké HJB�§ (16)©O'u π1(t), π2(t), q(t)¦���, 2|

^���`^���
Vx(µd − rd) + Vxxxπ1(t)σ2

d + Vxxxπ2(t)ρ1σdδ = 0,

Vx(µ− rd) + Vxxxπ2(t)(σ2
f + 2ρ2σfδ + δ2) + Vxxxπ1(t)ρ1σdδ = 0,

Vx[2θ − 2q(t)θ]β2 + Vxxq(t)β
2 = 0,

(18)

)þã�§|k

π∗1(t) =
Vx[ρ1σdδ(µ− rd)− (µd − rd)(σ2

f + 2ρ2σfδ + δ2)]

Vxxx[σ2
f + 2ρ2σfδ + (1− ρ2

1)δ2]σ2
d

,

π∗2(t) =
Vx[(µd − rd)ρ1δ − (µ− rd)σd]

Vxxx[σ2
f + 2ρ2σfδ + (1− ρ2

1)δ2]σd
,

q̂(t) =
2Vxθ

2Vxθ − Vxx
.

(19)

�
ÎÒ�BÚO�{ü, ·�-

m =
ρ1σdδ(µ− rd)− (µd − rd)(σ2

f + 2ρ2σfδ + δ2)

[σ2
f + 2ρ2σfδ + (1− ρ2

1)δ2]σ2
d

, (20)

n =
(µd − rd)ρ1δ − (µ− rd)σd

[σ2
f + 2ρ2σfδ + (1− ρ2

1)δ2]σd
, (21)

K 
π∗1(t) =

Vx
Vxxx

m,

π∗2(t) =
Vx
Vxxx

n.

(22)

l1�!�©Û��2�x'~ q0 6 q∗(t) 6 1, � q∗(t)÷vXe:
q∗(t) = q0, q̂(t) < q0;

q∗(t) = q̂(t), q0 6 q̂(t) 6 1;

q∗(t) = 1, q̂(t) > 1.

(23)
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ò�§ (22)Ú q∗(t)�\ HJB�§ (16)��

Vt + xVxrd +
V 2
x

Vxx
m(µd − rd) +

V 2
x

Vxx
n(µ− rd) + Vx[η − θ + 2q∗(t)θ − q∗(t)2θ]β2

+
V 2
xm

2σ2
d

2Vxx
+
V 2
xmnρ1σdδ

Vxx
+
V 2
x n

2

2Vxx
(σ2
f + 2ρ2σfδ + δ2) +

1

2
Vxxq

∗(t)2β2 = 0. (24)

l�`Ý]üÑ (22)Ú2�xüÑ (23)��, ����Ù�`Ý]üÑÚ2�xüÑw

«), 7L¦Ñ�§ (24)¥�¼ê V (t, x)�w«L�ª.

3�©·�b½�xúiæ��´�ê�^, ùa�^¼ê3°�+�kXé­��

A^, Ù�^¼ê U(x)÷vXe

U(x) = $ − ξ

γ
e−γx, γ > 0, (25)

Ù¥ ξ > 0, γ > 0�ýéºx��Xê.

½n 3 *ÑCq�.e�xúi��`Ý]üÑ÷vXe

π∗1(t) = −m
γx

e−rd(T−t), (26)

π∗2(t) = − n

γx
e−rd(T−t), (27)

�`2�xüÑ� 
q∗(t) = q0,

2θ

2θ + γerd(T−t) < q0;

q∗(t) =
2θ

2θ + γerd(T−t) , q0 6
2θ

2θ + γerd(T−t) ,

(28)

Ù¥m, n©O÷vª (20)Ú (21). d	, �`�¼ê�
V (t, x) = $ − ξ

γ
e−γxerd(T−t)−

∫ T
t f1(s)ds,

2θ

2θ + γerd(T−t) < q0;

V (t, x) = $ − ξ

γ
e−γxerd(T−t)−

∫ T
t f2(s)ds, q0 6

2θ

2θ + γerd(T−t) ,

(29)

Ù¥ f1(t), f2(t)©O÷v (35)Ú (36).

y²: Äk·�ßÿ�§ (24)kXe/ª�)

V (t, x) = $ − ξ

γ
e−γxerd(T−t)

h(t), (30)

Ï� V (T, x) = U(x), � h(T ) = 1.

é V (t, x)'uCþ tÚ x�¦���, 'uCþ x¦�����

Vt = −ξrdxerd(T−t)e−γxerd(T−t)
h(t)− ξ

γ
e−γxerd(T−t)

ht, (31)
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Vx = ξerd(T−t)e−γxerd(T−t)
h(t), (32)

Vxx = −ξγe2rd(T−t)e−γxerd(T−t)
h(t), (33)

Ù¥ ht ´ h(t)'uCþ t����ê. 2d (19)��, q̂(t) = 2θ/(2θ + γerd(T−t)). 5¿

θ > 0, γ > 0, � 0 < q̂(t) < 1, 2d (23)��� (28). �X·�ò (31), (32), (33)�\�

§ (24)k

−m(µd − rd)− n(µ− rd) + γerd(T−t)[η − θ + 2q∗(t)θ − q∗(t)2θ]β2 − 1

2
m2σ2

d

−mnρ1σdδ −
1

2
n2(σ2

f + 2ρ2σfδ + δ2)− 1

2
γ2e2rd(T−t)q∗(t)2β2 =

ht
h(t)

. (34)

�
ÎÒ�B, ·�P

f1(t) = m(µd − rd) + n(µ− rd)− γerd(T−t)(η − θ + 2q0θ − q2
0θ)β

2 +
1

2
m2σ2

d

+mnρ1σdδ +
1

2
n2(σ2

f + 2ρ2σfδ + δ2) +
1

2
γ2e2rd(T−t)q2

0β
2, (35)

f2(t) = m(µd − rd) + n(µ− rd) +mnρ1σdδ − γerd(T−t)

×
[
η − θ +

4θ2

2θ + γerd(T−t) −
4θ3

(2θ + γerd(T−t))2

]
β2 +

1

2
m2σ2

d

+
1

2
n2(σ2

f + 2ρ2σfδ + δ2) +
2γ2e2rd(T−t)θ2β2

(2θ + γerd(T−t))2
. (36)

(Ü h(T ) = 1, K�§ (34)�)�
h(t) = e−

∫ T
t f1(s)ds,

2θ

2θ + γerd(T−t) < q0;

h(t) = e−
∫ T
t f2(s)ds, q0 6

2θ

2θ + γerd(T−t) .

(37)

Ï� h(t) > 0, 2d (32)Ú (33)��, Vx > 0, Vxx < 0. � HJB�§ (16)¥ π2
1(t), π2

2(t),

q2(t)�Xê Vxxx
2σ2
d/2, Vxxx

2(σ2
f + 2ρ2σfδ + δ2)/2, (Vxx/2 − Vxθ)β2 Ñ´K�, u´ª

(19)¥� π∗1(t), π∗2(t)Úª (23)¥� q∗(t)´�xúi��`Ý]Ú2�xüÑ. 2ò (32)

Ú (33)�\�§ (22)=�¼��`Ý]üÑ (26)Ú (27). 2ÏL (30)Ú (37)=�¼��

`�¼ê (29). �

5P 4 ��xúiØÝ]I	�¦��¹e, = π2(t) = 0, dþãÓ���{��

Ý]�¦ Sd��`'~� π0,∗
1 (t) = [(µd − rd)/(γσ2

dx)]e−rd(T−t).

§4. ²;ºx�.

3þ�!, ·��Ä
*ÑCq�.e�`Ý]Ú2�x¯K. 3ù�!·�ò?�

Ú�Ä²;ºx�.e��`Ý]Ú2�x¯K. �
�Bå�, ù�!·�æ^�êÆ
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ÎÒÚ1n!�êÆÎÒ��. 3²;ºx�.e, dª (5)Ú (9)��ãLL§ Xu(t)÷

vXe

dXu(t) =
π1(t)Xu(t)

Sd(t)
dSd(t) +

π2(t)Xu(t)

Q(t)Sf (t)
d[Q(t)Sf (t)]

+
[1− π1(t)− π2(t)]Xu(t)

B(t)
dB(t) + dR(t)

= Xu(t)[rd + π1(t)(µd − rd) + π2(t)(µ− rd)]dt

+Xu(t)[π1(t)σd + π2(t)ρ1δ]dW1(t)

+Xu(t)
[
π2(t)(σf + ρ2δ)dW2(t) + π2(t)

√
1− ρ2

1 − ρ2
2 δdW3(t)

]
+ {[η − θ + 2q(t)θ − q(t)2θ]β2 + q(t)α}dt− q(t)d

N(t)∑
j=1

Yj . (38)

·��)û�¯KE,´¯K (14), �^¼ê�´�ê�^¼ê (25), ØL¯K (14)¥�

ãL�§÷v�§ 38. aq½n 2·��±�Ñ¢�L§Ñl²;ºx�.���y½

n, ùpØ2­E. e¡�½n 5´ù�!�Ì�(J.

½n 5 ²;ºx�.e�xúi��`Ý]üÑ÷vXe

π∗1(t) = −m
γx

e−rd(T−t),

π∗2(t) = − n

γx
e−rd(T−t),

Ù¥m, n©O÷vª (20)Ú (21). d	, �`2�xüÑ q∗(t) = max{q0, q(t)}, Ù¥ q(t)

´Xe�§���), � q(t) ∈ (0, 1),

α+ [2θ − 2q(t)θ]β2 − λ
∫ ∞

0
eγq(t)yerd(T−t)

ydF (y) = 0. (39)

�`�¼ê V (t, x) = $ − (ξ/γ)e−γxerd(T−t)
e−

∫ T
t f3(s)ds, Ù¥

f3(t) = m(µd − rd) + n(µ− rd)− γerd(T−t){[η − θ + 2q∗(t)θ − q∗(t)2θ]β2 + q∗(t)α}

+
1

2
m2σ2

d +mnρ1σdδ +
1

2
n2(σ2

f + 2ρ2σfδ + δ2) +
λ

γ

∫ ∞
0

(eγq
∗(t)yerd(T−t)

− 1)dF (y).

y²: dÄ�5y�n�� Hamilton-Jacobi-Bellman (HJB)�§Xe

Vt + sup
u∈Λ

{
xVx[rd + π1(t)(µd − rd) + π2(t)(µ− rd)] + Vx{[η − θ + 2q(t)θ − q(t)2θ]β2

+ q(t)α}+
1

2
Vxxx

2[π2
1(t)σ2

d + 2π1(t)π2(t)ρ1σdδ] +
1

2
Vxxx

2π2
2(t)

× (σ2
f + 2ρ2σfδ + δ2) + λ

∫ ∞
0

[V (t, x− q(t)y)− V (t, x)]dF (y)
}

= 0, (40)
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ùp V (T, x) = U(x), F (y)� Yj �©Ù¼ê, Vt, Vx ´'u�mÚãL����ê, Vxx

´'uãL����ê. �1o!�{aq, ·�ßÿþã HJB�§�)÷vXe

V (t, x) = $ − ξ

γ
e−γxerd(T−t)

g(t), (41)

Ù¥ g(T ) = 1.

ò Vt, Vx, Vxx�\ HJB�§ (40)��

− gt + γ sup
u∈Λ

{
g(t)

{
xerd(T−t)[π1(t)(µd − rd) + π2(t)(µ− rd)] + erd(T−t){[η − θ

+ 2q(t)θ − q(t)2θ]β2 + q(t)α} − γ

2
e2rd(T−t)x2[π2

1(t)σ2
d + 2π1(t)π2(t)ρ1σdδ]

− γ

2
e2rd(T−t)x2π2

2(t)(σ2
f + 2ρ2σfδ + δ2)− λ

γ

∫ ∞
0

(eγq(t)yerd(T−t)
− 1)dF (y)

}}
= 0. (42)

|^�y{, l (42)�±éN´y² g(t) > 0. ,	, �§ (42)'u π1(t), π2(t), q(t)�¦

���, �±uy§�����êÑ´K�. 2�â���`^���

π∗1(t) = −m
γx

e−rd(T−t),

π∗2(t) = − n

γx
e−rd(T−t).

,	, �§ (42)'u q(t)����`^��

α+ [2θ − 2q(t)θ]β2 − λ
∫ ∞

0
eγq(t)yerd(T−t)

ydF (y) = 0. (43)

- H(q(t)) = α + [2θ − 2q(t)θ]β2 − λ
∫∞

0 eγq(t)yerd(T−t)
ydF (y), du α = λ

∫∞
0 ydF (y),

K H(0) = α + 2θβ2 − λ
∫∞

0 ydF (y) = 2θβ2 > 0, H(1) = α − λ
∫∞

0 eγyerd(T−t)
ydF (y) <

α− λ
∫∞

0 ydF (y) = 0. �X·�é H(q(t))'u q(t)¦�����

Hq = −2θβ2 − λγerd(T−t)
∫ ∞

0
y2eγq(t)yerd(T−t)

dF (y) < 0.

Ïd, H(q(t))'u q(t)´î�4~¼ê, ��§ (39)'u q(t)k��), �T) q(t) ∈
(0, 1). ò�`Ý]üÑ π∗1(t) = −[m/(γx)]e−rd(T−t), π∗2(t) = −[n/(γx)]e−rd(T−t) Ú2�x

üÑ q∗(t)�\�§ (42), 2(Ü>.^� g(T ) = 1��

g(t) = e−
∫ T
t f3(s)ds. (44)

(ÜþªÚª(41)=�¤
½n��Üy². �

5P 6 l½n 3Ú½n 5�±uy¢�L§3*ÑCq�.Ú²;EÜÑtL§

ùü«�/e, �`Ý]üÑ (π∗1(t), π∗2(t))´���, �`Ý]üÑ��x¢�Ú�¤�

ëêÃ'.
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3½n 5 ¥, ·��Ñ
�x��¢�÷v��©Ù�¹e��`2�xüÑ

q∗(t) = max{q0, q(t)}, Ù¥ q(t)´�§ (39)���), �duvk�ÑäN�VÇ©Ù

F (y), Ïd�Ø�w«). 3e¡�·K 7¥·��Ä��AÏ�©Ù (�ê©Ù), Ù¥�

ê©Ù�ëê� ζ, ¿�Ñ
�A��`2�xüÑ�w«). d	, �
¦��§ (39)¥

�È©�k¿Â, ·�b½ëê ζ > γerd(T−t).

·K 7 3¢� {Yi, i = 1, 2, 3, . . .}÷vëê� ζ ��ê©Ù��¹e, �`2�x

üÑ� q∗(t) = q0, q(t) < q0;

q∗(t) = q(t), q0 6 q(t),
(45)

Ù¥ q(t)÷v�§ (50), a(t) = −2θβ2γ2e2rd(T−t), b(t) = (α + 2θβ2)γ2e2rd(T−t) + 4θβ2γ

·erd(T−t)ζ, c(t) = −2(α + 2θβ2)γerd(T−t)ζ − 2θβ2ζ2, d(t) = (α + 2θβ2)ζ2 − λζ, k(t) =

[3a(t)c(t) − b2(t)] / [3a2(t)], l(t) = [27a2(t)d(t) − 9a(t)b(t)c(t) + 2b3(t)] / [27a3(t)], ∆ =

[l(t)/2]2 + [k(t)/3]3.

y²: � Y ÷v�ê©Ù�, �§ (39)=z�

a(t)q3(t) + b(t)q2(t) + c(t)q(t) + d(t) = 0. (46)

Ï� a(t) 6= 0, é�§ (46)ü>Ó�Ø± a(t)��

q3(t) +
b(t)

a(t)
q2(t) +

c(t)

a(t)
q(t) +

d(t)

a(t)
= 0. (47)

- q(t) = p(t)− b(t)/[3a(t)], Kþª=��

p3(t) + k(t)p(t) + l(t) = 0. (48)

dkûúª{��, � ∆ > 0�, k��¢�Úü�E�; � ∆ = 0�, kn�¢�, �

k(t) = l(t) = 0�, k��n­"�, � k(t) 6= 0, l(t) 6= 0�, n�¢�¥kü���; �

∆ < 0�, kn�Ø�¢�. ,
, ·�3½n 5¥®²y²
�§ (46)�k��¢�, �

�§ (48)�k��¢�. - p(t)��§ (48)��, K�âkûúª{��T�§���

p(t) =
3

√
− l(t)

2
+
√

∆ +
3

√
− l(t)

2
−
√

∆. (49)

- q(t)��§ (46)��, �

q(t) = p(t)− b(t)

3a(t)
= − b(t)

3a(t)
+

3

√
− l(t)

2
+
√

∆ +
3

√
− l(t)

2
−
√

∆. � (50)

5P 8 l½n 5Ú·K 7�±uy¢�L§÷v*ÑCq�.Ú²;EÜÑtL

§ùü«�/e, �`2�xüÑ q∗(t)�ÚISÃºx|Ç!�x�.ëê!ºx��

Xê γ 9Ý]�m T k', ���¦�.9®Ç�.¥Ù¦ëêÃ'.
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§5. ê�©Û

3ù�!, ·�ÏL�
ê�~f5`²7K�.¥�ØÓëêé�`Ý]Ú2�x

üÑ�K�. ,	, 3ê�(J¥·���Ä
*ÑCq�.��/, Ï�²;ºx�.e

ëêé�`Ý]Ú2�xüÑ�K��*ÑCq�.´���, Ù²L)º���. XÃ

AO`², b½�ëê���: α = 0.1, β = 0.8, rd = 0.05, rf = 0.03, µf = 0.1, µd = 0.08,

σf = 0.2, σd = 0.15, δ = 0.1, θ = 1.8, η = 1.2, ρ1 = 0.2, ρ2 = −0.2, x = 1, t = 0, T = 5,

γ = 3. ÏLO��� q0 = 0.1743.

3ã 1Úã 2¥·�©Û
ýéºx��Xê γ é�`Ý]Ú2�xüÑ�K�. l

ã 1Úã 2�±wÑ, �X γ ��O\, �xúié�IÚI	ºx]��Ý]Ñ¬~�,

�xúié�x�Ö�g3'~��A~�, 
��¿=4�õ��x�Ö�2�xúi.

E¤ù�(J��Ï, Ù¢´�~²w�, ù´Ï� γ ��¿�X�xúiéºx�\�

�, Ïd¦�¬¦þ�Ý]ºx]�Ú�«ú�x�Ö. d	, 3ã 2¥·���±uy�

γ > 14�, �xúig3'~ q∗���±ØC�u q0. ù´Ï�2�xúi��¤'�x

úi��¤�B, ¤±�xúi�
;�Â���¤Ø
|G2�x¤^, ���«ú q0

'~��x�Ö.

1 2 3 4 5 6 7 8 9 10

γ
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0.2

0.4
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1

1.2

π
∗

(t
)

π
1
∗(t)

π
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∗(t)

ã 1 γ éÝ]üÑ (π∗
1(t), π∗

2(t))�K�
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γ
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0.45
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0.55

0.6

q
∗

(t
)

q∗(t)

ã 2 γ é2�xüÑ q∗(t)�K�

3ã 3Úã 4¥, π0,∗
1 (t)L«e�xúi�k�Iºx]��Ý]���`Ý]üÑ.

lã 3Úã 4·�uy, XJ�xúikI	ºx]��Ý]�, Ý]ISºx]��'

~ò¬~�, ù��Ï´��xúikõ�]��ÀJ�, ¬ÏL©ÑÝ]5ü$ºx, Ï

d π∗1(t) > π0,∗
1 (t). � γ �5��, =�x<���ºx; ��m T ��, Ø(½Ï��õ.

Ïd, 3ùü«�¹e, π∗1(t)Ú π0,∗
1 (t)Ñ�5��, ù´Ï�ºx��, Ý]<g,¬ü

$ºx]��Ý]'~.

ã 5Úã 6ïÄ
I	ºx]�d�Ä��ëêé�`Ý]üÑ (π∗1(t), π∗2(t))�K
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1 2 3 4 5 6 7 8 9 10

γ
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π
∗

(t
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π
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π
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1 (t)�'�
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ã 4 Ý]üÑ π∗
1(t)Ú π0,∗

1 (t)�'�

�.3ã 5¥,·��Ä
I	ºx]��£�Ç µf é (π∗1(t), π∗2(t))�K�,�X µf O�,

π∗2(t)��O�
 π∗1(t)3~�, ù´Ï�I	ºx]��£�ÇO�, lÂÃ��Ý5`,

Ý]<Ý]Tºx]��'~�,Oõ, Ïd�é5`g,¬~�Ý],��ºx]��

Ò´IS�ºx]�. 3ã 6¥, ·��Ä
I	ºx]��ÅÄÇ σf é (π∗1(t), π∗2(t))�

K�, duÅÄÇ σf ��, I	ºx]� Sf ÂÃ�Ø(½5��, �Ò´`Ý]ºx�

�, Ïdé�xúi5`, �,¬ÀJ~�éI	ºx]��Ý]
õÝ]ISºx]�.
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ã 6 σf éÝ]üÑ (π∗
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2(t))�K�

ã 7Úã 8�«
®Çºx�.¥�ëê δÚ rf éÝ]üÑ (π∗1(t), π∗2(t))�K�. δ

�O\L«®ÇÅÄ��, Ïd�x<éI	�¦�Ý],�ü$´éw,�. Ï�·�

b½ ρ1 > 0, =�I�¦d��®Ç´��'�. Ïd®Ç�pÅÄ¬���I�¦ºx

é�, �x<¬ü$é�I�¦�Ý]. ,
, ,��¡, du�x<¬ü$éI	�¦�

Ý], Ïd¬O\é�I�¦�Ý],�. ùü��¡�nÜK�û½
�I�¦�Ý]

'~, Ì�w=�K�¬�\��
, Ïd·��±uy� δ���, �X δO\, π∗1(t)�
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�~�; ,
� δ���, �X δO\, π∗1(t)´O\�. 3ã 8¥, �X rf �O\, ®Ç´

~��, �I	�¦éÝ]ö5`ÂÃ²w¬ü$, Ïd�x<g,¬ü$éI	�¦�

Ý],�. ,	, duIS�¦d��®Ç´��'�, Ò�±?��Ì�úi, �®Çü

$�g,¬K�úi��¦d�, ¤±lù�K�5` π∗1(t)´~��, �Ó�duI	�

¦�ÂÃd�ü$�õ, �¦��éJp
�x<é�I�¦�Ý],�, Ïdùü�Ï

�nÜK�¦� π∗1(t)k�NO\.
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ã 9·�ïÄ
ISÃºx|Ç rd é�`Ý]üÑ (π∗1(t), π∗2(t))�K�. �X rd �

O\, �éÃºx|Ç5`, ÃØ´IS�¦�´I	�¦�ÂÃé�x<5`,�Ñ¬

��ü$. 3ã 10¥, ·��Ä
ISÃºx|Ç rd é2�xüÑ q∗(t)�K�. �x<

lÂÃÚºx�Ý5`, rd ��, �x<�¬r�õ�aÝ�ÃºxÅ þ
ü$é�¦

�Ý]. �±uy�XÃºx|Ç rd �O\, �xúiéºx]��Ý]é²w,�¬~

�, 
ÀJ�p�ÃºxÂÃ, �X�xúiÃºxÂÃ�O\, �xúi�±æ�	ï�

õ�2�x5ü$�xºx, Ïd q∗(t)��´~��. d	, 3ã 10¥·���±uy�

X θ�O\, q∗(t)��´O\�, ù´Ï� θ´2�xúi��éS�KÖ, θ��¿�X

2�xúi��¤�B, ù�,¬¦��xúiÀJ���2�x�Ö, =g3'~ q∗(t)

��.

ã 11Úã 12ïÄ
�m T é�`Ý]üÑ (π∗1(t), π∗2(t))Ú2�xüÑ q∗(t)�K�.

T ����, éÝ]<5`, �5�Ø(½5�õ, Ïdlºx��Ý5`, �xúi�,

¬~�é½|¥ºx]��Ý]. Ó�, T ��, �5�x�Ö�ºx���, Ïd�xú

i��¿=4�õ��x�Ö�2�xúi, ~�g3'~. ,	, 3ã 12¥·��Ñ


� rd = 0.05, rd = 0.1, rd = 0.15n«�/��`2�xüÑ q∗(t)��, Úã 10¥��,

�XÃºx|Ç rd �O\, q∗(t)��´~��. d	, du�xúiØ¬�º��)¿,


2�x�Ö´ØB¨�, ��xúié	ï2�x�Ö�
�½���, ±�Â���
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Optimal Investment-Reinsurance Strategy with Exchange

Rate Risk under Variance Premium Principle

HUANG Chan WANG Wei

(School of Mathematics and Statistics, Ningbo University, Ningbo, 315211, China)

WEN Limin

(School of Mathematics and Information Science, Jiangxi Normal University, Nanchang, 330022, China)

Abstract: It is assumed that both an insurance company and a reinsurance company adopt the variance

premium principle to collect premiums. Specifically, an insurance company is allowed to investment not

only in a domestic risk-free asset and a risky asset, but also in a foreign risky asset. Firstly, we use a

geometry Brownian motion to model the exchange rate risk, and assume that the insurance company

could control the insurance risk by transferring the insurance business into the reinsurance company.

Secondly, the stochastic dynamic programming principle is used to study the optimal investment and

reinsurance problems in two situations. The first is a diffusion approximation risk model and the second

is a classical risk model. The optimal investment and reinsurance strategies are obtained under these

two situations. We also show that the exchange rate risk has a great impact on the insurance company’s

investment strategies, but has no effect on the reinsurance strategies. Finally, a sensitivity analysis of

some parameters is provided.

Keywords: variance premium principle; exchage rate risk; optimal investment; reinsurance
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